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Exercises for everyone:

▶ Task 1: Eigenmodes of a grating layer

▶ Task 2: Multi-mode transfer matrix method, diffraction efficiencies

Extended exercises:

▶ Task 3*: Numerically stable formulation (S-matrix method)
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Computational Photonics

Fourier Modal Method (FMM)

Seminar 7, July 10, 2020

• Implementation of the 1D version of the Fourier mode
solver in TE polarization

• Calculation of the diffraction efficiencies of a multi-
layer grating in reflection and transmission
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FMM fundamentals

+1

-1
-2

-3

+1

+2

-1
-2

-3

-4



Computational Photonics, Summer Term 2018, Abbe School of Photonics, FSU Jena, Prof. Thomas Pertsch

TE eigenmodes of a grating layer
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TE eigenmodes of a grating layer
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TE eigenmodes of a grating layer
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TE eigenmodes of a grating layer
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TE eigenmodes of a grating layer
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TE eigenmodes of a grating layer
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Tasks
1. Implement the function fmm1d_TE_layer_modes

that calculates the TE eigenmodes of a single grating
layer in the Fourier domain.

2. Solve the boundary value problem in order to calculate
the amplitudes and diffraction efficiencies of the
transmitted and reflected diffraction order (function
fmm1d_te).
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Task 1: Layer modes
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Task 1: Layer modes
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def fmm1d_te_layer_modes(perm, period, k0, kx, N):

'''Calculates the TE eigenmodes of a one-dimensional grating layer.

Arguments
---------

perm: 1d-array
permittivity distribution

period: float
grating period

k0: float
vacuum wavenumber

kx: float
transverse wave vector

N: int
number of positive Fourier orders

Returns
-------

beta: 1d-array
propagation constants of the eigenmodes

phie: 2d-array
Fourier coefficients of the eigenmodes (each column corresponds to one mode)

'''
pass
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Task 1: Implementation hints
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Keep in mind that
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Task 1: Implementation hints
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Boundary value problem
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Boundary value problem
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Transfer matrix algorithm (T-matrix algorithm)
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Reflection and transmission coefficients
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Diffraction efficiencies
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Task 2: Diffraction efficiencies of a multilayer grating
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Task 2: Diffraction efficiencies of a multilayer grating
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Side questions to examine:
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Task 2: Diffraction efficiencies of a multilayer grating
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def fmm1d_te(lam, theta, period, perm_in, perm_out, layer_perm, layer_ticknesses, N):
'''Calculates the TE diffraction efficiencies for a 1D layered grating using the T-matrix method.

Arguments
---------

lam: float
vacuum wavelength

theta: float
angle of incidence in rad

period: float
grating period

perm_in: float
permittivity on the incidence side

perm_out: float
permittivity on the exit side

layer_perm: 2d-array
permittivity distribution within the grating layers (matrix, each row corresponds to one layer)

layer_thicknesses: 1d-array
thicknesses of the grating layers

N: int
number of positive Fourier orders

Returns
-------

eta_r: 1d-array
diffraction efficiencies of the reflected diffraction orders

eta_t: 1d-array
diffraction efficiencies of the transmitted diffraction orders

r: 1d-array
amplitude reflection coefficients of the reflected diffraction orders

t: 1d-array
amplitude transmission coefficients of the transmitted diffraction orders

'''
pass



Computational Photonics, Summer Term 2018, Abbe School of Photonics, FSU Jena, Prof. Thomas Pertsch

Task 2: Implementation hints
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Task 3*: Numerically stable formulation (S-matrix
method)

The transfer matrix method implemented in the previous tasks has
exp(±iβd) factors that blow up / diminish to nothing for large d , many
layers and highly evanescent waves. This leads to loss of precision and
large numerical errors for demanding grating structures.
The S-matrix method is more stable. Read the next couple of slides and
implement and test the method using the same test case as in Task 2.

If you’re interested in a more detailed discussion, this method is explained
in Section 3 of the provided paper [1]. [1] Lifeng Li, “Formulation and
comparison of two recursive matrix algorithms for modeling layered
diffraction gratings”, J. Opt. Soc. Am. A 13, 1024, 1996.

https://opg.optica.org/josaa/fulltext.cfm?uri=josaa-13-5-1024&id=17535


S-matrix method

Definition of S-matrix: (outgoing fields) = S (incoming fields):[
a2+

a1−

]
= S

[
a1+

a2−

]
(1)

Putting two S-matrices A and B together (B comes after A); unlike
transfer matrices, S-matrices cannot be stacked just by matrix
multiplication):

S =

[
B11(I − A12B21)

−1A11 B12 + B11A12(I − B21A12)
−1B22

A21 + A22B21(I − A12B21)
−1A11 A22(I − B21A12)

−1B22

]
(2)

where A11, A12 etc. are the upper left, upper right etc. blocks (see next
slide). To calculate the transmission and reflection, set a1+ = ainc and
a2− = 0, and we immediately get

t = S11ainc (3)

r = S21ainc (4)



S-matrices

S-matrix of an interface between media 1 and 2:

S =

[
Φ2 −Φ1

Φ2β2 Φ1β1

]−1 [
Φ1 −Φ2

Φ1β1 Φ2β2

]
(5)

where Φ and β are blocks defined as in the T-matrix method.
S-matrix of propagation in a medium of thickness d[

e iβd 0
0 e iβd

]
(6)

Note that the exp(−iβd) factor is not present, which helps explain why
this method is not as vulnerable to loss of precision.


