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Category A

1. Properties of the BCS ground state (5+ 15+ 10+ 5 = 35 points)

The BCS ground state |Ppcg) was derived in the lecture.

(a) Show that the ground state is properly normalized, (Ppcs |Ppcs) = 1.
Solution: The BCS ground state is given by

|Ppcs) = H (uk + vkcLTcikJ 0) .
k

Here, |0) is the vacuum and therefore g, [0) = (0| ¢l = 0. Therefore,
(Ppes| Ppes) = (0] H (upy + vgrew ) (w + UkCLTCT—m) |0)
e,k

= H [u,’;uk + vk (0| kaickTCLTCim |O>}
k

= ] (uel” + [vel?)

k
where we have used that

* * * * 2
H UpUpy, = Upy, Upy, +** Uy Uy Uy +* Uy, = H lug|” .
kK’ k

: 2 2 : .
As you know from the lecture, |ug|” + |vg|” = 1. Hence ®pcg is normalized.

(b) Calculate the expectation value of the electron number operator N = chwcka

ko
and its standard deviation in the ground state.

Solution: Let us evaluate the expectation values of Ny = ZCLTCM and N| =
k
Z cL 1 Cky separately. It is convenient to express the electron operators in terms of

k
the Bogoliubov operators,

_ T . T T * .
Cko = Ukbro +ovpbl 1 o = Upby, + OVLb_k—o;



such that we can use that bg, |Ppcs) = 0. It follows for the expectation values that
(Pcs| Nt [Ppes) = > (Pocs] <Usz¢ + U;Zb—m) (Ukbm + Ukbikw) |Ppes)
k

= okl (Pres| bory b ) [Pres) = D okl
P k

(Ppes| N¢ |Ppcs) = Z (Ppcs| (u,’;bh - v;b,m) (Ukbm — ’Uka_kT) |Ppes)
3

= 2:|Wc|2 <(I)BCS|b—k¢bT—k¢|(I)BCS> = ZlkaQ-
k k

Consequently, (N) = (Ny + N|) =2 Z luk|?. Now let us calculate the expectation

k
value of N* = N} + N} + 2N;N:

<(I)BCS‘ NTQ ’®BCS> = Z {v,";u’,;uk/vk/ <(I)BCS‘ b*kikabllebik'i ’(I)BCS>
kK

+|Uk5|2|vki,|2 <®BCS| b_kibikib—k/ibik:’i |®BCS> }

= Z e |vre” + Z ok ?|vge

k k.k'
(Ppcs| N7 [Ppes) = (Ppes| NF [Pres)

(Ppcs| NiN, [®pcs) = > { — Vit O (Ppes| by byrbly b4 | Prcs)
kK

+|Uk|2|vk,|2 <®BCS| b_k’ibikib—k/TbT—k;’T |®BCS> }

= D lullo + ) JowPlow .
k

k'

In total,

(Ppes| N? | Ppes) = 42 ok g [* + 42 k| vk |

kK k

and the standard deviation is

ON = \J(N2) = (N)* =2 > s ox]?.

(c) Let us define the operator of Cooper-pair creation, B,Tc = CLTCT_ kL (Not to be confused
with the Bogoliubov operator bg!). Calculate the expectation value < B,Tc > in the

BCS ground state. Show that < BL > as a function of £ has a maximum at the
Fermi momentum (A(k) = A € R for simplicity).

Solution:

(Ppcs| CLTCT—k:J, |®pcs) = (Prcs| (UZbL¢ + v;;bfm)(uzb*_m — vbit) |PBes)

K K
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Figure 1: The expectation value of Cooper pair creation <B,L> in the BCS ground state

for momentum-independent gap A.

You know from the lecture that
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The Fermi momentum is related to p by kp = \/2mpu/h and {gj=x, = 0. We find

that
£< T> B hzk’g |A ——h2k|A| £
Ok \"F/ 2m O¢ , /€2 + N2 - 2m (€2 + A2)3/2
and therefore
2
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There is only one other local extremum (k£ = 0). On the one hand,

[k=0 2 u? 4 A2 k h=kp 2

and on the other hand <B,1> — 0 as k — oo. Therefore, & = kr must be a
local maximum and also the global maximum of the function (cf. Fig. 1). Pair
creation therefore happens mostly at kr. Note that the same behavior is found in
the standard deviation of the particle number (previous subtask), which is of course
related to the Cooper pair formation.

Calculate the commutators [By, Bl,], [Bk, By, and [B, B},] and their ground-state
expectation values. Decide whether Cooper pairs are bosons.



Solution: It is easy to see that
[Bi, By] = [B,L,BH =0
because all involved electron operators anticommute with each other. This agrees

with the bosonic commutation relations [a, ap] = [az, CLL,] = (. For the remaining

commutator, we find

[Bk, B;L/:| = |:C,k¢Ck,T, C;E:TCJLkJ = 5kk’ (1 — Ciki(’}*ki — C;E:TC’“T) = 5kk’ (1 — Nk,)

with the expectation value [see part (b) for (V)]
<[Bk, BL]> = b (1 — ok |* — ’U—k|2) '

If K = k', we obtain <[Bk,BL]> < 1 whenever |[v]* # 0, i.e., whenever A # 0
(always in the superconducting phase). Thus, Cooper pairs are not bosons.
Category B

. 4-component Nambu spinor with spin-orbit coupling (15 bonus points)

Let us generalize the 2 x 2 Nambu matrix formalism (see lecture notes) to explicitly
spin-dependent cases, where & in the mean-field Hamiltonian is replaced by ho(k) =
&k + by - o with a vector bg. Thus, hg is a 2x2 matrix in spin space. Let us define

the 4-Nambu spinor (CLT, CL 1 Ckls _C—k,T) . Find the corresponding 4 x4 Hamiltonian.

Remark: Note that this Hamiltonian is redundant. If terms can be expressed through
more than one matrix element, distribute them evenly between these elements.

Solution:

The standard mean-field Hamiltonian reads in the 2x2 basis (see lecture notes)

H=3" (s conl) (_fg* :2) (CCTkli) .
] "k

making the dispersion relation spin dependent, as specified in the task we obtain

—A - 5
Ao (e o) (B 20) () + 2 (s ) om ()
k o K |
With

b3 x bix —ibax
by = ” ’ ’
7Pk (51,1( + by x —bs k )

and a new spinor basis for the Hamiltonian

we find
& +bsx bk —ibx —A 0 Ck
bix+ibox & —b3x 0 0 Ck,|
‘ 0 0 0 0 i



Distributing everything evenly, as demanded in the task:

it
H = Z <CLT Cly kel _ka,T> H(k) C(;_k:i + % Zﬁk
K _C_l,w -
~ 1 bé“k J—; lzzk bgk_— ;bg,k —OA _oA
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