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Basics of grating theories 
- interface problem



Field expansion inside the grating
can be unambiguously written down, e.g., for Ex

plane wave expansion of the       eigenmodelth

             eigenvectors from the eigenvalue problem Exmnl

                     forward / backward propagating eigenmodes

                 unknown amplitudes of the eigenmodesAl/Bl

have to be determined from boundary conditions
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Field expansion inside the grating

for completeness, the same expansion holds for all fields 
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for the electric field 3
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for completeness, the same expansion holds for all fields 

for the magnetic field



Incident field in the Fourier space

k0 = k0xx̂ + k0yŷ + k0z ẑ
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Fig. 1. Structure of a doubly periodic binary surface-relief
grating.

Fig. 2. Definition of the incident plane wave.

The time dependence exp(-iw t) is assumed through
this paper.

The diffracted fields outside the modulated region n
be expressed in the form of Rayleigh expansions. Fc

doubly periodic element the reflected and the transmit

electric fields may therefore be written as

ER(r) = E Rm. exp(ikimn . r),
m,n

ET(r) = E Tmn exp[ik2mn *( - hi)],
m,n

respectively, where the coefficients Rmn and Tmn rep-
resent the complex vector amplitudes of the reflected
and the transmitted diffraction orders, respectively. The
wave vectors of the diffraction orders are

kimn = amX + 0y - rmni, (6)

k2mn = ax + fony + tmnZ, (7)

where am = ao + 2vm/dx, Pn = ,3o + 2rn/dy,

The magnetic fields are obtained with the use of Maxwell's
curl equation V E = irOuH. The incident, the re-
flected, and the transmitted magnetic fields are then

HI(r) = (ou)- 1ko X f exp(iko r), (10)

HR(r) = (w/ito)-' _ kmn X Rmn exp(ikimn r),
m,n

(11)

HT(r)= (wl-o)l YE k2mn
m,n

X Tmn exp[ik2mn (r - hi)], (12)

respectively, where Ljo is the magnetic permeability of
vacuum (the media are assumed nonmagnetic).

In a numerical implementation the infinite series con-
sisting of Eqs. (4), (5), (11), and (12) must be truncated.
If we retain LX Rayleigh orders in the x direction and L,
orders in the y direction, a total of Lt = LXLy orders have
to be included in the analysis.

Field in the Modulated Region
Inside the modulated region 0 < z < h the electric and the
magnetic fields are coupled by Maxwell's curl equations

V X E(r) = ioH(r), (13)

V X H(r) = -icoeE(r), (14)

respectively. We denote the partial derivatives a =
8/8x and y = 8/Oy, eliminate the z components of
E and H to obtain E = -(iwe)-1 (H - yHx) and
H. = (iwjLjo)-1(axEy - ayEx), respectively, and substitute
them into the four remaining equations in the system of
Eqs. (13) and (14). This yields

azE. = iloHy - ax[(iwef')(a.Hy - ayH,)], (15)

aEy = -iwoH. - y[(ioeY)-G(Hy - ayH.)], (16)

dH = -iWoEEY + (iaoY1 8~(8xE, yE), (17)

(4) aH, = iEE. + (iwp.Lo)-ay(a.Ey - ayE.). (18)

According to the Floquet-Bloch theorem, the field in
the doubly periodic medium is a pseudoperiodic function:

EX(X, y, z) = Exmn exp[i(amx + PnY + Yz)], (19)
m,n

and similar expressions hold for E, H., and Hy. Substi-
tuting these expressions into Eqs. (15)-(18) and writing
the permittivity distribution and its inverse as Fourier
expansions

I[(nik) 2
- am2 - Pn2]112

rmn = i[am 
2

+ n
2

-(ni)2]U2

[(n2 k)
2 - am

2
- n 211/2

tmn - i[am 
2

+ n2- (n2k)2] 2

am
2

+ ,Bn2 • (nik)2

am
2

+ f3n
2

> (nik)2

(8)

am
2

+ fn
2

c (n2 k)
2

am
2

+ Bn2 > (n2 k)
2

(9)

e(x, y) = eo Epq exp[i27r(px/d. + qy/dy)], (20)
p,q

[e(x, y)- 1 = e0- 1 I pq exp[i27r(px/d. + qy/dy)], (21)
pq

we arrive at

E. Noponen and J. Turunen

û = (cos ⇤ cos � cos ⇥� sin⇤ sin⇥) x̂
+(cos ⇤ cos � sin⇥ + sin⇤ cos ⇥) ŷ
� cos ⇤ sin �ẑ

assuming plane wave illumination 
(arbitrary wave fields in space and time are decomposed)

EI(r) = ûeik0·r

5



Reflected/transmitted field in the Fourier space

ER(r) =
�

m,n

Rmneik1mn·r

ET (r) =
�

m,n

Tmneik2mn·(r�hẑ)

k1mn = kmn,xx̂ + kmn,yŷ � kI
mn,z ẑ

k2mn = kmn,xx̂ + kmn,yŷ + kII
mn,z ẑ

kI/II
mn,z =

�
k2
0�I/II � k2

mn,x + k2
mn,y

6
� (1)

1



Enforcing interface conditions

matching eigenmodes with same tangential wave vector in the 
entire structure (omitting the terms                                                 )exp[i(kmn,xx + kmn,yy)]

x-component of the illuminating field (term 1)

x-component of the reflected field field (term 2)

sum over forward and backward propagating plane wave 
contributions to eigenmodes with same           (term 3) kmn

four similar equations for all tangential components

continuity of the tangential electrical field at the interface 
between the illuminating space and the grating (             )z = 0

ux⇥m0⇥n0 + Rxmn =
�

l

[Al + Bl exp(i�lh)]Exmnl

7



Enforcing interface conditions at z=0

ux⇥m0, ⇥n0 + Rxmn =
�

l

[Al + Bl exp(i�lh)]Exmnl

uy⇥m0, ⇥n0 + Rymn =
�

l

[Al + Bl exp(i�lh)]Eymnl

(k0yuz � k0zuy)⇥m0, ⇥n0 + kmn,yRzmn + kI
mn,zRymn

= k
�

l

[Al �Bl exp(i�lh)]Hxmnl

= k
�

l

[Al �Bl exp(i�lh)]Hymnl

(k0zux � k0xuz)�m0�n0 � kI
mn,zRxmn � kmn,xRzmn



Enforcing interface conditions at z=h
same interface conditions for the back interface

�

l

[Al exp(i�lh) + Bl]Exmnl = Txmn

�

l

[Al exp(i�lh) + Bl]Eymnl = Tymn

k
�

l

[Al exp(i�lh)�Bl]Hxmnl = kmn,yTzmn � kII
mn,zTymn

k
�

l

[Al exp(i�lh)�Bl]Hymnl = kII
mn,zTxmn � kmn,xTzmn

eight linear independent equations with eight unknown variables

Al, Bl, Rxmn, Rymn, Rzmn, Txmn, Tymn, andTzmn

unique solution
(Noponen et al., JOSA A, Vol. 11, 2494 1994)

9



Summary of the algorithm 

calculate all wave vector components of interest 

Fourier transforming the permittivity distribution

calculating eigenvalues and eigenvectors of eigenmodes 
supported by the structure in Fourier space

solving the system of linear equations that provide the 
amplitude of all relevant field components

calculating quantities of interest, such as diffraction 
efficiency and/or field distributions in regions of interest 

note that the algorithm thus far requires invariance of the 
structure in the propagation direction 10



Application examples

31
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(l� = l|| = 400 nm, � = 500 nm, h = 20 nm, w = 60 nm, Au)

(1-6) plasmonic eigenmodes of the SRR 
(7)    wood anomaly 
(8)    plasmonic resonance of the cylinder

11



Application examples
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E-field component ⊥ to the SRR used for resonance labelling  

 → Ey amplitude 20 nm above the SRR is shown 12



Numerical peculiarities - truncation of the orders

nI=1

nI=2



Numerical peculiarities - truncation of the orders

for keeping the system of equation treatable in a computer, we have to 
limit the number of diffraction orders retained in the calculation

(Λ=2.5λ, h=λ, nI=1, nG=3, nII=2, TE, sinusoidal)

rule of thumb: number of 
propagating orders plus 10 
evanescent orders

convergence has to be always 
ensured (increasing the number of 
orders shall have no effect on the 
diffraction efficiencies)

energy conservation for 
loss-less materials

14



How to handle non-binary gratings

assumption: no variation of the dielectric function in z-direction

Remember

slicing continuous surface profile into a sufficient number of invariant layers

for sufficient convergence a 
proper number of slices has to 
be made taken into account

field is expanded in each layer 
and additional equations for 
the boundary conditions are 
established

15



How to handle non-binary gratings

(Λ=2.5λ, h=λ, nI=1, nG=3, nII=2, TE, sinusoidal)

16

assumption: no variation of the dielectric function in z-direction

Remember

slicing continuos surface profile into a sufficient number of invariant layers

for sufficient convergence a 
proper number of slices has to 
be made taken into account

field is expanded in each layer 
and additional equations for 
the boundary conditions are 
established



nI=1

nI=2

How to handle non-binary gratings

17



Eigenmodes of a periodic media 

18
/XX 

• Maxwell‘s equations transform to: 

 
 

• Solution: 
 
• Addional imposure of Bloch condition in the 

propagation direction 

 
 

• Solution provides a discrete set of modes 

Eigenmodes of a periodic media 

ˆ( ) M( ; , , ) ( )i z z z
z

α β ω∂
=

∂
X X

ˆ( ) T( ) (0)z z=X X
Transfermatrix 

ˆ( ) T( ) (0) exp( ) (0)z z z zikΛ = Λ = ΛX X X

, ( , , )z z pk k α β ω= ∈^ ( , ) 1.BZα β ∈with p∈` and 

with ( ) ( , , , )x y x yz E E H H=X � � � � 



Referential example: the fishnet

19

/XX 

Referential example: the fishnet 
• Frequency dispersion for a high symmetry direction (α=β=0) 

• C. Rockstuhl, T. Paul et al., PRB 78, 155102  (2008) 
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Excitable with a predominantly y-polarized wave  

Not excitable due to symmetry constraints 

Excitable with a predominantly x-polarized wave  



Referential example: the fishnet

20

/XX 35 
• C. Rockstuhl, T. Paul et al., PRB 78, 155102  (2008) 

 

Referential example: the fishnet 

Fundamental mode classified by min[Im(kz)] 
 



Referential example: the fishnet

21
/XX 37 

• C. Rockstuhl, T. Paul et al., PRB 78, 155102  (2008) 
 

k 

E 

H S 

Referential example: the fishnet 

The fundamental mode is left handed 
 



Propagation of bundles 

22
/XX 

• Bundle as a superposition of eigenmodes 
 
 

• Restriction to the fundamental mode 
 
 

 
• Paraxial approximation of kz 

,
BZ

( ) ( ) ( ; )exp[ ( )]p p z p
p

d A i x k zα α α α= +∑ ∫E r e r

0 .00
BZ

( ) ( )exp[ (( ; )]) zd A i x k zαα α α= +∫e 0E r
2 2

0 1 0 02( , ) ( ) ( ) ...z zk k ηα ω η η α α α α= = + − + − +

2
2

0 1 2 ( , ) 0
2

i i x z
z x x

ηη η
ª º∂ ∂ ∂

+ − − =« »∂ ∂ ∂¬ ¼
E

0

( , )
( , )exp( )
x z
x z i xα

=
−

E
E

( , )e α≈ r

Propagation of bundles 

 



Referential example: the fishnet

23

/XX 34 

ω0 

Reminder: frequency dispersion 

kx 

kz(kx) 

2 0′η >

Reminder: angular dispersion 

Referential example: the fishnet 



Angular dispersion

24
/XX 36 

• T. Paul et al., PRB 79, 115430 (2009) 
• C. Rockstuhl, T. Paul et al., PRB 78, 155102  (2008) 

� ω > ω0 (Δλ≈50nm) 

� Negative refraction � Positive refraction up to 
kx=2.5µm-1 

kx [µm-1] kx [µm-1] 

Re
(k

z) 
[µ

m
-1

] 
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6

Re(kz) 
Re(kz) 

Re(η1) Re(η1) 

Inclination coefficient 
� ω = ω0 

 



Angular dispersion

25
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0 1 2 3 4
-4
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0 1 2 3 4
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-2
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2

4

37 
• T. Paul et al., PRB 79, 115430 (2009) 
• C. Rockstuhl, T. Paul et al., PRB 78, 155102  (2008) 

� ω > ω0 (Δλ≈50nm) 

� Negative refraction 
� Anomalous diffraction 

around kx=0 

� Positive refraction 
� Normal diffraction around 

kx=0 

kx [µm-1] kx [µm-1] 

Re
(k

z) 
[µ

m
-1

] 

Re(kz) 
Re(kz) 

Re(η2) Re(η2) 

Diffraction coefficient 
� ω = ω0 

 



Computational Photonics

26

Basics of grating theories 
- interface problem


