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Today topics ﬂ("

m Select in constant time with o(n) additional bits and O(n) time
preprocessing.
m Lempel-Ziv 77 and its advantages over Lempel-Ziv 78.
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Select in constant time
Step 1

m Divide the array into groups.
Such that each group has log nlog log n 1 bits.

lognloglogn 1 bits
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2

Select in constant time
Step 1

m Divide the array into groups.
Such that each group has log nlog log n 1 bits.

lognloglogn 1 bits
m Note that the groups have different length.
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Select in constant time AT
Step 1 Kotaner woogie

m Divide the array into groups.
Such that each group has log nlog log n 1 bits.

lognloglogn 1 bits

m Note that the groups have different length.

m Store array of indices of every log nlog log n-th 1 bit.
Memory:

O( logn) = O(

— o
log nlog log n

) bits.
log log n
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Select in constant time AT
Step 2 Kotaner woogie

Assume that r is the size of a group. Then:
m If r > (log nloglog n)? then we store an array of indices of 1 bits in the
group.
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Select in constant time AT
Step 2

Assume that r is the size of a group. Then:

m If r > (log nloglog n)? then we store an array of indices of 1 bits in the
group.

a Memory:
n n
—— - lognloglogn - log n =0(———
( (log nlog log n)? L/g_g/ \ig,/ ) ( log log n)
———— ——— #ofindices to store # bits to repesent index

Max # of such groups
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Select in constant time AT
Step 2

Assume that r is the size of a group. Then:

m If r > (log nloglog n)? then we store an array of indices of 1 bits in the
group.

a Memory:
n n
—— - lognloglogn - logn =0(———
( (log nlog log n)? L/g_g/ \ig,/ ) ( log log n)

———— ——— #ofindices to store # bits to repesent index
Max # of such groups

m If r < (log nloglog n)? then go to Step 3.
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Select in constant time AT
Step 3

m We consider groups of size < (log nloglog n)2.
We apply steps 1 and 2 to reduce the problem to string of size
(log log n)©(1),

(loglogn)? 1 bits

lognloglogn 1 bits
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Select in constant time AT
Step 3 Kotaner woogie

m We consider groups of size < (log nloglog n)2.
We apply steps 1 and 2 to reduce the problem to string of size
(log log n)©(1),
m Divide such a group into subgroups. Such that each subgroup has
(log log n)? 1 bits.
(loglogn)? 1 bits
1

lognloglogn 1 bits

4 Akhremtsev, Hespe:
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Select in constant time AT
Step 3 Kotaner woogie

= Store array of relative indices of every (log log n)?-th 1 bit.
Since size of the group < (log nloglog n)? then we need O(log log n)
bits to represent one relative index.

a Memory:

-loglogn) = O(

) bits.

(log log n)2 loglog n
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Select in constant time AT
Step 3 Kotaner woogie

Assume that s is the size of a subgroup. Then:

m If s > (loglog n)* then we store an array of relative indices of 1 bits in
the group.
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Select in constant time AT
Step 3

Assume that s is the size of a subgroup. Then:
m If s > (loglog n)* then we store an array of relative indices of 1 bits in

the group.
a Memory:
( (log log n)4 @/gﬂ/ @w )= O(Iog log n)

-

S—— # of indices to store # bits to repesent index
Max # of such subgroups
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Select in constant time AT
Step 3

Assume that within a subgroup r bits. Then:
m If s < (loglog n)* then we build look-up tables for each subgroup.
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Select in constant time AT
Step 3

Assume that within a subgroup r bits. Then:
m If s < (loglog n)* then we build look-up tables for each subgroup.
m There are 2(glen* = o(p) different subgroups of length (log log n)*.

7 Akhremtsev, Hespe:
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Select in constant time AT
Step 3

Assume that within a subgroup r bits. Then:
m If s < (loglog n)* then we build look-up tables for each subgroup.
m There are 2(glen* = o(p) different subgroups of length (log log n)*.

® We can precalculate a look-up table of size (loglog n)* that answers a
select query.
It returns a relative index that can be encoded using log log n bits.
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Select in constant time AT
Step 3

Assume that within a subgroup r bits. Then:
m If s < (loglog n)* then we build look-up tables for each subgroup.
m There are 2(glen* = o(p) different subgroups of length (log log n)*.

® We can precalculate a look-up table of size (loglog n)* that answers a
select query.
It returns a relative index that can be encoded using log log n bits.

m There are at most (log log n)? queries to answer.

7 Akhremtsev, Hespe: Institut fiir Theoretische Informatik
Ubung 4 — Algorithmen I Algorithmik Il



7

Select in constant time AT
Step 3 Kotaner woogie

Assume that within a subgroup r bits. Then:

If s < (log log n)* then we build look-up tables for each subgroup.
There are 2(lcglogM* — o(p) different subgroups of length (log log n)4.

We can precalculate a look-up table of size (loglog n)* that answers a
select query.
It returns a relative index that can be encoded using log log n bits.

There are at most (log log n)? queries to answer.
Memory:
O( 2Uelen’ . (jogiogn)2. log log n ) = o(n)
S —— ————’
# of look-up tables 4 of queries  # of bits to represent index
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Select in constant time
Query

Indecies

KIT

Institut f Technologie.

eight 1 bits

a Consider query select(18).
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Select in constant time AT

Query

Indecies

eight 1 bits ‘ ‘ ‘ ‘ ‘ ‘

a Consider query select(18).
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Select in constant time AT
Query

Indicies

eight 1 bits

a Consider query select(18).
m Consider query select(11).
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Select in constant time AT

Query

Indicies

‘ eight 1 bits

‘ /two 1 bits

Relative indecies

a Consider query select(18).
m Consider query select(11).
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Select in constant time

Query

Indicies

KIT

Institut f Technologie.

‘ eight 1 bits

‘ /two 1 bits

||

Relative indecies

a Consider query select(18).
m Consider query select(11).
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Select in constant time AT
Query

Indicies

eight 1 bits

a Consider query select(18).
m Consider query select(11).
a Consider query select(13).
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Select in constant time AT

Query

Indicies

| cight 1 bits

‘ /tv/vo 1 bits

Relative indecies

a Consider query select(18).
m Consider query select(11).
a Consider query select(13).
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Select in constant time AT

Query

Indicies

| cight 1 bits

‘ /tv/vo 1 bits ‘

Relative indecies
a Consider query select(18).
m Consider query select(11).
a Consider query select(13).
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Lempel-Ziv AT

Overview

Today we consider two versions of Lempel-Ziv compression algorithm:
a Sliding Window Lempel-Ziv 77 (was published in 1977)
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Lempel-Ziv AT

Overview

Today we consider two versions of Lempel-Ziv compression algorithm:
a Sliding Window Lempel-Ziv 77 (was published in 1977)
a Lempel-Ziv 78 (was published in 1978)
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Lempel-Ziv AT

Overview

Today we consider two versions of Lempel-Ziv compression algorithm:
a Sliding Window Lempel-Ziv 77 (was published in 1977)
a Lempel-Ziv 78 (was published in 1978)

a We will consider the differences between them and when LZ 77 is
better than LZ 78.

9 Akhremtsev, Hespe:
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Lempel-Ziv %(“‘

Sliding Window Lempel-Ziv 77

LZ 77: Lempel-Ziv with a sliding window
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Lempel-Ziv ﬂ(“

Sliding Window Lempel-Ziv 77

LZ 77: Lempel-Ziv with a sliding window
Buffer

semgs | | | [ [ [ [ [ [T [[T]]]]

Dictionary

while i < |S| do

Output (p, /, c)

p - position of the longest match that starts in the dictionary (to the
right from the cursor)

i - length of the longest match

c - the first character that does not match

f=i+/14+1
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Lempel-Ziv ﬂ(“

Sliding Window Lempel-Ziv 77

LZ 77: Lempel-Ziv with a sliding window
Buffer

Match (p = 4)‘

sting s | | |alb|blalc]alalbl|c]alalblc]b]| |

L]
Match (I = 5) Report (4,5,b)

Dictionary

while i < |S| do

Output (p, /, c)

p - position of the longest match that starts in the dictionary (to the
right from the cursor)

i - length of the longest match

c - the first character that does not match

f=i+/14+1
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Lempel-Ziv AT

Sliding Window Lempel-Ziv 77

01234567 891011121314151617181920212223
alblalalblalalc|blalalblalalblalalc|blalc]c]c]$

Max dictionary size = 8
Max buffer size = 6

(’7 07 a)
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Lempel-Ziv

Sliding Window Lempel-Ziv 77

0|1 23456

7 8 91011121314151617181920212223

lalblalalblala

clolalalblalalblalalc|blalc]c]c]$

Max dictionary size = 8
Max buffer size = 6

(’7 07 a) (07 07 b)
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Lempel-Ziv AT

Sliding Window Lempel-Ziv 77

0123456 78 91011121314151617181920212223
Blb[alalblalalc|blalalblalalblalalc]blalc]c]c]$

Max dictionary size = 8
Max buffer size = 6

(’7 07 a) (07 07 b) (27 17 a)
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Lempel-Ziv AT

Sliding Window Lempel-Ziv 77

0123/4567891011121314151617181920212223
blalalclblalalblalalblalalc|blalc|c]|c]$

Max dictionary size = 8
Max buffer size = 6

(’7 07 a) (07 07 b) (27 17 a)(g" 37 C)
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Lempel-Ziv

Sliding Window Lempel-Ziv 77

01234567

8 910111213

14151617181920212223

C

blala|bla|a

blalalclblalclc|c]$

Max dictionary size = 8
Max buffer size = 6

(-,0,a) (0,0,b)(2,1,a)(3,3,¢) (7, 6, b)
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Lempel-Ziv

Sliding Window Lempel-Ziv 77

0123456

7 8 91011121314

151617181920

212223

lalblalalblala

c[b]alalb N b

alalclblalc

clcl$

Max dictionary size = 8
Max buffer size = 6

(’7 07 a) (07 07 b) (27 17 a)(g" 37 C) (77 67 b) (37 2’ C)

11 Akhremtsev, Hespe:
Ubung 4 — Algorithmen I

Institut fiir Theoretische Informatik

Algorithmik Il



Lempel-Ziv
Sliding Window Lempel-Ziv 77

0123456738 9[1011121314151617

18192021 22

lalblalalblalalc[blalalb]a]a M alc

blalc|c]c

Max dictionary size = 8
Max buffer size = 6

(’7 07 a) (07 07 b) (27 17 a)(g" 37 C) (77 67 b) (37 2’ C) (47 27 C)
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Lempel-Ziv
Sliding Window Lempel-Ziv 77

0123456738 9101112

13141516171819

lalblalalblalalc|blalalb]a

alblalalc|bla

lc

Max dictionary size = 8
Max buffer size = 6

(’7 07 a) (07 07 b) (27 17a)(3"370) (77 67 b) (37 2’ C) (47 27 C) (1‘ 27 $)
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Lempel-Ziv AT

Lempel-Ziv 78

0[1234567891011121314151617181920212223
lalblalalblalalc|blalalblalalblalalc|blalc|c]c]$]
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Lempel-Ziv AT

Lempel-Ziv 78

0112345678 91011121314151617181920212223
lalblalalblalalc|blalalblalalblalalc|blalc]c]c]$]
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Lempel-Ziv AT

Lempel-Ziv 78

0112345678 91011121314151617181920212223
alblalalblalalc|blalalblalalblalalc|blalc]c]c]$]
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Lempel-Ziv AT

Lempel-Ziv 78

012

345678 91011121314151617181920212223

albla

alblalalc|blalalblalalblalalc|blalc]|c|c]|$]
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Lempel-Ziv AT

Lempel-Ziv 78

012[345673891011121314151617181920212223
alblalalblalalc|blalalblalalblalalc|blalc]c]c]$]

12
a b\ ¢
1 2 3
b a
4 5
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Lempel-Ziv AT

Lempel-Ziv 78

0123[45673891011121314151617181920212223
alblalalbalalc|blalalblalalblalalc|blalc]c]c]$]
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Lempel-Ziv AT

Lempel-Ziv 78

0123

45678 91011121314151617181920212223

lalblala

blafalclblalalblalalblalalc|blalc]c]c]$]
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Lempel-Ziv AT

Lempel-Ziv 78

0123 4[567891011121314151617181920212223
alblalalblalalc|blalalblalalblalalc|blalc]c]c]$]
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Lempel-Ziv
Lempel-Ziv 78

012345

6 78 91011121314151617181920212223

lalb]alalbla

alclblalalblalalblalalclblalc|c]c[$]
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Lempel-Ziv
Lempel-Ziv 78

012345

6 78 91011121314151617181920212223

lalblalalb[a

alclblalalblalalblalalclblalc|c]c[$]
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Lempel-Ziv
Lempel-Ziv 78

0123456

7 8 9101112131415161718192021 2223

lalblalalb [a]a

clblalalblalalblalalc|blalc]c|c]|$]
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Lempel-Ziv
Lempel-Ziv 78

01234567

8 9101112131415161718192021 2223

lalblalalblalale

blafalblalalblalalc|blalc[c]c]$]

12 Akhremtsev, Hespe:
Ubung 4 — Algorithmen Il

Institut fiir Theoretische Informatik
Algorithmik Il



Lempel-Ziv
Lempel-Ziv 78

01234567

8 9101112131415161718192021 2223

lalblalalblalale

blafalblalalblalalc|blalc[c]c]$]
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Lempel-Ziv
Lempel-Ziv 78

012345678

91011121314151617181920212223

lalblalalblalafe]b

alalblalalblalalc]blalc]c]c]$]

121463
c
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Lempel-Ziv
Lempel-Ziv 78

012345678

91011121314151617181920212223

lalblalalblalalc[b

alalblalalblalalc]blalc]c]c]$]

121463
c

12 Akhremtsev, Hespe:
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Lempel-Ziv
Lempel-Ziv 78

0123456789

1011121314151617181920212223

lalblalalblalalc[bla

alblalalblalalc]blalc|c]c[$]

121463
c
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Lempel-Ziv
Lempel-Ziv 78

0123456738910

1112131415161718192021 2223

lalblalalblala]c[blala

blafalblalalc|blalc|c|c]|$]

1214635
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Lempel-Ziv
Lempel-Ziv 78

0123456738910

1112131415161718192021 2223

lalblalalblalalc|blala

blafalblalalc|blalc|c|c]|$]

1214635
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Lempel-Ziv
Lempel-Ziv 78

012345673891011

121314151617181920212223

lalblalalblalalc|b]afalb

alalblalalc|blalc]c|c]|$]

1214635
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Lempel-Ziv
Lempel-Ziv 78

0123456738 9101112

1314151617181920212223

lalblalalblalalc|b|alalbla

alblalalc|blalc[c]c]$]

1214635

12 Akhremtsev, Hespe:
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Lempel-Ziv AT

Lempel-Ziv 78

012345678 910111213(14151617181920212223
‘alblalalblalalc]|blalalblalalb|alalc|blalc]c]c]§]

12146357
a b\ ¢
1 2 3

a/ b a b
6 4 5 9
c a a
8 7 10
a
11
12 Akhremtsev, Hespe: Institut fiir Theoretische Informatik
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Lempel-Ziv AT

Lempel-Ziv 78

012345678 910111213[14151617181920212223
lalblalalblalalc|blalalblalalb]alalc|blalc]c]c]$]

12146357
a b\ ¢
1 2 3

a/ b a b
6 4 5 9
c a a
8 7 10
a
11
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Lempel-Ziv AT

Lempel-Ziv 78

0123456738 91011121314151617181920212223
lalblalalblalalc|blalalblalalblalalc|blalc]c]c]$]

12146357
a b\ ¢
1 2 3

a/ b a b
6 4 5 9
c a a
8 7 10
a
11
12 Akhremtsev, Hespe: Institut fiir Theoretische Informatik
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Lempel-Ziv AT

Lempel-Ziv 78

012345678 9101112131415[1617181920212223
lalblalalblalalc|blalalb|afalblala|c|b]alc]|c|c|$]

/’ N, 12146357
1 2 3
a,/ b a b
6 4 5 9
c a a
8 7 10
a
11
12 Akhremtsev, Hespe: Institut fiir Theoretische Informatik
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Lempel-Ziv AT

Lempel-Ziv 78

012345678 910111213141516[17181920212223
lalblalalblalalc|blalalb]a[alblala]c|b]alc]c|c]|$]

/’ N, 12146357
1 2 3
a,/ b a b
6 4 5 9
c a a
8 7 10
a
11
12 Akhremtsev, Hespe: Institut fiir Theoretische Informatik
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Lempel-Ziv AT

Lempel-Ziv 78

012345678 91011121314151617[181920212223
lalblalalblalalc|blalalb]aa]blalale]b]a]c]c|c]|$]

/b 1214635711
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