
KIT – The Research University in the Helmholtz Association www.kit.edu

Introduction to Cosmology

Winter term 𝟐𝟑/𝟐𝟒 Lecture 𝟏𝟑 Jan. 𝟑𝟎, 𝟐𝟎𝟐𝟒

Q
: 
s
p

e
k
tr

u
m



G. Drexlin – Cosmo #13 Exp. Teilchenphysik - ETPJan 30, 20242

Recap of Lecture 𝟏𝟐

 Evolution of 𝑳arge 𝑺cale 𝑺tructures (𝑳𝑺𝑺)

- galaxy redshift surveys (𝟐𝒅𝑭, 𝑺𝑫𝑺𝑺,…):

𝟑𝑫 − distribution of galaxies reveals

𝑩𝑨𝑶 − correlation (rings) at 𝒓 ~ 𝟏𝟒𝟎𝑴𝒑𝒄

- 𝑯ot 𝑫ark 𝑴atter (𝑯𝑫𝑴): rather massive 

(few 𝒆𝑽) neutrinos  top−down scenario

- linear increase of density contrast 𝜹

of matter: super−clusters (𝜹 = 𝟐…𝟑) &

super−voids (𝜹 = 𝟎. 𝟐…𝟎. 𝟑) 

- 𝑪old 𝑫ark 𝑴atter (𝑪𝑫𝑴): very heavy 

(few 𝑻𝒆𝑽) neutralinos  bottom−up scenario
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Cosmology: a true 𝑪𝑴𝑩 pioneer has left us

 Penzias & Wilson: first experimental

detection of the 𝑪𝑴𝑩 radiation at Holmdel

(𝟏𝟗𝟔𝟒)

Jan 30, 2024
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Strucuture formation in an expanding universe

 Increase of scale factor 𝒂 𝒕 of the universe over the Hubble time 𝒕𝟎

early universe

at 𝒕 = 𝟑𝟕𝟖. 𝟎𝟎𝟎 𝒚𝒓

𝑪𝑴𝑩 decoupling

increase of

scale−factor

by 𝟏𝟎𝟑

𝒂(𝑪𝑴𝑩) ~ 𝟏𝟎−𝟑

𝒛(𝑪𝑴𝑩) = 𝟏𝟏𝟎𝟎 𝒛(𝒕𝟎) = 𝟎

today´s universe

at 𝒕 = 𝟏𝟑. 𝟖 ∙ 𝟏𝟎𝟗 𝒚𝒓

present 𝑳𝑺𝑺

𝒂(𝒕𝟎) = 𝟏

Jan 30, 2024



G. Drexlin – Cosmo #13 Exp. Teilchenphysik - ETP5

Strucuture formation in an expanding universe

 Linear growth of the density contrast 𝜹 𝒕 of 𝑳𝑺𝑺 over the Hubble time 𝒕𝟎

increase of

density contrast

by 𝟏𝟎𝟓

𝒂(𝑪𝑴𝑩) ~ 𝟏𝟎−𝟑 𝒂(𝒕𝟎) = 𝟏

𝜹(𝑪𝑴𝑩) = 𝟏𝟎−𝟓 𝜹 𝒕𝟎 = 𝟐 − 𝟑

Jan 30, 2024
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Strucuture formation in an expanding universe

 Linear growth of the density contrast 𝜹 𝒕 of 𝑳𝑺𝑺 over the Hubble time 𝒕𝟎

increase of

density contrast

by 𝟏𝟎𝟓

𝒂(𝑪𝑴𝑩) ~ 𝟏𝟎−𝟑 𝒂(𝒕𝟎) = 𝟏

𝜹 𝒕𝟎 = 𝟐 − 𝟑

are these numbers not adding up?

has the density contrast increased more?

is our universe so clumpy today?

Jan 30, 2024

𝜹(𝑪𝑴𝑩) = 𝟏𝟎−𝟓

Why
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 𝑩aryon 𝑨coustic 𝑶scillations: an incontrovertible evidence for Dark Matter

- the key importance of Dark Matter in structure formation: linear increase of

the density contrast despite the strong coupling of baryons to photons

photonsoscillating mass: baryons

gravity:

contraction

photons: 

expansion

(fixed) gravitational

potential Dark Matter

Structure formation: 𝑩𝑨𝑶 & 𝑫𝑴− seeds for 𝑳𝑺𝑺

Jan 30, 2024

𝜹(𝑪𝑴𝑩) = 𝟏𝟎−𝟓
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 During 𝑩𝑨𝑶 phase: 𝑫𝑴 density contrast grows while baryons are stalled

- in the primordial plasma, the

density contrast of baryons

cannot further grow and is

stalled due to 𝑩𝑨𝑶

todayage of 𝑩𝑨𝑶

Dark

Matter
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Τ
𝜹
𝝆
𝝆

impact of

gravitating

Dark Matter 

scale

factor

𝒂(𝒕)

Structure formation: 𝑩𝑨𝑶 & the 𝑫𝑴− seed for 𝑳𝑺𝑺

Jan 30, 2024

𝟏𝟎−𝟔 𝟏𝟎−𝟒 𝟏𝟎−𝟐 𝟏

- 𝑫𝑴, however, is unaffected by

the period of 𝑩𝑨𝑶 & its density

contrast continues to grow
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 𝑫𝑴 clumps as seeds for structure

- no 𝑫𝑴 during 𝑩𝑨𝑶: the universe

would be factor 𝟏𝟎𝟎 smoother

(much less structure: no galaxies) 

Structure formation: 𝑩𝑨𝑶 & the 𝑫𝑴− seed for 𝑳𝑺𝑺

Jan 30, 2024

- 𝑫𝑴, however, is unaffected by

the period of 𝑩𝑨𝑶 & its density
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 𝑪𝑫𝑴 is decisive to

increase 𝜹(𝒓, 𝒕)
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 𝑫𝑴 clumps as seeds for structure

𝟐𝟎𝟎𝟑

Structure formation: 𝑩𝑨𝑶 & the 𝑫𝑴− seed for 𝑳𝑺𝑺

Jan 30, 2024
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 𝑪𝑫𝑴 is decisive to

increase 𝜹(𝒓, 𝒕)
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Observational evidence for structure growth

 Measuring the

increase of 𝜹(𝒕)

𝑪𝑴𝑩

𝑳𝑺𝑺

length scale 𝝀 (𝟏𝟎𝟗 𝑳𝒚𝒓)

Jan 30, 2024

𝟎. 𝟎𝟏 𝟎. 𝟏 𝟏 𝟏𝟎 𝟏𝟎𝟎

𝟏𝟎

𝟏

𝟎. 𝟏

𝟎. 𝟎𝟏

𝟎. 𝟎𝟎𝟏
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𝜹 𝒓, 𝒕 =
𝝆 𝒓, 𝒕 − ഥ𝝆

ഥ𝝆
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How is the density contrast 𝜹 being measured?

 James Peebles: measure the distances 𝒓 of galaxy pairs in space

𝝃(𝒓)James 

Peebles

Nobel Prize

𝟐𝟎𝟏𝟗

- galaxies are not distributed randomly in space:

use the galaxy (auto−) correlation function 

( as function of their relative distance 𝒓 ) to study the

take an ´average´ galaxy 𝒊:

𝒙
𝒚

evolution of large−scale structures

𝒊
galaxy

galaxy
𝒋

determine the probability of

finding the next one 𝒋 at a 

distance 𝒓 = 𝒙 − 𝒚

𝝃(𝒓)

Jan 30, 2024

𝜹 𝒓 =
𝝆 𝒓 − 𝝆

𝝆
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Galaxy auto−correlation function 𝝃(𝒓)

 Making use of galaxy redshift surveys

- 𝟑𝑫 correlation of galaxies only

depends on their relative distance

𝒓 = |𝒓| = 𝒙 − 𝒚

𝒙
𝒚

- universe is isotropic & homogenous

- large statistical ensemble

yields a simple power−law

distribution ~ 𝒓−𝟏.𝟖

𝝃 𝒓 ~
𝒓

𝟓 𝒉−𝟏𝑴𝒑𝒄

−𝟏.𝟖

- there is no ´average´ galaxy

𝒌 = Τ𝟐 𝝅 𝒓

Jan 30, 2024
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RECAP: the ´revealing power´ of Fourier transform

 Example in domains of time 𝒕 and frequency 𝝎

- 𝓕: Fourier transform integral − definition

frequency (𝑯𝒛)

𝟎 𝟏𝟎𝟎𝟎 𝟐𝟎𝟎𝟎 𝟑𝟎𝟎𝟎

𝑭𝑭𝑻 of a flute playing*

𝟎

−𝟏𝟎

−𝟐𝟎

−𝟑𝟎

−𝟒𝟎

−𝟓𝟎re
l.
 c

o
n
tr

ib
u
ti
o
n
(𝒅
𝑩
)

෠𝒇 𝝎 = න
−∞

+∞

𝒇(𝒕) ∙ 𝒆−𝒊∙𝟐𝝅∙𝝎∙𝒕 ∙ 𝒅𝒕

frequency time

𝑯𝒛 = 𝒔−𝟏 𝒔

෠𝒇 𝝎 ⟺ 𝒇(𝒕)
𝓕

time

domain

frequency

domain

overtones

Jan 30, 2024 * see again lect. 𝟏𝟎, p. 𝟏𝟔 − 𝟐𝟏
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𝜹 𝒓 =
𝝆 𝒓 − 𝝆

𝝆

15

 𝜹(𝒌) corresponds to the Fourier transform of 𝜹(𝒓)

- as we now are working with wave numbers 𝒌 = |𝒌|

density contrast 𝜹(𝒌) in wave number 𝒌 − space

𝝃(𝒓)

𝒙
𝒚

𝒊
galaxy

galaxy
𝒋

𝜹(𝒌) =෍𝜹(𝒓) ∙ 𝒆−𝒊∙𝒌∙𝒓

- this allows to derive the density contrast

from the galaxy correlation function 𝝃(𝒓)

|𝜹(𝒌)|𝟐

wave number position

Jan 30, 2024
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Galaxy correlation & matter power spectrum

 Relation between correlation function 𝝃(𝒓) and power spectrum 𝑷(𝒌)

- a key parameter for cosmology is the matter power spectrum 𝑷(𝒌),

which is a measure of the density contrast of matter as function of a

wave number 𝒌

𝑷 𝒌 ~ |𝜹(𝒌)|𝟐

galaxy correlation matter power spectrum

𝝃 𝒓 =
𝟏

𝟐𝝅𝟐
∙ න𝒌𝟐 ∙ 𝑷(𝒌) ∙

𝒔𝒊𝒏(𝒌 ∙ 𝒓)

𝒌 ∙ 𝒓
∙ 𝒅𝒌

Jan 30, 2024
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Observed matter power spectrum 𝑷(𝒌)

 Compilation of data from

both the early universe

(𝑪𝑴𝑩) & the present

universe (𝑳𝑺𝑺)

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

𝑷𝒍𝒂𝒏𝒄𝒌

galaxy surveys

- it covers a factor ~ 𝟏𝟎𝟔

in length scales

small 𝒌: huge length scale 𝒓

large 𝒌: small length scale 𝒓

Jan 30, 2024

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

smallhuge
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Observed matter power spectrum 𝑷(𝒌)

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝑷
(𝒌
)
(ℎ

−
1
𝑀
𝑝
𝑐)
3

Jan 30, 2024

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

super−cluster

galaxy

cluster

- super−clusters:

why do they appear

at the maximum of

𝑷(𝒌) ?

 Compilation of data from

both the early universe

(𝑪𝑴𝑩) & the present

universe (𝑳𝑺𝑺)
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Observed matter power spectrum 𝑷(𝒌)

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

galaxy surveys

large 𝒌: small length scale 𝒓

Jan 30, 2024

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

 Compilation of data from

the present universe

(𝑳𝑺𝑺)
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Observed matter power spectrum 𝑷(𝒌)

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

Jan 30, 2024

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

 Compilation of data

from early universe

(𝑪𝑴𝑩)

small 𝒌: huge length scale 𝒓

𝑷𝒍𝒂𝒏𝒄𝒌
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Matter power spectrum: origin

 Density contrast & 𝑫ark

𝑴atter (𝑫𝑴) modes

- single 𝑫𝑴− mode: 

wave number 𝒌

length scale 𝒓

- 𝑷(𝒌) arises from the

superposition of a large

number of 𝑫𝑴−modes,

which grow independently

from each other

large mode small mode

Jan 30, 2024

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏
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Matter power spectrum: discussion

 𝑪𝑴𝑩: we see the primordial

Harrison−Zeldovich spectrum

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

largest scales: 

´scale−invariant´ spectrum

with linear growth of density

contrast

𝑷 𝒌 ~ 𝒌

smaller scales: 

strong reduction in power

with

𝑷 𝒌 ~ 𝒌−𝟑

𝑷 𝒌 ~ 𝒌−𝟑

Jan 30, 2024

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

primordial

Harrison−Zeldovich

spectrum
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Matter power spectrum: discussion

 𝑪𝑴𝑩: we see the primordial

Harrison−Zeldovich spectrum

primordial

Harrison−Zeldovich

spectrum

- expectation from inflation:

𝑫𝑴− modes increased

to a scale−invariant 

Harrison−Zeldovich

power spectrum 𝒌𝒏

𝒏 = (scalar) spectral index

theory: 𝒏 = 𝟎. 𝟗𝟐 …𝟎. 𝟗𝟖

𝑷𝒍𝒂𝒏𝒄𝒌: 𝒏 = 𝟎. 𝟗𝟔𝟎𝟑 ± 𝟎. 𝟎𝟎𝟕𝟑

large mode

Jan 30, 2024

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏
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Matter power spectrum: discussion

large mode

Jan 30, 2024

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

a 𝑫𝑴− mode can only grow

by gravitational interaction

when in causal contact

 Density contrast of smaller

modes increases

- 𝑫𝑴− modes need to be

in causal contact to start

gravitational interaction

against cosmological

expansion

then: linear growth regime

smaller 𝑫𝑴−modes:

earlier in causal contact

& longer in linear growth
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Matter power spectrum: discussion

Jan 30, 2024

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

matter-

dominated

radiation-

dominated

𝒕 = 𝟒𝟕. 𝟎𝟎𝟎 𝒚𝒓

𝒌 = 𝒌𝒆𝒒

 Very small modes: causal

contact in the early radiation

dominated epoch

very small 𝑫𝑴− modes:

during radiation dominated

epoch: no linear growth (stopped)  

- now we investigate what

happens to very small 𝑫𝑴−

modes that came into causal

contact at 𝒕 < 𝟒𝟕. 𝟎𝟎𝟎 𝒚𝒓 in

radiation dominated epoch
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Matter power spectrum: discussion

Jan 30, 2024

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

 The size of a 𝑫𝑴 − mode

determes its causal horizon

& density contrast

- relativistic photons inhibit

the growth of the density

contrast of small 𝑫𝑴−

modes during 𝒕 < 𝟒𝟕. 𝟎𝟎𝟎 𝒚𝒓
large mode

𝝆𝑪𝑴𝑩 < 𝝆𝑫𝑴

small mode

𝝆𝑪𝑴𝑩 > 𝝆𝑫𝑴

𝑷 𝒌 ~ 𝒌−𝟑

very small 𝑫𝑴−modes:

during radiation dominated

epoch: photons are diffusing!  
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Matter power spectrum: discussion

Jan 30, 2024

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝑷
(𝒌
)
(ℎ

−
1
𝑀
𝑝
𝑐)
3

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

𝑷 𝒌 ~ 𝒌−𝟑

 The power spectrum 𝑷(𝒌)

is maximal at 𝒌 = 𝒌𝒆𝒒

- ´optimum´ case for 𝑷(𝒌) is

reached for all 𝑫𝑴− modes

𝒌 = 𝒌𝒆𝒒 which come into

causal contact at 𝒕 = 𝒕𝒆𝒒

𝝆𝑪𝑴𝑩 < 𝝆𝑫𝑴 𝝆𝑪𝑴𝑩 > 𝝆𝑫𝑴

𝝆𝑪𝑴𝑩 = 𝝆𝑫𝑴

𝒛 𝒕𝒆𝒒 = 𝟑𝟓𝟕𝟎

𝒂 𝒕𝒆𝒒 = 𝟑 · 𝟏𝟎−𝟒

´optimum´ 𝑫𝑴− mode:

wavelength 𝝀𝒆𝒒 = 𝟑𝟓𝟎 𝒉−𝟏𝑴𝒑𝒄
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Matter power spectrum: discussion

Jan 30, 2024

wave number 𝒌 (𝒉 𝑴𝒑𝒄−𝟏)

𝟏𝟎−𝟒 𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏

𝑷
(𝒌
)
(𝒉

−
𝟏
𝑴
𝒑
𝒄
)𝟑

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

 The power spectrum 𝑷(𝒌)

is maximal at 𝒌 = 𝒌𝒆𝒒

´optimum´ 𝑫𝑴− mode:

wavelength 𝝀𝒆𝒒 = 𝟑𝟓𝟎 𝒉−𝟏𝑴𝒑𝒄

- ´optimum´ case for 𝑷(𝒌) is

reached for all 𝑫𝑴− modes

𝒌 = 𝒌𝒆𝒒 which come into

causal contact at 𝒕 = 𝒕𝒆𝒒

largest structures:

super − clusters

− voids

𝒌 = 𝒌𝒆𝒒
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Comparing 𝑪𝑴𝑩 & 𝑳𝑺𝑺 analyses

 What can we learn from 𝑪𝑴𝑩multipoles and from matter power spectrum ?

𝟐 − 𝒅𝒊𝒎. : surface on a sphere 𝟑 − 𝒅𝒊𝒎. : volume within a sphere

Jan 30, 2024

𝑪𝑴𝑩− power spectrum: coefficiants 𝑪ℓ matter density contrast: power 𝑷𝒌

angle 𝜽 ⟺ multipole ℓ

𝑪 𝜽 =
𝟏

𝟒𝝅
෍(𝟐ℓ + 𝟏) ∙ 𝑪ℓ ∙ 𝑷ℓ 𝒄𝒐𝒔𝜽

𝜽

distance 𝒓 ⟺ wave number 𝒌

𝜹𝟐 =
𝟏

𝟐𝝅𝟐
න𝒌𝟐 ∙ 𝑷 𝒌 ∙ 𝒅𝒌

𝒙

𝒚

galaxy

survey

𝑪𝑴𝑩
𝜽 = Τ𝝅 ℓ

𝒌 = Τ𝟐 𝝅 𝒓

same origin
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Comparing 𝑪𝑴𝑩 & 𝑳𝑺𝑺 analyses

 What can we learn from 𝑪𝑴𝑩multipoles and from matter power spectrum ?

𝟐 − 𝒅𝒊𝒎. : surface on a sphere

Jan 30, 2024

𝑪𝑴𝑩− power spectrum: coefficiants 𝑪ℓ

angle 𝜽 ⟺ multipole ℓ

𝑪 𝜽 =
𝟏

𝟒𝝅
෍(𝟐ℓ + 𝟏) ∙ 𝑪ℓ ∙ 𝑷ℓ 𝒄𝒐𝒔𝜽

𝜽

𝑪𝑴𝑩
𝜃 = Τ𝜋 ℓ

multipole ℓ

(∆
𝑻
)𝟐
=
ℓ
∙
ℓ
+
𝟏
∙
𝑪
ℓ
/𝟐
𝝅

𝑩𝑨𝑶:
baryons in

𝑫𝑴− potential

photons
dampen

small
structures

𝟒𝟎𝟎𝟎

𝟐𝟎𝟎𝟎

𝟐 𝟓𝟎𝟎 𝟏𝟎𝟎𝟎 𝟏𝟓𝟎𝟎 𝟐𝟎𝟎𝟎
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Comparing 𝑪𝑴𝑩 & 𝑳𝑺𝑺 analyses

 What can we learn from 𝑪𝑴𝑩multipoles and from matter power spectrum ?

𝟑 − 𝒅𝒊𝒎. : volume within a sphere

Jan 30, 2024

matter density contrast: power 𝑷𝒌

distance 𝒓 ⟺ wave number 𝒌

𝜹𝟐 =
𝟏

𝟐𝝅𝟐
න𝒌𝟐 ∙ 𝑷 𝒌 ∙ 𝒅𝒌

𝒙

𝒚

galaxy

survey

𝒌 = Τ𝟐 𝝅 𝒓

photons
dampen

small
structures

𝑷 𝒌 ~ 𝒌−𝟑

𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏 𝟏𝟎

wave number 𝒌 (𝒉𝑴𝒑𝒄−𝟏)
𝑷
𝒌

𝒉
−
𝟑
𝑴
𝒑
𝒄
𝟑
=

(𝒅
𝒆
𝒏
𝒔
𝒊𝒕
𝒚
𝒄
𝒐
𝒏
𝒕𝒓
𝒂
𝒔𝒕
)𝟐
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Comparing 𝑪𝑴𝑩 & 𝑳𝑺𝑺 analyses

 What we can learn from 𝑪𝑴𝑩multipoles & from matter power spectrum

Jan 30, 2024

𝑪𝑴𝑩− power spectrum: 𝑪ℓ matter power spectrum: 𝑷(𝒌)

- 𝑪ℓ: structure information on surface

of sphere up to 𝑪𝑴𝑩 decoupling

- 𝑷(𝒌): structure information in volume

of sphere up to present universe

𝑷
𝒌

𝒉
−
𝟑
𝑴
𝒑
𝒄
𝟑
=

(𝒅
𝒆
𝒏
𝒔
𝒊𝒕
𝒚
𝒄
𝒐
𝒏
𝒕𝒓
𝒂
𝒔
𝒕)
𝟐

𝑩𝑨𝑶

primordial

Harrison-

Zeldovich

spectrum

photons
dampen

small
structures
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 𝑷(𝒌) and the wash−out of structures at small scales due to photons & 𝝂´𝒔

Matter power spectrum & relativistic particles

(dark) matter:

𝑷(𝒌) reduced due 

to gravitational

interaction

𝑪𝑴𝑩

relativistic 𝑪𝑴𝑩− photons:

𝑩𝑨𝑶 &          Silk−damping

impact on very small−
scale 𝑪𝑫𝑴−modes

𝑪𝑴𝑩 photons &

neutrinos (𝒎 ≅ 𝒆𝑽):

𝝂´𝒔

neutrinos with 𝒆𝑽 − masses:

over 𝑮𝒑𝒄´freestreaming´

wash−out of small−scale structures

Jan 30, 2024
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𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏 𝟏𝟎

34

Matter power spectrum & scales of structures

 𝑷(𝒌)

𝑪𝑴𝑩:

Planck

p
o

w
e

r 
s

p
e

c
tr

u
m

𝑷
(𝒌
)

(𝒉
−
𝟑
𝑴
𝒑
𝒄
𝟑
)

primordial Harrison-

Zeldovich spectrum

𝑪𝑴𝑩

(d
e
n
s
it
y

c
o
n
tr

a
s
t
𝜹
𝝆
/𝝆
)𝟐

(dark) matter:

𝑷(𝒌) reduced due 

to gravitational

interaction of

relativistic particles:

𝑪𝑴𝑩− photons

𝑯𝑫𝑴− neutrinos

wave number

𝒌 (𝒉𝑴𝒑𝒄−𝟏)

Jan 30, 2024

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏
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𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏 𝟏𝟎

35

 data

Matter power spectrum & measurements

wave number

𝒌 (𝒉𝑴𝒑𝒄−𝟏)

galaxy clusters (𝑺𝑫𝑺𝑺)

gravitational lensing

cosmic microwave bg.

𝑺𝑫𝑺𝑺 galaxy data

galaxy cluster frequency

weak gravitational lensing

Lyman−𝛼 − forest

Jan 30, 2024

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

p
o

w
e

r 
s

p
e

c
tr

u
m

𝑷
(𝒌
)

(𝒉
−
𝟑
𝑴
𝒑
𝒄
𝟑
)
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Matter power spectrum: 𝑪𝑫𝑴 vs. 𝑯𝑫𝑴 only

 impact
𝑷(𝒌): important early test of

different 𝑫𝑴−models

𝚲𝑪𝑫𝑴− concordance
𝚲𝑯𝑫𝑴 (𝒎𝝂 = 𝟓 𝒆𝑽)
𝚲𝑯𝑫𝑴 (𝒎𝝂 = 𝟏𝟎 𝒆𝑽)

wave number

𝒌 (𝒉𝑴𝒑𝒄−𝟏)

𝑪𝑫𝑴 generates much

more power at large

wave numbers 𝒌
(i.e. at small scales)

 𝚲𝑪𝑫𝑴
concordance

Jan 30, 2024

𝟏𝟎𝟒

𝟏𝟎𝟑

𝟏𝟎𝟐

𝟏𝟎𝟏

𝟏𝟎−𝟑 𝟏𝟎−𝟐 𝟏𝟎−𝟏 𝟏 𝟏𝟎

p
o

w
e

r 
s

p
e

c
tr

u
m

𝑷
(𝒌
)

(𝒉
−
𝟑
𝑴
𝒑
𝒄
𝟑
)
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Matter power spectrum: 𝒔𝒖𝒃 − 𝒆𝑽 limits for 𝒎𝝂

 Cosmological limits

for neutrino masses

large small

cluster

galaxies

wave number

𝒌 (𝒉𝑴𝒑𝒄−𝟏)structures

𝑷(𝒌): important early test of

different 𝑫𝑴−models

𝚲𝑪𝑫𝑴− concordance
𝚲𝑯𝑫𝑴 (𝒎𝝂 = 𝟓 𝒆𝑽)
𝚲𝑯𝑫𝑴 (𝒎𝝂 = 𝟏𝟎 𝒆𝑽)

- interplay of 𝑳𝑺𝑺 data

from cosmology &

elementary particle

physics!

Jan 30, 2024
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Matter power spectrum: new conclusions…

 Cosmology and the

Standard Model

- interplay of 𝑳𝑺𝑺 data

from cosmology &

elementary particle

physics!

Joint analysis of Dark 

Energy Survey Year 3 data 

and CMB lensing from SPT 

and Planck. III. Combined 

cosmological constraints 

(aps.org)

Jan 30, 2024

https://journals.aps.org/prd/pdf/10.1103/PhysRevD.107.023531
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A closer look at properties of 𝑪𝑫𝑴,𝑾𝑫𝑴&𝑯𝑫𝑴

𝑪𝑴𝑩 𝑳𝑺𝑺

𝒛 =
𝟏𝟏𝟎𝟎

𝒛 =
𝟎

top−down scenario

𝑾𝑫𝑴

bottom−up scenario

Jan 30, 2024

𝝌𝟎

𝝂𝒆,𝝁,𝝉

𝝂𝒔𝒕𝒆𝒓
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𝒛 =
𝟏𝟏𝟎𝟎

𝒛 =
𝟎

Jan 30, 2024

𝝌𝟎

𝝂𝒆,𝝁,𝝉

thermal relics vs. non−thermal 𝑫𝑴 production

𝑫𝑴− particles as thermal relics: 

produced via thermal processes in 

radiation bath of early universe

ultra−relativistic
𝑯𝑫𝑴: 𝑻𝒇𝒓 ≫ 𝒎

𝑪𝑫𝑴: 𝑻𝒇𝒓 ≪ 𝒎

 characteristic

freeze−out temperature 𝑻𝒇𝒓

non−relativistic

𝑾𝑰𝑴𝑷s

active 𝝂´𝒔
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𝒛 =
𝟏𝟏𝟎𝟎

𝒛 =
𝟎

Jan 30, 2024

thermal relics vs. non−thermal 𝑫𝑴 production

𝑫𝑴− particles as non−thermal relics: 

produced via symmetry breaking (𝒂𝒙𝒊𝒐𝒏)

or due to active−sterile 𝝂 − oscillations

S. Weinberg

𝝂𝒔𝒕𝒆𝒓

𝒂

𝒂

𝑾𝑫𝑴: 

𝒔𝒕𝒆𝒓𝒊𝒍𝒆 𝝂
´𝑯𝑫𝑴,𝑪𝑫𝑴´: 

𝒂𝒙𝒊𝒐𝒏 𝒂
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𝑪𝑫𝑴: 𝑾𝑰𝑴𝑷𝒔 as generic thermal relics

 Thermal production of 𝑪𝑫𝑴: 𝑾𝑰𝑴𝑷𝒔*

- 𝑾𝑰𝑴𝑷s: massive, non−baryonic

thermal relics left over from the

Big Bang, which interact via weak

interaction only (+ gravity)

*𝑾eakly 𝑰nteracting 𝑴assive 𝑷article 

- only pair production / pair annihilation

of 𝑾𝑰𝑴𝑷s (≡ 𝑴𝒂𝒋𝒐𝒓𝒂𝒏𝒂 particles with

conserved 𝑺𝑼𝑺𝒀 quantum number 𝑹𝑷)

- very large mass (𝑻𝒆𝑽 − scale):

 huge phase space in case of decay

thermo-

dynamic

equilibrium

𝑾𝑰𝑴𝑷
freeze−out

at 𝒕𝒅𝒆𝒄 = 𝟏𝟎 𝒏𝒔 Hubble

expansion

𝑾𝑰𝑴𝑷s

propagate

as 𝑪𝑫𝑴

interact:

(decay,

Jan 30, 2024

𝑾𝑰𝑴𝑷𝒔
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𝑪𝑫𝑴: 𝑾𝑰𝑴𝑷𝒔 as generic thermal relics

thermo-

dynamic

equilibrium

𝑾𝑰𝑴𝑷
freeze−out

at 𝒕𝒅𝒆𝒄 = 𝟏𝟎 𝒏𝒔 Hubble

expansion

𝑾𝑰𝑴𝑷s

propagate

as 𝑪𝑫𝑴

interact:

(Decay,

Jan 30, 2024

𝑾𝑰𝑴𝑷𝒔

 Annihilation rate of𝑾𝑰𝑴𝑷𝒔

- 𝑾𝑰𝑴𝑷s: annihilation rate given by

typical weak interaction strength

𝝈𝒂𝒏𝒏 = 𝝈𝒘𝒆𝒂𝒌

- decoupling time 𝒕𝒅𝒆𝒄 from radiation

bath is 𝒕𝒅𝒆𝒄 ≈ 𝟏𝟎 𝒏𝒔

𝝈𝒂𝒏𝒏 𝒕𝒅𝒆𝒄 = 𝑯(𝒕𝒅𝒆𝒄)

- this will result in the so−called

𝑾𝑰𝑴𝑷 miracle (to be discussed later)
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𝑪𝑫𝑴: 𝑾𝑰𝑴𝑷𝒔 as generic thermal relics

thermo-

dynamic

equilibrium

𝑾𝑰𝑴𝑷
freeze−out

at 𝒕𝒅𝒆𝒄 = 𝟏𝟎 𝒏𝒔 Hubble

expansion

𝑾𝑰𝑴𝑷s

propagate

as 𝑪𝑫𝑴

interact:

(Decay,

Jan 30, 2024

𝑾𝑰𝑴𝑷𝒔

 Long−term ´slow´ propagation of𝑾𝑰𝑴𝑷𝒔

- 𝑾𝑰𝑴𝑷s: non−relativistic propagation

with very limited free−streaming

range due to kinematic relation:

- after decoupling & during propagation:

𝝌𝟎 from 𝑺𝑼𝑺𝒀 are stable over long,

cosmological time scales due to

intrinsic symmetry: 𝑹 − parity 𝑹𝑷

𝑬𝒌𝒊𝒏 𝑾𝑰𝑴𝑷 ≈ 𝟎. 𝟎𝟓 ∙ 𝒎(𝑾𝑰𝑴𝑷)
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𝑯𝑫𝑴: 𝝂´𝒔 as generic light thermal relics

 Hot dark matter: relativistic free−streaming 

- 𝝂´𝒔: ultra−relativistic propagation over an

exceedingly large free−streaming

range of > 𝑮𝒑𝒄 due to kinematic relation

- after decoupling: stable over long,

cosmological time scales due to

conserved lepton number 𝑳

Jan 30, 2024

𝑬𝒌𝒊𝒏 𝝂 > 𝟏𝟎𝟔 ∙ 𝒎(𝝂)

𝝂𝒆,𝝁,𝝉

𝒑

𝒑

𝝂𝒆

𝝂𝒆

𝝂𝝁

𝝂𝝁

𝝂𝝉

𝝂𝝉

𝒏
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𝑯𝑫𝑴: 𝝂´𝒔 as generic light thermal relics

 Hot dark matter: relativistic free−streaming 

- 𝝂´𝒔: ultra−relativistic propagation is strongly

suppressing annihilation in the early universe

(also: there exist no lighter particles carrying

lepton numbers in the 𝑺𝑴)

 weak interaction only (with baryonic matter)

- decoupling at 𝒕 ≅ 𝟏 𝒔 and 𝑻 ≅ 𝟏𝑴𝒆𝑽

(see also: 𝒄𝒉𝒂𝒑. 𝟑. 𝟏 on Big Bang 

Nucleosynthesis, lecture #𝟓)
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Dark Matter: hot, warm or cold (𝑯𝑫𝑴/𝑾𝑫𝑴/𝑪𝑫𝑴)
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Dark Matter: hot, warm or cold (𝑯𝑫𝑴/𝑾𝑫𝑴/𝑪𝑫𝑴)
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