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1. [13 points] Canonical quantisation of a real scalar field:
A real scalar field is governed by the Klein-Gordon Lagrangian

£xa = 5(0,0(0)(@"0(2)) — 2-6(2)?.

The Fourier transformation of the quantised field, ¢(x), can be written as

3 . .
o(Z,t) = / (;Zwl)jd 2;}) [a(ﬁ)e*lpx +af(p)etir

where the plane wave solutions obey the orthogonality condition:

/ dPre” PP = (21)353) (5 — p7).

(notice that, due to the energy-momentum relation E, = \/p? + m?2, the above condition implies
/
Po = po)-

(a) [2 points] Show that the annihilation operator takes the form
ap) = [ dre (i) + Bow)

where IT = 0L/0(0p¢) is the canonical momentum.

(b) [4 points] Given in terms of the fields, the canonical commutation relations yield
(6(7, 1), 6(F", )] = [0 8), 0, 0] =0, [p(@ 1), (7, 8)] = 6@ (7 — 7).
Obtain the corresponding relations for the operators a(p), a'(p),

[a(p), a(p")] = [al (), a’ (5")] =0, [a(p), a’ (p")] = (27)*2E,6®) (7 — §”) .

(c¢) [1 point] Write down an expression for the Stress-Energy-Momentum tensor 7%, of the scalar

field ¢(Z,1).



(d) [4 points] The energy spectrum of the scalar field is given by the eigenvalues of the Hamilton
operator H = [ drH = i d3zTy). Using the Fourier transformation of the field, along with the
commutation relations for a(7), al(p), prove that H is diagonalised and may be written as

= ; / (;ljf;ng 2N + ],

where here we have introduced the particle number operator,

dBp 1 dp -
N = —af = N
| G s ) = [ 55 56,
with C' standing for a constant term. What is its physical interpretation?

(e) [2 points] Similarly, show that the 3-momentum of the field, P, = [ d32T7, yields

P= ;/(ff;gﬁ[ﬂ(f(erC] .

2. [7 points] Tensor formulation of classical electrodynamics:

(a) [2 points] Given explicitly the electromagnetic tensor,
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calculate the dual, F ¥ where Frv — %e’“’p"F po and €M”P7 is the totally antisymmetric tensor,
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(b) [4 points] Given that 8, F" = Oue'P? Fpe = 0 and 9, F* = J¥, show how one can obtain the
Maxwell’s equations (in Heavyside-Lorentz units ¢ = ¢y = po = 1),

- - - - OFE
V-E= B=J+—
P V x + 5
V-B=0 6><E+£—0
o o

Hint: You may find it useful to recall the Bianchi identity,

O'F"P 4+ 0"FPF + OPFM = 0.

(c) [1 point] Show that F,, F* o F,,,F* and determine the proportionality constant.



