Introduction to Theoretical Cosmology TT-Prof. Dr. Felix Kahlhoefer

Problem set 5

Submission deadline: 27 June, 16:00
Discussion of solutions: 28 June, 11:30

Problem 12: Comoving gauge

In a general gauge the perturbed energy-momentum tensor is given by!

= < A —125; ) - < (pf%)vi _(N—]?S)J%_Bi) ) ’ 1)

where B; = 0; B is a metric perturbation: dgo; = —B;.
Consider an infinitesimal coordinate transformation

XH — XH = X+ ¢H(n,x) (2)

with €0 = T and ¢ = L!. Under this change of coordinates, the energy momentum tensor
transforms as

OXHOXP - -
TH(X) = — T%(X) .
LX) = o= S TE) ®)
a) Show that the coordinate transformation leads to the following transformations of matter
perturbations:
Sp—0p—Tp
SP — 6P —-TPF (4)

Vi — Vi — L;
b) Show that the combination
= — + i B—wv 5 5
p( ) (5)

where v; = 9;v, and B; = 0;B is a metric perturbation, is invariant under coordinate
transformations.

¢) Show that it is possible to choose a gauge, where v = B = 0, such that A = § = %p. This
gauge is called “comoving gauge”.

'For the derivation, see https://www.mv.helsinki.fi/home/hkurkisu/CosPer.pdf, section 9.
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Problem 13: Horizon exit

Consider a flat ACDM universe with
4 3
H=H0\/Qrad (%) +9m () +u. (6)

a) Show that the conformal Hubble rate # = aH has a minimum for a < ag. Find the

corresponding value of a for Q= 0.3, QA = 0.7, Qaq ~ 0 and Hy = 70km s~ Mpc~1.

b) Argue that this means that there are perturbations that were subhorizon at some time in
the past but are now superhorizon.

¢) Find the smallest conformal momentum ki, of any perturbation that was subhorizon at
some point in the past. Calculate the corresponding physical size of this perturbation in
the present universe.

d) Compare your result to the physical size of perturbations that exit the horizon today.

Problem 14: Tensor perturbations

Let us consider tensor perturbations of the metric
ds* = a*(n) [dr]Q — (055 + Eij)dxidwj , (7)

where Eij is a traceless and transverse tensor. Any such tensor can be decomposed into a
sum of two different polarization states (o = +, X):

Bi(nx) = 3 ha(n,x)e (®)

The linearised Einstein tensor is given by 6Ggg = 0, dGp; = 0 and

1

0Gi; = 2a?

(02835 + 2H0, By — x5 ) 9)

a) Assuming that there are no tensor perturbations in the matter, show that the Einstein
equation implies

he (0, k) + 2Hh (1, k) + k*ha(n, k) = 0. (10)

b) Argue that the third term is negligible in the superhorizon regime, leading to the solution
ha = hY.

c) Using the ansatz ho(n,k) = fa(n,k)/a(n), show that an approximate solution in the
subhorizon regime is given by

ha(n, k) = a(An) cos(kn) +

B .
) sin(kn) . (11)

d) Find the constants A and B by requiring that the superhorizon solution is recovered in
the limit 7 — 0 (you can assume radiation domination for small 7).

Sommersemester 2022, Karlsruhe Institute of Technology Page 2



