Computational Photonics

Scattering theory:
quasi-static sphere
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Quasi-static regime

o in the quasi-static regime phase variations of the field across
the surface can be neglected = electrostatics, no magnetic field

O temporarily the fields still oscillate according to et
introducing a scalar potential: E(I‘) e —VCI)(I')
has to be a solution to @ O
Laplace equation: A —

(absence of charges)

e.g. spherical coordinates:
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Quasi-static regime

o general solution of this equation is given by:
(solved by separation of variables the same way as before)

¢ = i En: (anmrn | f:fl) P™(cos §)e'™?

=0 =0

P,,;n (f) associated Legendre polynom

O introducing three potentials:

(I)O iIIuminationI::> (1)2 - q)s _|_ (I)O

€9
(I) S| scattered
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Quasi-static regime

O z-polarised incident wave is assumed to be constant in the
vicinity of the coordinate center (quasi-static)

&y = —FEpz = —EgrPy (cos 8)

O two boundary conditions have to be used to determine Gnm and by,

continuity of tangential continuity of normal
electric field dielectric displacement
0D, 09, 0D 05
NI R e Eltsraa —2CO =
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Quasi-static regime

b = i z’”’: AT f:fl P (cos §)e™?

n=0 m=0

Oy = —Fyz = —ForP; (cos0)

O inthe inner domain allbnm coefficients are zero as the
potential has to remain finite

O in the outer domain all a,,m, coefficients are zero as the
pootential has to remain finite

O illuminating tield has only a nonzero component for n=1 and m=0

O other components remain zero, hence 2 equations with 2 unknowns ¢



Quasi-static regime

3€
b, = z Eqr cos 6
€1 + 2€2
€1 — € cos ¢
by = —Fprcosf - : - ok
€1 + 2¢5 P2
362
El . E()ez
G —- €9
= R°
E> = Eye., st st FEy(2 cosfe, + sin fey)
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Quasi-static regime

O scattered field corresponds to the field of a dipole with a moment P
p = esa e,

€1 — €9
Polarisability: ¢ = 47TR3
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Quantities of interest

scattering cross section

time average of energy flow is expressed by the real part of the Poynting vector
S—lé)%(ExH*)—lé)%(EH* — E.H}ep)
= 9 - 9 0 (per i (peﬁ

total radiation power

DT s 3 2 3
e k k
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intensity of the incident field
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Quantities of interest

scattering cross section

time average of energy flow is expressed by the real part of the Poynting vector

- 1 k 1 o+ k
S 5é)at(E x M 53% (E9Hje, — E.Hjeg)

W k4
Csca — = — 2
S() 67‘(’2 | - |

absorption cross section extinction cross section

Ca,bs e k%(@) C1ext = Csca = Ca,bs
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Quasi-static regime

O scattered tield corresponds to the field ot a dipole with a moment
P = esalpe,

€1 — €9
Polarisability: ¢ = 47TR3

€1 262
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Quasi-static regime

O scattered tield corresponds to the field ot a dipole with a moment
P = esalpe,

€1 — €9
Polarisability: ¢ = 47TR3

€1 262
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taken from
2020science.org

Stra ngeness

T RJ_)Lcurgus Cup
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Behaves in unexpe“cted ways




Field induced by oscillating dipole

O have ignored time dependence of the external field

| =
47req

1 (_p(to) " 3rr-p(to)| , ikp(to) 3ikr|r-p(io) o

3 = | > =~ = T—Sr T p(to)])

to=1t—kr/w

O first two terms in are the static tield and the scattering field [oc 1/7“3}

O next two terms, called the induction tield, are the field [oc 1/7~2}
induced by the current due to the dipole oscillation

O last term is called the radiation field [OC 1/7']
W | vk
H—=— _— Eodpild
A7 (7”'2 i > p(to)
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Mie theory for spheres

V’E + k*E =0 V-E=0
VH I EH U V-H=0

—— reducing the full vectorial to a scalar problem

from algebra we know that a vector can
be construct from a scalar function and M=V x (Cw)
an arbitrary constant vector via

divergence of a curl of any vector V-M =0
function vanishes

using vector identities it can be shown that
VM + E°M =V x [¢ (V2 + k%) |

— w needs to satisfy a scalar wave equation 1



Mie theory for spheres

——> can construct a second vector function N =

V x M
k

=V -N=0 V?’N+EkN=0 V x N = kM

——> M and N have all the required properties of an electromagnetic field

— free of divergence

——> the cur
—>

the cur

O

O

- M is proportional to N

- N is proportional to M

finding a solution to the scalar wave

—>

equation for ¢ instead of a field equation

M=Vx(ry) =

wave eqguation in spherical 8

polar coordinates



Scalar solutions to wave equation

P e o 0B B e
r2 Or (T 87“)  r2sin6 06 (SIHHE?H) - r2sinf2 0¢2 T

seek a particular solution of the torm
h(r,0,¢) = R(r)©(0)2(¢)

and performing a separation of variables procedure

Wl o Z,,(?j])(kmr)Pgl (cos @) e

different Bessel functions radial dependency angular dependency by associated
Legendre function of the first kind and of
(D () =i (2) = (]2
Zy (2) = Jnl2) = [ 5 Inv0.5(2) degree n and order m
Z7(12)(Z) B yn(z) B 21Yn+0'5(z) (1 — cos? 9) z dnrm ((3082 0 — 1)n
< P (cosf) = — —
Z\(2) = hyy(2) = ju(2) + iyn(2) " e 19
ZW(2) = hiy(2) = jn(2) — iyn(2)



Vector solutions to wave equation

— vector harmonics can be constructed via

Mnm — V X (I‘@Dnm) Nnm _ V X ]ivlnm

plugging this solution into the vector solution provide

Mf'(v,{% (T7 (97 gp) e [iﬂnm(COS (9)@9 o Tnm(COS H)éw] \IJ%‘]) (kr)eimW
vl (kr)
( T) €ngpér

kr
b . i -
+ [Thm (cos 0)&g + imyy, (cos B)€,] R [7“\1}7(1*])(]{7")] et

N (1 8, p) = n(n + 1)P™(cos 6)

Tom(cosf) = — P (cos 0) Trm(COs ) = P (cos )

dg " sin ¢



Field expansion for scattered and internal fielo

1nc S‘ S‘ ZEjnm pnm Nr,(q,lyzz,(ra CU) ol QRm(w)Mq(zlf,zz(rv w)]

n=1 m=—n

Hmc By ;1 Y Enm Qnm N(l) (I‘ w) _|_pnm( )Mg%(raw)}

n=1 m=—n

T I' W > >1 . a'nm )Nfi(q,gr??,(r)w) i bnm(w)l\/[f%(r,w)]

n=1 m=—n

H...(r,w) = = } }J W)N® (v, ) + Apm(W)ME) (v, w)]
n=1 m=-—n
Ein(r,w) = > Y iBnm |com(@)NGL (T, @) + dom (@M, (7, w)
n=1m=—n
Hmt Y Y Enm { nm N(lfrzz(r7w) _|_ Cnm(w)M<1) (I' w)}
n=1m=—n

n—m)!
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Boundary conditions

tangential electric and magnetic fields continuous at intertace

Einc,H(R) nr Esca,H(R) e Eint,Q(R) Hinc,Q(R) e Hsca,G(R) = Hint,@(R)
Einc,qﬁ(R) e Esca,qﬁ(R) o Eint,qb(R) Hinc,cb(R) i Hsca,qb(R) =% Hint,qb(R)

with the expansions and relying on the orthogonality

(the prime indicates a differentiation with respect to the argument in parentheses)
Upm — AnPnm bnm — annm

Mie coefficients for the scattered field
uann(nx)[ijn( N = s les) lne el
un2jn(n2)[zht (2)] — tepnhi (2) [0 jn (1))
p — _Hepndn(12)[Zjn ()] = tn (@) N2 gn ()]
sphn(02) (£ (2)] — phi (2) 230 ()]’

=SV @p@e g- \/ Coph () (1)

e(w)p(w)




(Some) derived guantities

scattering cross section

Sca 5% Y Y 2n s 1) EZ _T_ :i' (‘Can|2 G ‘bnm|2)

n=1 m=—n

extinction cross section

n—m)!
Coxt = kg 5‘ Y 1)(2n 1)En +m§ R(Dpm @nm + @y Onm)

n=1 m=—n

absorption cross section

Cabs e Cext e Csca

suggested expansion order

N::C+4:(;1/3+2



Metallic nanoparticles - size eftects

silver sphere surrounded by air
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O smaller spheres absorb stronger

o larger spheres —=>resonance red-shift and higher

order resonances
24



Z [nm]

Metallic nanoparticles - the dipolar resonance
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Metallic nanoparticles - the quadruoplar resonance
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Impact of a dielectric surrounding
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Zinnm

Mie theory for spheres

analysing metallic nano particles in 3D with or without covering
layers

N

Zinnm
zinnm
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X innm X in nm X in nm
|E,| IE,| [Ey]

in the x-z-plane at A=633nm, re.,. = 15 nm, nepo = 1.5, repe = 30 nm
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