Computational Photonics

Finite-Difference Time-Domain



Finite-Difference Time-Domain (FDTD)

o ab initio: direct solution of Maxwell’s equations

o probably the most often used numerical technigue, since an

implementation is straight forward
(but cumbersome implementation of proper boundary conditions)

© requires excessive computational resources for
reasonable problems in 3D (implementation for clusters)

o implementation is absolutely general but often doesn’t
take explicit advantage of symmetries

o principally all kinds of materials are treatable
(dispersive or nonlinear materials) 2
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Finite-Difference Time-Domain (FDTD)

Maxwell's equations

oB(r.t , oD(r,1
rot E(r,?) (r,?) rot H(r,#) = _..(r,¢) + r,?)
ot ot
divD(r,?) = p_.(r,?) divB(r,7) = 0
constitutive relations
D(r,t) = ¢, E(r,¢) + P(r,1)
B(r,?) = u,H(r,?) + M(r,?)
E(r,f) electric field - P(r,?) dielectric polarisation
-H(r,) magnetic field - M(r,?) magnetic polarisation
-D(r,f) dielectric flux density - Pext (I,?) external charge density
-B(r,/) magnetic flux density ~Jmakr(F:#) macroscopic current density



Finite-Difference Time-Domain (FDTD)

constitutive relations for a linear, isotropic, and dispersionless

dielectric media
D(r,t) =¢,¢ (r )E(r,t)
B(rat) = MOH(rat)

this is only an approximation that allows for convenient
simulations; a dispersionless material does not exist

H(r,? oE(r,?
rot E(r,7) = —u, OH(r,7) rot H(r,7) = ¢g,¢ (r) (r,)

o1 o1
div [egﬁ@z)] -0 divﬁ}@@ §



Finite-Ditference Time-Domain (FDTD)

Maxwell's equations can be written as a set of six coupled differential
equations of the the first kind

oE(r,1 |
aH(rat) _ —irot E(l‘, f) ( ) = rot H(l’,f)
ot W, ot €, (r)
g, | OE- ab gk ) IpH. AH

ot Lo | 0z oy ot eo€(r) | Oy 0y
gil, = L Jl . o E | 0l e WdH. . dH

ot iy | 0% dz ot eoe(r) | Oz dr
o, =l Fol,  dF | idilD s 0k O

ot Lo | Oy dr ot €0e(r) | Ox oy
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1D Problem

assume that there is no dependence in y and z ==> dynamics only in x

0H, 0 OH, 1 9E 0H. 1 0E,

ot or u, ox Ot po O
0E, o 9B, _ 1 OH. 0E, 1 dH,
ot ot coe(r) v gt gpe(r) ox

grouping together non-mixing transverse electromagnetic components (TEM)

| OF - i dielt & [ i
z-polarised — = Y e z
E-field ot g,e(r) ox 8
y-polarised — o, . dkH.. O o 0L,
E-field ot eo€e(r) Ox ot Lo Ox



Discretising the equations

on a discrete mesh the differential operator is calculated as

f(iAu)

f((i+0.5)Au)

e first order
approximation
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Discretising the equations

on a discrete mesh the differential operator is calculated as

Bf ( Au2 Af /'
ou 2 : /

of _ L-txi-f Au,
au 2Au
_Qi ~ _ i first order
af ou approximation
Su zAu

second order approximation I



Discretising the equations

(i,n) = (iAx, nAt)

E_(iAx,nAt) = E’ =

H (iAx,nAt)=H =

0E] E., - E,

0X 12Ax [(AX) ]
n n+l _ n-1

aaE; “ mEz‘ +O[(Ar)]

0H! H}, -H],

0X 1ZAX [(AX) ]
n n+l . n-1

"’Zi 7, 2Af{f +O[(Ar)]

e(iAx) = ¢, y



oL

Z—

ot

o
ot

1

Discretising the equations

oH

i)

1 OE.

g E5€ (r) ox

W

0x

OE" 1 9H!

0t  €,€ Ox

l

Ein+l _ El-n_l 1 Hn

i+1

_ - H,
DAt e, 2Ax

l

L2 AY)

Ez‘n+1 = Ein_l i [Hzlil Hin—l]
.8 Ax

oH; 1 oE]

Jof W, ox
Hin+l —Hl-n -1 1 livll/-ll_1 _En
2At Mo 2Ax
1 A

H" = H™ o+ — [ En - E!)

Wy Ax
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t(n)

DTD discretisation for the

“EHEH\EH\EH\\EH

x(i) 1g



D discretisation for the

x(1) 19



t(n)

H H H H
A A

1 J y A © ‘;
AR INRL ll"lll H
AN | A A

A A A A
E E E E E
2 3 4 5 6

X(l) 20



Yee grid and leap-frog time steps

75 H H H
7 A S
) E E/ \S
t(n) A S
1.5 H
1 E E E

1 A7
n+l n n+0.5 n+0.5
lit ==‘£2 w []J;H15 __152—05 ]
E08 A
+ = 1 At n n
Hilio(.)és = Hz"io(.); T [Ez+1 = ]
w, Ax 21



Properties: divergence, resolution

a vanishing divergence of the fields is always fulfilled in 1D since fields
are always transversally polarised to the direction of field change

resolution of discretisation Ax and Atfrom physical arguments:

spatial grid resolution Ax must be fine enough to resolve the finest structures
of the material distribution and the fields = rule of thumb Ax = A/(20n_, ),
with . being the highest refractive index in the simulation domain

temporal step size Atis limited by the speed of light, i.e. the interaction in
space can reach only up to the next neighbour == sets upper limit to the

phase velocity == Af < Ax/c

N

1 1 1 £t
N Ni ' ' A= = | |
in higher dimensions At < : <Ax2 o Az2>

L 22
Courant criteria



FDT

Din 3

D

O Cartesian coordinate system (:zz, Y, Z) for the field and the material

O fields depend additionally on time ¢

discretisation in 3D

Eiru =t =Kt 5. 10y El\a nistl)

= EZJ

k

E’n/
E(x,y, z, E, (i

field consist of

three components;

each is written
separately



FDTD in 3D

same discrete approximation of differential operators

C)f (IAtrs Jqu /IITAZ" )ZA{-) _ I—|—l 7. L fl—— I () [( Al‘)z]
()LIT ALIT

'_ n+3 n— =

Of (iAx, jAy, kAz nAt) [ @ = fiir

Ot - At

approach used for all differential equations, e.q.

9E. 1 [oH. oH,

o g,e(r)| ay Tz T

— Interleaved grid in space and time for E and H field

(Yee-cell) 24
K.S. Yee, IEEE Trans. Antennas Propagat., AP-14, 302, 1966




FDTD in 3D

same discrete approximation of differential operators

“T

(')f(z'A,zf.jA.y. kAz, nAt) _ z+l gk Ji—L ik - O[(Ax)?
Ox Ax
o . ..n.—i—% ..'n..—%
()]L(IAI-.L]A:I/,]{A:.'IZAZL.) _ flt’j.;f — f,-\.,'_/f O [(At)z]
Ot At

approach used for all differential equations, e.q.

9E. 1 [oH. oH,

X

o g,e(r)| ay Tz T

E and H tield are evaluated a halt-step (in space and time) apart
25



y(j)

Properties: no divergence
Leapfrog time steps

central differencing ==> second order explicit method
26



FDTD in 3D

discretising MWEQ

OF 1 [oH oH

X V

Jdf  €,€ (r) 0y 0z

_jx

27



Other equations for F

1

Din 3

f’l+§ }’Z—E
E|  =E] 7
i, j+5 k+ i, j+5 k+—
. . n n
/ _ H -H \
At J+Lk+3 L Jok+L Y J 5.kl Y J+5.k . |n
+ o = J 1
x 1 sl
€€ . 1. .| Ay Az Sk
l,_]+5,k+§ \ )
E n+ _E n-3
Y l——,]+1 k+— Y z——,]+1 k+—
n n n n
N At Hx i3, j+1k+1 - x i-3,j+1k Zli, j+1Lk+% iz i-1,j+1k+% .|
l——,]+1 k+—
€01 i hed Az Ax
n+l n—1
2 _ 2
E Zli-2, j+5,k+1 - -3, j+%.k+1
(H _H/[ " " \
N At Vi, j+ 1 k+1 i-1,j+1 k+1 xXli-1,j+1, kel T7x i-1,j.k . |n
- —J 1
z——,]+ Je+1
8081——,]+1 k+1 AX AZ
\ /



Other equations for F

DT

Din 3

D

(E l’l+% _ l’l+% E l’l+% l’l+%
H n+l n At Y l—— ,j+1, k+ Y l—— ,j+1, k+— l—— ]+3 k+1 - l—— ]+1 k+1
Xli-L jelk+l T xli=l el k+l B
? ? W \ Az Ay
/ n+% n+% n+% n+l
E. - E. ~-E |
H n+l H n At Zliv g, j+3.k+1 -3, j+5.k+1 i, j+sk+3 i,j+3.k+%
Vi +1k+1_ Vi +1k+1+ -
J L] W, Ax Az
Brtppt B[
H n+l _ n At Xi,j+2,k+3 B Xi,j+4,k+3 3 Ylied, j+1k+1 Yli-L, j+1,k+1
Zli, j+1L,k+3 Zli, j+1,k+3 W, Ay Ax

29
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Divergence free nature of the Yee-discretization

OH(r,¢ OE(r,t
rot E(r,?) = —p, (r,?) rot H(r,7) = g, (r) s )+Jmakr
Ot Ot
le[E 8 E(r t)] 0 divH(r,7) =0
O
—div(g,E) = <jﬂ> div(e,E)d y-9 e, Edf
Of at Yee cell ﬁt Yee cell
g SEdf Sg(Ex..lkl_Ex.l-ucl)AyAZ
ot Yee cell Ot LFpkty =L jAgskts
Te\r;nl
0 E AxAz
+805 Y i~ j+1k++ -y i~ ) k+
) Tom? ’
0 E E AxA
+805( z i—%,j+%,k+1 - i—1 ]+;k) Y
. iy y 30

Term 3



Divergence free nature of the Yee-discretisation

X —

Term 1 with rot equation

OF 1 {GHZ B @Hy}

ot ge(r) oy oz
( )
— - H
HZ i,j+1k+d zli, jk+1 Vi, j+1k+1 Vi, j+1k
Term 1= —
Ay Az
\ J
( A
HZ il j ket Tzl kL Hy i1, j+1 k+1 B Hy i—1,j+1 k
2 2 2 2 2 2 b 29 b 2)
Ay Az
\ J

% <ﬁ> g, Edf =(Term 1)AyAz +(Term 2) AxAz + (Term 3) AxAy =0

Yeecell

Yﬁudw[gom =0)]ar=0 & — £11d1v(80E)dV =0 = div[g,E]=0
31



Computational procedure

using the spatial differences of the E Field that are known for the
time step n At to calculate the H field at the time step (n+1/2) At

using the spatial differences of the H Field that are known for the time
step (n+1/2) At to calculate the E field at the time step (n+1) At

using the spatial differences of the E Field that are known for the
time step (n+1) At to calculate the H field at the time step (n+3/2) At

—> Ieap—frog algorithm (discretisation applies to all components)

——> close to the physical world as the spatial and temporal
propagation is exactly simulated 32



Simplification in 2D

O problems are often invariant in one spatial direction, taking z (e.g.
grating, cylindrical objects)

O derivations of the field along this directions are zero

OH, 1[dk, O0E.] 0k, 1|0H, OHU, B
ot | 0> oy ot €| Oy 0% x_
OH, 1|0E, OW,| O0E, 1|0, OH, )
ot p|ox 02] o €| 02 ox (TEy_
8Hz _ 1 —aEa: aE’y- aEz - 1 8Hy (9H:z; 1D
ot p | Oy ox ot €| Ox Oy UZ_

—> Maxwell can be decoupled into 2 sets of each 3 differential equations




Simplification in 2D

O problems are often invariant in one spatial direction, taking z (e.g.
grating, cylindrical objects)

O derivations of the field along this directions are zero

TM polarisation TE polarisation  ,,



Introducing a light source

O sources modelled by adding their field to field in computational domain

O a physical model for sources is a macroscopic current density

oD(r,?
rot H(r,7) =j_ .. (r,f) + (r,)
ot
o o ‘ Y\ Examples
E?(i,4,k) = E2(i,j,k) + sin(nAtw) | "
(x-polarised plane wave) temporal
: ; > variation
(7 = ites f th
B2(i,.k) = BR(i,4.k) + 60 |
(x-polarised impulse) y source

7 S e S N b 2 _(JAEI)Q :
By (3,7,ks) = Ey (3,5, ks) + € (2 e \Zu/ sinin/Afi)

(x-polarised Gaussian wave with the waist in ]{,‘.S,)



Introducing a light source

example of a plane wave
(2D-configuration, TM, Hy)

0.C
I||||0C
B -0.C
—40.C

—0.C

—0.C

0.C

0.C

10

20

30

40 -

50

60 -

70

80kt

I I ! | I I I H
10 20 30 40 50 60 70 80

example of a point source
(2D-configuration, TM, Hy)

36
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Introducing a light source

115 10015

-40.01

10.005

-0.005

-0.01

-0.015

20 40 60 80 100 120 140 160 180 200 220 20 40 60 80 100 120 140 160 180 200 290

example of a plane wave example of a point source
(2D-configuration, TM, Hy) (2D-configuration, TM, Hy)

(cylinder with n=2 and D=2 \)
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Computational Photonics

Finite-Difference Time-Domain
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