
Karlsruher Institut für Technologie Institut für Theorie

der Kondensierten Materie

Theorie der Kondensierten Materie II SS 2015

Prof. Dr. A. Shnirman Blatt 4

Dr. B. Narozhny Besprechung 22.05.2015

1. Polarons

We consider electrons in the conduction band of a semiconductor. The dispersion relati-
on is E(~p) = (~p)2/2m, where m is the effective (band) mass and the energy is measured
from the bottom of the conduction band. The electronic gas in the conduction band is
non-degenerate, i.e., the chemical potential is in the gap between the valence and the
conduction bands, i.e., µ < 0.

Consider a situation in which electrons interact only via emission and absorption of
virtual phonons (no direct Coulomb interaction). Effectively this means that the ”wavy”
line in our diagrammatic expansion is now replaced by a phononic line. The latter is
proportional to the phonon Green’s function:

U(ω, ~q) = g2
ω2
0(~q)

ω2 − ω2
0(~q) + i0

. (1)

Only acoustic phonons with the dispersion relation ω0(~q) = c|~q| and |~q| < qD are taken
into account. Here c is the sound velocity, qD is the Debye momentum, and g is the
coupling constant (deformation potential).

Thus far we considered only direct instantaneous interaction: U(~r1 − ~r2, t1 − t2) =
V (~r1 − ~r2)δ(t1 − t2) → U(ω, ~q) = V (~q). In contrast the line due to phonons (Eq. (1))
describes interaction with retardation and is ω dependent.

(a) Calculate the lowest order contribution to the self-energy of the electrons, Σ(ε, ~p).
The resulting Green’s function describes now polarons (electrons dressed by phon-
ons).

(b) From ReΣ(ε, ~p) extract the dispersion relation of the polaron. Find the binding
energy and the effective mass of the polaron. Tip: show that near the mass shell
(ε ≈ E(~p)− µ) and for |~p| � mc the self energy reads

Σ(ε, ~p) = ε0 − α1 (ε+ µ− E(~p))− α2E(~p) .

(c) Consider ImΣ(ε, ~p) and find the life-time of a polaron with momentum ~p.

2. Fermionic chain (Kitaev model)

Consider spinless fermions on a one-dimensional chain of sites, numbered by an index
n. The Hamiltonian reads H = H0 + V , where

H0 =
∑
n

(
ta†nan+1 + ta†n+1an − µa†nan

)



and
V =

∑
n

(
∆anan+1 + ∆a†n+1a

†
n

)
.

Here t, ∆ and µ are real constants.

(a) Find the Green’s function G0 corresponding to H0. Tip: use the Fourier represen-
tation.

(b) Consider the perturbation series for the Green’s function G of the full problem.
Develop the diagrammatic rules. Sum up the series and determine the dispersion
relation of the new excitations.

(c) Could the solution be found without perturbation theory?


