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1. [9 points] Goldstone bosons in O(3):

We consider a model with a scalar field, σ = (σ1, σ2, σ3)T , living in the fundamental representation
of O(3). The Lagrangian of the model is given by

L =
1

2
(∂µσ)†(∂µσ)− λ(σ2 + µ2)2

where µ2 and λ are real parameters.

(a) Calculate the mass spectrum for each of the following cases:

i. [1 point] µ2 > 0 ,

ii. [2 points] µ2 < 0. Start with the ansatz σ → σ′ + (0, 0, v)T .

Hint: The masses mi can be expressed as coefficients of the quadratic term in the Lagrangian.

Read off the terms −m2
i

2 σiσi from L.

(b) Now we want to “calibrate” the model via an interaction with the vector field, W a
µ , (a = 1 . . . 3).

For this, we replace the partial derivative in L with the covariant derivative,

∂µ → Dµ = ∂µ + i g taklW
a
µ ,

where takl = −iεakl are the generators of the O(3) group.

With this replacement, again calculate the masses of the scalar and vector bosons in the cases:

i. [1 point] µ2 > 0 ,

ii. [5 points] µ2 < 0. Here, use the fact that, in the ground state, σ can be expanded as

σ = e
i
v
tΘ(σ0 + η′), with v =

√
−µ2, σ0 = (0, 0, v′)T , η′ = (0, 0, η)T and Θ = (θ1, θ2, 0).

2. [4 points] SU(N) groups: The SU(N) group consists of unitary N × N matrices with a unit
determinant. An N -dimensional vector, ψT = (ψ1, ..., ψN ), transforms as

ψi → U ji ψj , (1)

where U is an element of SU(N). This is called the fundamental representation, N. In the anti-
fundamental representation, N, the N -dimensional vector transforms as

(ψi)
∗ ≡ ψ̄i → (U †)ijψ̄

j .
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(a) [1 point] Show that for N = 3, the object

χ = εijkψ
(1)
i ψ

(2)
j ψ

(3)
k ,

where ψ(I), I = 1, 2, 3 are fundamental representations of SU(3), is invariant. Note that the totally
antisymmetric tensor, εijk, ε123 = 1, is invariant under SU(3).

(b) [2 points] Show that the antisymmetric tensor, Aij = −Aji, i, j = 1, ...N remains antisymmetric
after an SU(N) transformation. Show the same for a symmetric tensor Sij = Sji. This means that
N×N can be decomposed into a symmetric and antisymmetric part, which are both irreducible.
Compute the dimension (i.e. the number of independent components) of A and S for SU(3).

(c) [1 point] Find the dimension of a totally symmetric 3-index tensor, Sijk, for SU(3) and SU(5).

3. [7 points] Transformation of the Covariant Derivative.

The covariant derivative,

Dµ = ∂µ + i g Aµ = ∂µ + i g AaµT
a ,

is explicitly dependent on the chosen representation of the generators T a of the gauge group. Let us
consider a transformation of the covariant derivative and of the gauge field,

D′µ = UDµU
−1 , A′µ = UAµU

−1 − i

g
U(∂µU

−1) ,

where the representation matrices U = eiθ
aTa

are given in the fundamental representation. Using this,
prove that the covariant derivative transforms like

D′µ = V DµV
−1 ,

for any arbitrary representation V , and calculate the transformation explicitly.

Hint: Use the Baker-Hausdorff formula,

eBAe−B =

∞∑
n=0

1

n!
An ,

where An = [B,An−1], A0 = A. Use the notation

V = eiθ
aTa ≡ eB , A ≡ ∂µ + igT aAaµ ,

where you may wish to treat the first and second terms in A separately (first using A = ∂µ, then
A = Aµ). Expand the first few terms of the Baker-Hausdorff formula and conclude that V AµV

−1 =

T cUadj
cb A

b
µ , and V (∂µV

−1) = −∂µ(iθa)T cW adj
ac for any representation T c. When considering the trans-

formation of the partial derivative, act on a field ψ to get the full expression for the transformation.
To simplify the expression for D′µ further, rewrite the transformation of the vector field assuming
T c = T cfund, and use the fact that

Tr(T afundT
b
fund) = T afund, ijT

b
fund, ji =

1

2
δab .
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