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Schockfronten: Beschleunigung von  
Elektronen, Positronen, Protonen, ... Kernen  
(Potenzgesetz in der Energieverteilung?)

Umgebung: Restgas- und Molekülwolken, 
Photonen verschiedener Strahlungsfelder  
(CMB, Sternenlicht, lokal erzeugte Strahlung)

Beispiele:
SN-Überreste, 
Aktive Galaxiekerne
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27.1. Notation

Table 27.1: Summary of variables used in this section.
The kinematic variables β and γ have their usual meanings.

Symbol Definition Units or Value

α Fine structure constant 1/137.035 999 11(46)
(e2/4πε0!c)

M Incident particle mass MeV/c2

E Incident part. energy γMc2 MeV
T Kinetic energy MeV

mec2 Electron mass × c2 0.510 998 918(44) MeV
re Classical electron radius 2.817 940 325(28) fm

e2/4πε0mec2

NA Avogadro’s number 6.022 1415(10) × 1023 mol−1

ze Charge of incident particle
Z Atomic number of absorber
A Atomic mass of absorber g mol−1

K/A 4πNAr2
emec2/A 0.307 075 MeV g−1 cm2

for A = 1 g mol−1

I Mean excitation energy eV (Nota bene! )
δ(βγ) Density effect correction to ionization energy loss
!ωp Plasma energy 28.816

√
ρ〈Z/A〉 eV(a)

(
√

4πNer3
e mec2/α)

Nc Electron density (units of re)−3

wj Weight fraction of the jth element in a compound or mixture
nj ∝ number of jth kind of atoms in a compound or mixture
— 4αr2

eNA/A (716.408 g cm−2)−1 for A = 1 g mol−1

X0 Radiation length g cm−2

Ec Critical energy for electrons MeV
Eµc Critical energy for muons GeV
Es Scale energy

√
4π/α mec2 21.2052 MeV

RM Molière radius g cm−2

(a) For ρ in g cm−3.
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Fig. 27.1: Stopping power (= 〈−dE/dx〉) for positive muons in copper as a function of βγ = p/Mc over nine orders
of magnitude in momentum (12 orders of magnitude in kinetic energy). Solid curves indicate the total stopping power.
Data below the break at βγ ≈ 0.1 are taken from ICRU 49 [2], and data at higher energies are from Ref. 1. Vertical
bands indicate boundaries between different approximations discussed in the text. The short dotted lines labeled “µ− ”
illustrate the “Barkas effect,” the dependence of stopping power on projectile charge at very low energies [3].
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27.2. Electronic energy loss by heavy particles
[1–22, 24–30, 82]

Moderately relativistic charged particles other than electrons
lose energy in matter primarily by ionization and atomic
excitation. The mean rate of energy loss (or stopping power) is
given by the Bethe-Bloch equation,

−dE

dx
= Kz2 Z

A

1
β2

[
1
2

ln
2mec2β2γ2Tmax

I2
− β2 − δ(βγ)

2

]
.

(27.1)
Here Tmax is the maximum kinetic energy which can be imparted
to a free electron in a single collision, and the other variables are
defined in Table 27.1. With K as defined in Table 27.1 and A in
g mol−1, the units are MeV g−1cm2.

In this form, the Bethe-Bloch equation describes the energy
loss of pions in a material such as copper to about 1% accuracy
for energies between about 6 MeV and 6 GeV (momenta between
about 40 MeV/c and 6 GeV/c). At lower energies various
corrections discussed in Sec. 27.2.1 must be made. At higher
energies, radiative effects begin to be important. These limits
of validity depend on both the effective atomic number of the
absorber and the mass of the slowing particle.

The function as computed for muons on copper is shown by
the solid curve in Fig. 27.1, and for pions on other materials
in Fig. 27.3. A minor dependence on M at the highest energies
is introduced through Tmax, but for all practical purposes in
high-energy physics dE/dx in a given material is a function
only of β. Except in hydrogen, particles of the same velocity
have similar rates of energy loss in different materials; there is a
slow decrease in the rate of energy loss with increasing Z. The
qualitative difference in stopping power behavior at high energies
between a gas (He) and the other materials shown in Fig. 27.3 is
due to the density-effect correction, δ(βγ), discussed below. The
stopping power functions are characterized by broad minima
whose position drops from βγ = 3.5 to 3.0 as Z goes from 7 to
100. The values of minimum ionization as a function of atomic
number are shown in Fig. 27.2.

In practical cases, most relativistic particles (e.g., cosmic-ray
muons) have mean energy loss rates close to the minimum, and
are said to be minimum ionizing particles, or mip’s.

As discussed below, the most probable energy loss in a
detector is considerably below the mean given by the Bethe-
Bloch equation.
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Figure 27.3: Mean energy loss rate in liquid (bubble
chamber) hydrogen, gaseous helium, carbon, aluminum,
iron, tin, and lead. Radiative effects, relevant for muons
and pions, are not included. These become significant for
muons in iron for βγ >∼ 1000, and at lower momenta for
muons in higher-Z absorbers. See Fig. 27.21.

Eq. (27.1) may be integrated to find the total (or partial)
“continuous slowing-down approximation” (CSDA) range R for
a particle which loses energy only through ionization and atomic
excitation. Since dE/dx depends only on β, R/M is a function
of E/M or pc/M . In practice, range is a useful concept only for
low-energy hadrons (R <∼ λI , where λI is the nuclear interaction
length), and for muons below a few hundred GeV (above which
radiative effects dominate). R/M as a function of βγ = p/Mc is
shown for a variety of materials in Fig. 27.4.

The mass scaling of dE/dx and range is valid for the electronic
losses described by the Bethe-Bloch equation, but not for
radiative losses, relevant only for muons and pions.

For a particle with mass M and momentum Mβγc, Tmax is
given by

Tmax =
2mec2 β2γ2

1 + 2γme/M + (me/M)2
. (27.2)

In older references [4,5] the “low-energy” approximation
Tmax = 2mec2 β2γ2, valid for 2γme/M % 1, is often implicit.
For a pion in copper, the error thus introduced into dE/dx is
greater than 6% at 100 GeV.

At energies of order 100 GeV, the maximum 4-momentum
transfer to the electron can exceed 1 GeV/c, where hadronic
structure effects significantly modify the cross sections. This
problem has been investigated by J.D. Jackson [6], who
concluded that for hadrons (but not for large nuclei) corrections
to dE/dx are negligible below energies where radiative effects
dominate. While the cross section for rare hard collisions is
modified, the average stopping power, dominated by many softer
collisions, is almost unchanged.

“The determination of the mean excitation energy is the
principal non-trivial task in the evaluation of the Bethe
stopping-power formula” [7]. Recommended values have varied

52 4 Physics of Particle and Radiation Detection

Table 4.1
Overview of interaction processes
of charged particles

Table 4.2
Overview of interaction processes
of photons

−dE

dx

∣∣∣∣
ion

= K z2 Z

A

× 1
β2

{
1
2

ln
2mec

2β2γ 2Tmax

I 2 − β2 − δ

2

}
, (4.6)

where
K – 4πNAr2

e mec
2 ≈ 0.307 MeV/(g/cm2),

NA – Avogadro’s number,
re – classical electron radius (≈ 2.82 fm),

mec
2 – electron rest energy (≈ 511 keV),

z – charge number of the incident particle,
Z,A – target charge number and target mass number,
β – velocity (= v/c) of the incident particle,
γ – 1/

√
1 − β2,

Tmax –
2mep

2

m2
0 + m2

e + 2meE/c2

maximum energy transfer to an electron,
m0 – mass of the incident particle,
p,E – momentum and total energy

of the projectile,
I – average ionization energy of the target,
δ – density correction.

The energy loss of charged particles, according to the
Bethe–Bloch relation, is illustrated in Fig. 4.2. It exhibitsenergy-loss dependence
a 1/β2 increase at low energies. The minimum ionization
rate occurs at around βγ ≈ 3.5. This feature is called the
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Figure 27.2: Mean energy loss rate in liquid (bubble chamber) hydrogen,
gaseous helium, carbon, aluminum, iron, tin, and lead. Radiative effects,
relevant for muons and pions, are not included. These become significant for
muons in iron for βγ >∼ 1000, and at lower momenta for muons in higher-Z
absorbers. See Fig. 27.21.

For a particle with mass M and momentum Mβγc, Tmax is given by

Tmax =
2mec2 β2γ2

1 + 2γme/M + (me/M)2
. (27.4)

In older references [2,7] the “low-energy” approximation
Tmax = 2mec2 β2γ2, valid for 2γme/M " 1, is often implicit. For a pion in copper,
the error thus introduced into dE/dx is greater than 6% at 100 GeV.

At energies of order 100 GeV, the maximum 4-momentum transfer to the
electron can exceed 1 GeV/c, where hadronic structure effects significantly modify
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27.2. Electronic energy loss by heavy particles
[1–22, 24–30, 82]

Moderately relativistic charged particles other than electrons
lose energy in matter primarily by ionization and atomic
excitation. The mean rate of energy loss (or stopping power) is
given by the Bethe-Bloch equation,

−dE

dx
= Kz2 Z

A

1
β2

[
1
2

ln
2mec2β2γ2Tmax

I2
− β2 − δ(βγ)

2

]
.

(27.1)
Here Tmax is the maximum kinetic energy which can be imparted
to a free electron in a single collision, and the other variables are
defined in Table 27.1. With K as defined in Table 27.1 and A in
g mol−1, the units are MeV g−1cm2.

In this form, the Bethe-Bloch equation describes the energy
loss of pions in a material such as copper to about 1% accuracy
for energies between about 6 MeV and 6 GeV (momenta between
about 40 MeV/c and 6 GeV/c). At lower energies various
corrections discussed in Sec. 27.2.1 must be made. At higher
energies, radiative effects begin to be important. These limits
of validity depend on both the effective atomic number of the
absorber and the mass of the slowing particle.

The function as computed for muons on copper is shown by
the solid curve in Fig. 27.1, and for pions on other materials
in Fig. 27.3. A minor dependence on M at the highest energies
is introduced through Tmax, but for all practical purposes in
high-energy physics dE/dx in a given material is a function
only of β. Except in hydrogen, particles of the same velocity
have similar rates of energy loss in different materials; there is a
slow decrease in the rate of energy loss with increasing Z. The
qualitative difference in stopping power behavior at high energies
between a gas (He) and the other materials shown in Fig. 27.3 is
due to the density-effect correction, δ(βγ), discussed below. The
stopping power functions are characterized by broad minima
whose position drops from βγ = 3.5 to 3.0 as Z goes from 7 to
100. The values of minimum ionization as a function of atomic
number are shown in Fig. 27.2.

In practical cases, most relativistic particles (e.g., cosmic-ray
muons) have mean energy loss rates close to the minimum, and
are said to be minimum ionizing particles, or mip’s.

As discussed below, the most probable energy loss in a
detector is considerably below the mean given by the Bethe-
Bloch equation.
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iron, tin, and lead. Radiative effects, relevant for muons
and pions, are not included. These become significant for
muons in iron for βγ >∼ 1000, and at lower momenta for
muons in higher-Z absorbers. See Fig. 27.21.

Eq. (27.1) may be integrated to find the total (or partial)
“continuous slowing-down approximation” (CSDA) range R for
a particle which loses energy only through ionization and atomic
excitation. Since dE/dx depends only on β, R/M is a function
of E/M or pc/M . In practice, range is a useful concept only for
low-energy hadrons (R <∼ λI , where λI is the nuclear interaction
length), and for muons below a few hundred GeV (above which
radiative effects dominate). R/M as a function of βγ = p/Mc is
shown for a variety of materials in Fig. 27.4.

The mass scaling of dE/dx and range is valid for the electronic
losses described by the Bethe-Bloch equation, but not for
radiative losses, relevant only for muons and pions.

For a particle with mass M and momentum Mβγc, Tmax is
given by

Tmax =
2mec2 β2γ2

1 + 2γme/M + (me/M)2
. (27.2)

In older references [4,5] the “low-energy” approximation
Tmax = 2mec2 β2γ2, valid for 2γme/M % 1, is often implicit.
For a pion in copper, the error thus introduced into dE/dx is
greater than 6% at 100 GeV.

At energies of order 100 GeV, the maximum 4-momentum
transfer to the electron can exceed 1 GeV/c, where hadronic
structure effects significantly modify the cross sections. This
problem has been investigated by J.D. Jackson [6], who
concluded that for hadrons (but not for large nuclei) corrections
to dE/dx are negligible below energies where radiative effects
dominate. While the cross section for rare hard collisions is
modified, the average stopping power, dominated by many softer
collisions, is almost unchanged.

“The determination of the mean excitation energy is the
principal non-trivial task in the evaluation of the Bethe
stopping-power formula” [7]. Recommended values have varied

3.7. WECHSELWIRKUNGEN DER SEKUNDÄRTEILCHEN 63

Abbildung 3.15: Energieverlust durch Ionisation und Bremsstrahlung für Elektronen
als Funktion der Energie. Die beiden Anteile (gestrichelte Linien) kreuzen sich bei
der kritischen Energie. Zum Vergleich ist auch der Energieverlust durch Ionisation
für Protonen angegeben.

Der Energieverlust von hochenergetischen Myonen kann annähernd durch eine
lineare Energieabhängigkeit beschrieben werden (Abb. 3.16):

−dE

dx
= a + bE (3.39)

Dabei ist a der Energieverlust durch Ionisation (im Sättigungsbereich) und bE der
Bremsstrahlungsbeitrag. Die kritische Energie ergibt sich dann aus a = bEµ

k oder

Eµ
k =

a

b
(3.40)

Durch Integration über den Energieverlust (3.39) läßt sich mit (3.33) die energie-
abhängige Reichweite der Myonen mit Anfangsenergie E0 bestimmen:

R(E0) =
1

b
ln(1 + E0/E

µ
k ) (3.41)

Zum Beipiel spielt die Reichweite der Myonen eine wichtige Rolle für die Abschir-
mung von kosmischer Strahlung in Untergrundexperimenten (Abb.3.17).

3.7.3 Wechselwirkungen von Photonen

Für die Beschreibung von elektromagnetischen Schauern genügt es, folgende Wech-
selwirkungen von Photonen mit Materie zu betrachten (Abb. 3.18):

• Photoeffekt: Das Photon überträgt seine gesamte Energie auf ein Hüllenelek-
tron.
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Anwendung: erwartetes Photonspektrum
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Inverse Compton-Streuung
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4.4 Emission from Many Electrons 55

Fig. 4.5 From cyclo to synchro: If the emitting particle has a very small velocity, the observer sees
a sinusoidal (in time) electric field E(t). Increasing the velocity the pattern becomes asymmetric,
and the second harmonic appears. For 0 < β ! 1 the power in the second harmonic is a factor
β2 less than the power in the first. For relativistic particles, the pattern becomes strongly beamed,
the emission is concentrated in the time "tA. As a consequence the Fourier transformation of
E(t) must contain many harmonics, and the power is concentrated in the harmonics of frequen-
cies ν ∼ 1/"tA. Broadening of the harmonics due to several effects ensures that the spectrum in
this case becomes continuous. Note that the fundamental harmonic becomes smaller increasing γ
(since νB ∝ 1/γ )

The queen of the particle energy distributions in high energy astrophysics is the
power law distribution:

N(γ ) = Kγ −p = N(E)
dE

dγ
; γmin < γ < γmax (4.21)

Now, assuming that the distribution of pitch angles is the same at low and high γ ,
we want to obtain the synchrotron emissivity produced by these particles. Beware
that the emissivity is the power per unit solid angle produced within 1 cm3. The
specific emissivity is also per unit of frequency. So, if Eq. 4.21 represents a density,
we should integrate over γ the power produced by the single electron (of a given γ )
times N(γ ), and divide all it by 4π , if the emission is isotropic:

js(ν, θ) = 1
4π

∫ γmax

γmin

N(γ )P (γ ,ν, θ)dγ (4.22)

Doing the integral one easily finds that, in an appropriate range of frequencies:

js(ν, θ) ∝ KB(p+1)/2ν−(p−1)/2 (4.23)

5.2 Synchrotron Characteristic Frequency 59

∆θ

∆s

a

Observer

1/γ

B

Electron orbit

Fig. 5.1 Left: The electron moves helicoidally in a magnetic field emitting synchrotron radiation
in a cone of half-opening angle 1/γ in the direction of motion. Right: only photons emitted while
the electron in ∆t covers the section of arc ∆S will reach the observer, who will therefore register
a pulse of radiation during a time ∆t0

Geometrical considerations (Fig. 5.1, right panel) allow us to derive that

∆S =
2a
γ . (5.8)

From the movement of the electron we know that for the component of the
velocity perpendicular to the magnetic field we have ∆v

∆ t = ωBvsinα (see Eq. 4.3,
where vsinα is the velocity perpendicular to the magnetic field). With |∆v|= |v∆θ |
and ∆S = v∆ t we have

∆S
∆θ = v2 ∆ t

∆v
=

v
ωB sinα (5.9)

and with ∆θ = 2
γ

∆S =
2v

γωB sinα . (5.10)

The pulse thus lasts a time

∆ t =
∆S
v

=
2

γωB sinα . (5.11)

This is not the time interval during which an observer at rest will measure the
light pulse, because the photons emitted as the electron enters the visibility arc will
travel while the electron progresses. The time during which the observer “sees” the
electron is therefore given by (see Fig. 5.2)

c∆ t0 = c∆ t − v∆ t ⇒ ∆ t0 = (1−β )∆ t # 1
2γ2 ∆ t. (5.12)

5.2 Synchrotron Characteristic Frequency 61

F(x)=xʃK5/3(h)dh

F(x)
1

0.29 1 2 3 4        x0

Fig. 5.4 Synchtrotron spectrum emitted by a single relativistic electron moving in a magnetic
field given in Ginzburg and Syrovatskii (1965). The function F(x) corresponds here to φν(γ) with
x = ν

νc(γ) . The emission peaks around the characteristic frequency νc

Fourier transform theory tells us that the corresponding spectrum will include
frequencies up to 1

∆ t0
. We therefore introduce a characteristic frequency νc with

νc =
ωc

2π =
1

2π
1

∆ t0
=

1
2π γ3ωB sinα (5.14)

=
1

2π γ2 eB
mec

sinα. (5.15)

The spectral shape of the emission by a single electron will therefore have
a peak around νc, as shown in Fig. 5.4. We know from this discussion at what
characteristic frequencies an electron of given energy radiates (5.15). We also
know with which luminosity it radiates from Eq. 5.4, and how long it takes for
the electron to radiate a substantial fraction of its energy from (5.7). Combining
these results we can express the electron cooling time as a function of the emitted
photon energy

tcool =
3γmec2

4σTcγ2β 2uB

(using 5.7) (5.16)

γ ≈
(

4πmecνc

3eB

)1/2

(using 5.15) (5.17)

or

tcool [s] =
3mec2

4σTcβ 2uB

[√
4πmecνc

3eB

]−1

≈ 6 ·108B−3/2
[G] ν−1/2

[MHz], (5.18)

which shows again that electrons emitting at higher energies cool faster. We will be
able to deduce deep physical insight of AGN physics in Sect. 5.4.1 using just these
simple relationships.
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2.3 Electromagnetic collisions on magnetic and photon fields 29
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Fig, 2.4. Power spectrum of synchrotron radiation emitted
in 1, 5, and 15 pG fields.
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by 105 GeV electrons
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: lorc'v2(Ja (2'27)

for relativistic electrons with B - 1. Expressed in particle physics units the
average energy loss becomes

dE . /  R 12/E-\2- i  :3.7e x to-u (gu,,*a) (.*=) Gev/s . (2.28)

The characteristic frequency of the radiated photons is the critical fre-
quency

3 ,eB -  /  D \  /  r '  \2
".:  hrr:sind 

: 1.61 x 1013 (rr,r",) (d;f,) Hz. (2.2s)

Expressed as a fraction of the electron energy the critical frequency is pro-
portional to the product of the energy and the magnetic field value u.f E. x
E. x B. The higher the energy and the magnetic field, the harder is the spec-
trum of the radiated photons.

The emissivity of a relativistic electron of energy E" averaged over all pitch
angles cannot be expressed in a final analytic form and is given by the integral

i(8,,)0, : # Io" o, sin2 012(uf v)* l,;,-Ksrc(,)dn , (2.30)

where 1{573 is the Bessel function of order 5/3. The number spectrum of the
synchrotron radiation peaks at 0.29u". Figure 2.4 shows the power spectrum

nc =
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of factor of 10) spike at the very edge of the spectrum. The Curve 4 cor-
responds to a smoother spectrum with a modest pile-up (or “bump”) and
super-exponential (but not abrupt) cutoff. The corresponding spectral en-

Fig. 3.8 (a) Possible spectra of accelerated protons (left panel), and (b) the corre-
sponding Spectral Energy Distributions of their synchrotron radiation (right panel). At
energies E ! E0 all proton spectra have power-law behaviour with αp = 2, but in
the “cutoff” region around E0 they have very different shapes. Curve 1 corresponds to
the proton spectrum described by a power-law with exponential cutoff; curve 2 corre-
sponds to the truncated proton spectrum; curve 3 corresponds to the proton spectrum
with a sharp pile-up and an abrupt cutoff at E0; curve 4 corresponds to the proton
spectrum with a smooth pile-up and a super-exponential cutoff. For comparison, in
the right panel the spectrum of the synchrotron radiation of mono-energetic protons,
xF (x) ∝ x4/3 exp (−x), is also shown (curve 5).

ergy distributions (νSν = ε2J(ε)) of synchrotron radiation are shown in
Fig. 3.8b. In the high energy range, ε ≥ ε0, where ε0 is defined by Eq.(3.30)
as ε0 = εc(E0), the radiation spectrum from the proton distribution with
sharp pile-up and abrupt cut-off is quite similar to the synchrotron spec-
trum from mono-energetic protons, xF (x) = x4/3 e−x; x = ε/ε0.

All synchrotron spectra shown in Fig. 3.8b exhibit, despite their es-
sentially different shapes, spectral cutoffs at approximately x ∼ 1, if one
defines the cutoff as the energy at which the differential spectrum drops to
1/e of its extrapolated (from low energies) power-law value. Therefore the
energy ε0 = εc(E0) could be treated as an appropriate parameter represent-
ing the synchrotron cutoff for a quite broad class of proton distributions. In
the case of mono-energetic protons, the cutoff energy coincides exactly with
ε0. This is true also for the power-law proton spectrum with exponential
cutoff for which the SED of the synchrotron radiation has a shape close to
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Differential cross section for the production of y-rays, positrons, and
electrons from secondary neutral and charged pions produced in p-p
collisions by monoenergetic isotropic protons undergoing nuclear in-
teractions with protons at rest [143,154]. Kinetic energies of the non-
thermal protons are labeled.
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