
Institut für Theoretische Festkörperphysik Prof. Dr. M. Garst
Karlsruher Institut für Technologie Dr. J. Masell

Dr. S. Sorn

Condensed Matter Theory 1 — Exercise 9
Winter term 2023/24

https://ilias.studium.kit.edu/goto.php?target=crs_2219528

To be discussed on: Thursday 2024/01/11

1. Conductivity and Hall effect

In the relaxation time approximation, the linearized Boltzmann equation in the presence of both
an electric and magnetic field, E and B, reads

∂

∂t
δfk(t)− e

∂f
(0)
k

∂ϵk
vk ·E − e

(
1

c
vk ×B

)
∇kδfk(t) = −δfk(t)

τ
. (1)

Here, −e < 0 is the electron charge. The kinetic energy of electrons is given as ϵk = k2/(2m)
and vk = k/m. We set ℏ = 1. Moreover, assume that the relaxation time τ is independent of k.

In equilibrium, the distribution is given by the Fermi-Dirac distribution f
(0)
k = 1/(1+ exp((ϵk−

µ)/T )) and δfk(t) = fk(t)− f
(0)
k .

a) Determine the static solution with δfk(t) ≡ δfk such that ∂
∂tδfk(t) = 0. To find the

static solution, consider the ansatz

δfk = −
∂f

(0)
k

∂ϵk
k · a . (2)

Show that using this ansatz in the Boltzmann equation yields the following condition
for the vector a:

a− eτ

mc
B × a = −eτ

m
E . (3)

This linear system determines the coefficients of the vector a. Show that its solution is
given by

a = −eτ

m
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c τ
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c τ
2
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)
B̂
)

, (4)

with the cyclotron frequency ωc = Be/(mc) and B̂ = B/B.

b) The electrical current is defined as

j = 2(−e)

∫
d3k

(2πℏ)3
vkfk = −2e

∫
d3k

(2πℏ)3
vk δfk. (5)

Calculate j with the help of Eq. (4).
Hint: ∫

d3k

(
−
∂f

(0)
k

∂ϵk

)
k (k ·A) = 4π3ℏ3mnA for all vectors A (6)

with the electron density n.
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c) For a magnetic field in the z-direction, determine the conductivity tensor σH(B) from
the relation j = σH(B)E. Compare with the known result of classical Drude theory.

d) Sketch the experimental setup which leads to the definition of the Hall coefficient RH =
Ey

jxB

∣∣∣
jy=0

. Calculate the Hall coefficient RH .

2. Conservation laws

In the absence of external fields, the Boltzmann equation takes the form

∂

∂t
fk(t) = Ik ({f}) , (7)

with the collision integral Ik. In the following exercises, consider the particle number N , total
kinetic energy E, and total momentum P , given by

N = V

∫
d3k

(2πℏ)3
fk(t)

E = V

∫
d3k

(2πℏ)3
ϵkfk(t)

P = V

∫
d3k

(2πℏ)3
kfk(t)

, (8)

and check whether they are conserved quantities for specific examples of the collision integral.

a) Electron-electron interaction — The collision integral for fermions with the Coulomb
interaction U(q) = e2/q2 reads

Iee
k ({f}) =π

ℏ
V 2

∫
d3p

(2πℏ)3
d3q

(2πℏ)3
|U(q)− U(|p− q − k|)|2δ (ϵk + ϵp − ϵk+q − ϵp−q) ·

·
[
(1− fk)(1− fp)fk+qfp−q − fkfp(1− fk+q)(1− fp−q)

]
(9)

with the volume V . Show that N , E, and P are conserved, i.e., show that dN
dt = 0, dEdt =

0, dPdt = 0.

b) Relaxation time approximation — In this approximation, the collision integral is approximated
as

Iτ
k = −

fk(t)− f
(0)
k

τk
, (10)

with the stationary equilibrium distribution f
(0)
k . Solve the Boltzmann equation in this

approximation. Argue that, in general, the solution violates the conservation of N , E
and P .

c) Scattering from impurities — Consider fermions in a disordered medium where they
scatter from impurities with the matrix elements Uimp(k,p) = ⟨k| Ĥimp |p⟩ = ⟨p| Ĥimp |k⟩∗ =
U∗
imp(p,k). The corresponding collision integral reads

Iimp
k ({f}) = 2π

ℏ
V

∫
d3p

(2πℏ)3
|Uimp(k,p)|2δ(ϵk − ϵp)(fp − fk) . (11)

Show that N and E are conserved but P is not.
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