Solution of Problem 1. (a) By definition, (+) is exact if
Dy f(x,y) = Dag(@,y),

where
f(z,y) —y(ﬁJrl) = \/;er,
oz, y) —x(\/% 1) = —\[ﬂ,
Since
Dyfia) =y #1# —5 1= Deg(an),

it follows that (+) is not ezact.

(b) We rewrite the given equation as

) (42 +0)de + o) (- o )iy =0 W

and let

F(a,y) = p(z,y) f(z.y) = u(:c,y)< Ly y)
G(z,y) == (@, y)g(z,y) = u(fﬂ,y)( - % + x)

=5

By definition, (1) is ezact if
DyF(I: y) = DEG(Iv y)a
i.e., if

(Dyp(, ) f(2,y) + pl, y) Dy f(x,y) = (Dap(a,y))g(2,y) + p(x,y) Dag(a, y)
Dyu(m,y)(\/%+ y) + u(w,y)(%\/% + 1)
= Dzu(x,y)(— \/g—kx) +u(x,y)(— %\/% +1)

( - \/g—f— x)Dz,u(x,y) - (\/3—0— y)Dyﬂ(%y) - \/%—y”(‘%y) =0

(¢) For u(z,y) = m(zy) we compute

Dap(z,y) = m'(zy)y,
Dyp(x,y) = m'(zy)w.
By (b) we know that (1) is exact if

( - \/g + x) Dyp(z,y) — (\/g+ y) Dyp(z,y) — \/%u(x, y) =0,
i.e., if

—2/agm (ay) - %@m@y) ~0,

1
/ —_— =
m'(zy) + 2$ym(xy) 0.



Letting z := xy we get

(=) + 5-m(z) =0,
[mit), 11
/m(t) dt=—5 |74

=m(z) = 22,

Going back to the original variables x,y we conclude that

1
m(zy) = \/TTJ

is an integrating factor for (+).
(d) By construction, equation
F(z,y)dz + G(x, y)dy = 0

with

F(x’y) = m(ﬂcy)f(:uy) =—+
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G(z,y) = m(ry)g(z,y) = —
1s exact. Thus, its general solution is given by
H(xz,y) = C = constant,
where H satisfies

Hy(z,y) = F(z,y),
Hy(z,y) = G(z,y).

We compute
H(z,y) = /F(:C,y)dac =Inz+ 2/zy + c(y).
Then, from
Hy(z,y) = G(z,y),
we get
, 1
d(y)=—= and thus c(y) =—Iny.
Y
Therefore, the general solution of (+) is
In % +2/zy =C.
Y
Solution of Problem 2. (a) We compute the first and the second derivatives of u(x):

(z)

(z) =«

o aeawj
" a
u 20T

N}



Plugging them into the given equation, we get

(z +1)a%e™® + zae® — e =0

e ( ala+l)z + (a+1)(a—1))=0
N—— —_—

0 1
=0 for a= =0 for a=
-1 -1

=0 for a=—1

Thus, u(z) = e™* is a solution of the given equation.
(b) Since x > —1, we can devide both of the sides of the given equation by (x+1). We get

X !
erly

Y+ ——y=z+1 (2)

1
z+1
We use the suggested ansatz y(x) = v(z)u(x). First we compute the first and the second
derivatives of y:

Y (x) = o' (@)u(z) + v(z)u'(z),
y' (@) = v"(@)u(r) + 2 (2)u/ (z) + v(@)u” (2).

Plugging them into (2), we get

1

v"u+ 0 ( ilu)—b—v(u +? ! mu)zm—}—l. (3)
=0

since u solves

the homog. eq.
Now we let w(zx) := v'(x). Furthermore, we use u(x) = e™* and u'(z) = —e~*. Thus,

(3) is equivalent to

w/+(72+ﬁ)w—e(:r+1). (4)

We solve the homogeneous counterpart of (4)

w’+(—2+7) =0
+1
, T+2
= w
:r+1

/t+2
t+1
= wp(z) =" (x+1)

Now, in order to solve the inhomogeneous equation (4), we use the variation of constants
method. We have to find c(x) s.t

d(z)wp(x) = e*(z + 1),

d(x)e"(z+1)=e"(z+1)
d(r)=1
=clx)==x



Thus, a particular solution of the inhomogeneous equation is
wp(z) = c(z)wy(z) = ze®(x + 1)
and its general solution is

w(w) = Aw(z) +1,()
= Awp(z) + c(x)wi ()
=e(2*+ Az +x+ A) (A= constant)

Going back to v, we get

o(z) = / w(t)dt
= /(t2 + At +t+ A)eldt
=e" (9&2 + Az —x+1)+ B (B = constant)
Hence,

y(z) = v(z)u(z)
=24+ Az —x+1+ Be™™®

We find the constants A and B from the initial conditions

1=y(0)=1+B=B=0
1=y (0)=A—-1-B=A=2

Thus, the solution of the initial value problem is

y(x) =a* + o +1.
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