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Solving inverse problems
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objective

Xijt1 < [Xla'“axi—laxi] funCtiOn

optimisation algorithm

structure to optimize numerical solver

constraints: -limited time available to find an optimal design
» adapted to tabrication methodologies

» ideally automatic without human intervention



ST Classitication of approaches
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number of degrees of freedoms in your system

low dimensional medium dimensional high dimensional

(1-3 parameters) (4-15 parameters) (15 up to 10 parameters)

* reach global optimum - some hope for global optimum - only go for local optimum
* Scan entire pgrameter Space e sample parameter space in an » exploit adjoint/backpropagation
* use preterential forward solver effective way methods to adjust many DoF

curse of local / stochastic / topology / neural
dimensionality model-based networks

overa I"Ching concerns. -exploit derivative informations efficiently

e consider time for an individual evaluation

» accurate data is a precious value 4




A\‘(IT Basic idea topology optimisation




A\‘(IT Basic idea topology optimisation




A\‘(IT Basic idea topology optimisation




ST Basic idea topology optimisation
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ST Aspects that we discuss in the following
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How to determine with two full wave simulations the

1 ) AdjOint fOrmUIatiOn gradients of an objective function with respect to all

degrees of freedom?

2) Pa rametrisaticn How to parametrise the spatial distribution of the

permittivity that will be optimised in the next step?

How to express the fact that the permittivity should be

3) ImPOSIng constraints a binary function, it should respect minimal feature

size, a predefined volume or any other constraint?

4) Running ahn Optimisaticn How to pertorm an actual gradient descent?



A\‘(IT Basics of adjoint formalism
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* generic forward problem Ax = b
(PDE discretized in coupled linear equations) / / '\
A € R™" x € R" b e R"
(system matrix) (solution vector) (source vector)
e Maxwell's equations: V x V x —w?ppeoe(r,w)| E(r,w) = iwpuoj(r, w)

(material properties appear in an independent term)

e all quantities depend on the design parameters g € R"

* solution of the forward problem x(g) = A”'(g) b(g)

[direct (e.g., LU or Cholesky decomposition) or

iterative (e.g., Richardson or Jacobi methods)] expensive
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Basics of adjoint tformalism

e design goodness quantitied by objective function F(X)

e optimisation problem:

e Maxwell's equations:

mg_in F(X(g)) subject to A(g) x(g) — b(g)

min Fg\ (E (r,w)) subject to M(G)E(G) = S(€)

e(r,w)

material in each pixel is a d.o.f. with respect to figure of merit frwm (E(I‘, w))

e gradient based optimisation requires us to know

dF  dFdx
dg dxdg

1. first term easy: objective function is a scalar function of X

2. second term hard: Jacobian is a dense matrix of size n X m 11



Basics of adjoint tformalism

 derivative with respect to a single design variable:

= b+ A = - A" —Ah+AT — =A
0g; 0g; 0g; 0g; T 09;

 derivative with respect to all design variables:

Ox ﬁA_ . Ob L 0A Ob (

dF d_FA_l(lﬁb ob b ] ) [an 0A oA
dg dx 0g1 09, 09 dg1 09y  Ogm

extremely expensive calculation and not necessary

dF
dg

X
not interested in — but only in

dg

ob 0A

dgi ~ dgi”

l
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&‘(IT Basics of adjoint formalism

e starting from the left of the previous expression:

T\ T dF
dx dx adjoint solution dxT
—
T aF_ (lab ob b [an oA
® N I N - — : ’ s - T T I a R
hal Iradients dg dg1 09 Ogm| |0g1  0go
dF (db dA )
— x
dg J\dg dg
—_— dF
requires two full solutions: Ax =b ATX,) = dx T
direct —

adjoint

0A

0Gm

l
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&‘(IT Basics of adjoint formalism

* for complex quantities af 2Re{zT. (d_b dAz)}
(no special derivation here) dg - dg dg
dF
requires two full solutions Az = b ATZaj =

NR— dz"
direct —

adjoint

 Maxwell’s equations: dA

2 .
— Z= —w"ly€y diag(z
(source does not depend on d.o.f.) dg H0€0 g( )

- dF’ dF . r
M B,y = M = 2uPeopioR (Ead; © B)




Example

imaging a point source (1.55 pm) to another point
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X (Lm)
dF/de

F(EZ) = |Ez(x0bj? y0bj>|2



ST Basics of topology optimisation
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ZIXAIX

Martin P. Bends@e and Ole Sigmund. Topology optimization: theory, methods, and applications. 2nd ed.
igmund. Tapolagy optimization: the: 16
ngineering online library. Berlin: Springer, 2004.
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parametrisation through density representation

oo _ 0 N if x e Qmal
esign space gi = lqmat ¢, Qmat = 0 if xeQ)\ (Qmat

permittivity value in each pixel

e discrete values represented by continuous variable

density: 0 < p = 1 nanophotonics: €, = €1 + P (62 — 61)
: : L. : n+1 n n dF
e permits gradient based optimisation p T =p —n P
p

binarisation necessary ===  implicit constraints

17
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Simplified Isotropic Material with Penalization (SIMP) scheme

® pOW@r ‘aW €, = €1 -+ 1[3(62 = 61) Wlth ﬁ — pP heuristically: P — 3
1.0 -
e projection scheme 0.8 -

(smoothened Heaviside)

0.6 -

0.4 - o =20, B=0.5

5= tanh(af) + tanh(a(p — p)) £=3 =05

= - 0.2 - a=3, f=0.2

tanh(af) + tanh(a(1 — p)) =3 =08
0.0 -

0.0 0.2 0.4 0.6 0.8 1.0



y (px)

y (px)
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Basics of topology optimisation

accommodating minimal feature sizes

: : : N Z icD. WiiPj
e linear ftiltering pi = Zjl l
(suffers from JED;i U
banding artetacts)
: : : - Z icD. WiiPj
e Gaussian filtering p; = —=—
ZJEZ)i Wij

* implemented as convolution

with Wijj =
with Wij =
pn = (k * p)y

min — ‘ri — rji Vri € D,

0 otherwise
ri-r;|

Fmin €XP P Vri € D,

0 otherwise

O = rmin/\/§

m
= E ’ km—i+1 Pn—m+i -
1—1

O<n—m+in
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Basics of topology optimisation

—r

0

Kernel shapes

y (px)
y (px)

x (px) x (px)

Linear kernel Gaussian kernel
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A\‘(IT Basics of topology optimisation
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mesh independency
(results shall not depend on mesh size chosen in simulations)

y (px)
y (px)
y (px)

x (px) x (px) x (px)
10 X 10 20 X 20 1000 X 1000
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A\‘(IT Basics of topology optimisation

explicit constraints =)  add penalty terms to objective function

‘V:[arget - V(,D)i

with V(p)= ) p;

e volume constraint Fy(p) =

Vinax .
(placing a fixed amount of material) i€Q
* binarization constraint Fg(p) = |{p>) — (p<)| — 1
P> = Z Pi P< = Z Pi
1S9, €2
Vp=>0.5 Vp<0.5

all types of constraints are permissible
23



&‘(IT Now actual topology optimisation

starting from the definition of adjoint gradients and applying chain rule

dF dA »dpdp
— = =2 Re{xzj —x} = —2 Re{xJf %(k _p_px}

dp dp Y de, dp dp dp
* derivative of density A de,
parametrisation erlp)= e+ ple—e) — dp ~ S
e derivative of (s anh(ap) + tanh(@(p — f)) ey dp o —atanh*(a(p - )
PP) = anh(af) + tanh(a(i — f) 15 ~ tanh(ap) + tanh(a(1 - §))

binarisation

24




‘(IT Now actual topology optimisation
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e derivative of convolution

(ke 0 0 0 )
kh K 0 0
K1p1 hon R
kaop1 + kipo ' k.3 k1 0 P2
5(p) = k = p = | ksp1 + kapz + kip3 km-2 1 0 ke ki || p3 15
; pP)=Kp=|kpy kmo ks ko || ' ap K
Dy km—is1Pn-me+i km  kmer o0 P ks gzj dp
0 kn ot kme P\,
with 0<n—-m+i<n 0 0 © kmo1 kme
= 0 0 km ke
\ 0 0 m/
finally
dF dA de, dp dp dp
— = —2Re{x] ol 22602/15(6 —€>—pKRex X
. = 0€0 (€2 1 4
dp ) de, dp dp dp dp .
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Example |

BRSW SNOM

coupling

" Device !ayer
(SigNg)

SiO,

SisN
Ao = 1555 nm s

Focusing of a Bloch Surface Wave

objective function

FE)= ) |Eyf

I, JEY

26



A\‘(IT Example |
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FOM (a.u.)

00000
Iteration




y (Hm)

Example |

-20
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X (um)
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Example |l

Top-coupler

/7/,/—7 —— g . ) . " < .
» 4 . A . A S - LA . . - —
- T e - -~ e - ‘
WALV \ WSS ASA LR S N AL = N . ey ~ - - =
A0 : ‘ X * o T —— —— e . R T . .
— A : L ALk - t - - Sece ey e P B :
: . \ ALY AL - -~ S B S+ ‘Y e
g A 5 pASDS S TN = Rage . B . M. ! e h
k LA} S— v A - o -
v Ty O T S ~ i ., J :
\‘ \ A2 S - - . - \ . "
| . — - N o Yl e b o1
A #\h . LA \ 35 - N . . -
0 - A il b N W ‘\'.\ B b - %
5 - Cw N - . = A e x =~
3 \ .“ [ 9 ‘1 \\__. ) .. A . ‘-'.'
Yl 0 I . l“" . - ar
| \ \ 1 L. ) - 1Y - F
\ W " -
A -
£
A

Butt-Coupler

Single-mode | -

Va
&
r
y
-~ ¢’
o~
>

Photonic
wire bonds

7

.

Silicon photonic
transmitter chip

75 um

~
N

Normalized flux (a.u.)

o
O
]

O
(00)
]

S
~
]

=
(o)}
]

=
Ul
]

=
H
1

=
w
1

0.2 A

1.40

1.45

1.50

1.55 1.60
Wavelength (um)

1.65

1.70




A\‘(IT Bayesian optimization

strive to find a global optimum fob (Xopt) = fob (X) VxeD

e particular design parametrised in vector X — -:131, Loy .oy L

* one element in the possible design space )

e Gaussian processes: all possible functions that possibly could be the
objective tfunction, mean and standard deviation are well defined

e derive from that a next data point to be evaluated

31
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Curse of dimensionality

sample 1

sample 2

32



Curse of dimensionality

0.5
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Curse of dimensionality

0.5




Curse of dimensionality

2

aanifinh
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Curse of dimensionality
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Curse of dimensionality

e e wmes
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Curse of dimensionality

Which behaviour is
“w< 0} =« | more likely in the

unknown region?




A\‘(IT (Gaussian process

. frobabi\it:; density function P(F) = 1 | el i u) =\(F—p)
or a set or points N -
" 2n)7 |Z]?
covariance function: k(x, x") = o’ e (X_PX/)Z 2 = lk<xi9 xj)]. |
l,J
vector of mean values: H = [,u(xl), ﬂ(xN)]

orobability distribution of function B = [fl; ceey fN]

39



(Gaussian process
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15

05

1 1
A5 i A5
2 2
0 05 1 15 2 25 3 0 05 1 15 2 25 3
X X

different functions samples from a GP modelled with
a Gaussian covariance function




(Gaussian process

set of functions characterised by mean
value and standard deviation

| | | 1

1 1.5 2 2.9
X
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Bayesian optimisation using Gaussian process

acquisition function (expected improvement) a.; =

2

—lmax((), £ f(x))]

19
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Bayesian optimisation using Gaussian process

acquisition function (expected improvement) a.; =

2
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ST Bayesian optimisation using Gaussian process
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acquisition function (expected improvement) a.;, = E lmax(O,fmm — f(x))]
2 | | | | |
e . .
151 -ZEI ' Next evaluation point 5
=
1r ® evaluation points
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ST Bayesian optimisation using Gaussian process
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acquisition function (expected improvement) a.;, = E lmax(O,fmm — f(x))]
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ST Adding gradient information helps!
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25 I I T I I I I I I 60 I I I I T I I I I

no gradient information gradient information




ST Bayesian optimization
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* photonic wire bonds are freeform dielectric waveguides written with 3D direct laser lithography

* part of optical chips that consist of difterent materials capitalising on strength of ditfterent materials

® major of source of losses are incomplete coupling sites to the chips as well as curved trajectory
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X. Garcia-Santiago et al., "Bayesian optimization with improved scalability and derivative information tor efficient design of
nanophotonic structures", IEEE Journal ot Lightwave Technology 39, 167 (2021)
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AT selected further applications for Bayesian optimization

quantum dot coupler

Quantum dot

Fiber core

Fiber cladding

parameter reconstruction

antireflective grating

Top layer
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P-l. Schneider et al., "Benchmarking five global optimization approaches tor nano-optical shape optimization and parameter reconstruction”, 418

ACS Photonics, 6, 2726 (2019)
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