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Introduction to Cosmology

Winter term 𝟐𝟑/𝟐𝟒 Lecture 𝟒 Nov. 𝟏𝟒, 𝟐𝟎𝟐𝟑
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 Friedmann (−Lemaître) equation: braking vs. acceleration

Nov 14, 20232

Recap of Lecture 𝟑

 Topology & geometry of the universe

- curvature parameter 𝒌 = −𝟏, 𝟎,+𝟏 (hyperbolic, flat, spherical)

- open questions: isotropy, limited/unlimited size, complex topologies,…

- equation−of−state of vacuum:                                              (anti−gravity) 𝑷𝑽 𝒕𝟎 = −𝟏 ∙ 𝝆𝑽 (𝒕𝟎) ∙ 𝒄
𝟐

𝟑 cosmological epochs:

pressure 𝑷: important for 𝒂 𝒕 , ሶ𝒂 𝒕 , ሷ𝒂(𝒕)

𝝆 𝒕 = 𝝆𝒓(𝒕) + 𝝆𝒎(𝒕) + 𝝆𝑽(𝒕)
ሷ𝒂 𝒕

𝒂(𝒕)
= −

𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆(𝒕) +

𝟑 ∙ 𝑷

𝒄𝟐
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Friedmann eq. with cosmological constant 𝚲

 Properties 𝝆𝑽 and 𝑷𝑽 of the vacuum

matter, radiation & vacuum

𝝆𝒓,𝒎,𝑽 𝒕 +
𝟑 ∙ 𝑷𝒓,𝒎,𝑽(𝒕)

𝒄𝟐

Nov 14, 2023

´merged´ into one parameter: 𝚲

ሷ𝒂 𝒕

𝒂(𝒕)
= −

𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙

matter & radiation vacuum

+
𝚲 ∙ 𝒄𝟐

𝟑
𝝆𝒓,𝒎 𝒕 +

ሷ𝒂 𝒕

𝒂(𝒕)
= −

𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙

𝟑 ∙ 𝑷𝒓,𝒎(𝒕)

𝒄𝟐
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Cosmological constant 𝚲

 vacuum: a very important, key player in cosmology

Nov 14, 2023

𝚲 ∙ 𝒄𝟐

𝟑

- time−independent, constant parameter

𝜦 = +
𝟖𝝅 ∙ 𝑮

𝒄𝟐
∙ 𝝆𝑽

using vacuum

equation−of−state:

𝝆𝑽 𝒕 = −𝟏 ∙ 𝑷𝑽(𝒕)
𝝆𝑽 𝒕 +

𝟑 ∙ 𝑷𝑽(𝒕)

𝒄𝟐
ሷ𝒂 𝒕

𝒂(𝒕)
= −

𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙
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Cosmological constant 𝚲

 Recap: properties of the vacuum

as pressure 𝑷𝑽 < 𝟎
we have ሷ𝒂 𝒕 > 𝟎

𝟑𝒙

as density 𝝆𝑽 > 𝟎
we have ሷ𝒂 𝒕 < 𝟎

𝟏𝒙

Nov 14, 2023

we keep this relation constant, 

 cosmological constant

𝝆𝑽 𝒕 = −𝟏 ∙ 𝑷𝑽(𝒕)
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Cosmological constant 𝚲

 A very important constant in cosmology

Nov 14, 2023

𝜦 = +
𝟖𝝅 ∙ 𝑮

𝒄𝟐
∙ 𝝆𝑽

- positive sign, thus it causes an accelerated

expansion of the universe

- best experimental value at present:

𝜦 = [ 𝟐. 𝟏𝟒 ± 𝟎. 𝟏𝟑 × 𝟏𝟎−𝟑𝒆𝑽 ]𝟒

≈ 𝟏. 𝟏 ∙ 𝟏𝟎−𝟓𝟐 𝒎𝟐≈ 𝟏𝟎−𝟐𝟗 Τ𝒈 𝒄𝒎𝟑
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Cosmological constant 𝚲

Nov 14, 2023

𝜦 = +
𝟖𝝅 ∙ 𝑮

𝒄𝟐
∙ 𝝆𝑽

- positive sign, thus it causes an accelerated

expansion of the universe

- best experimental value at present:

𝜦 = [ 𝟐. 𝟏𝟒 ± 𝟎. 𝟏𝟑 × 𝟏𝟎−𝟑𝒆𝑽 ]𝟒

≈ 𝟏. 𝟏 ∙ 𝟏𝟎−𝟓𝟐 𝒎𝟐≈ 𝟏𝟎−𝟐𝟗 Τ𝒈 𝒄𝒎𝟑

 A very important constant in cosmology
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 Experimental value & theoretical estimate: a ´small´ discrepancy…

Cosmological constant 𝚲

zero−point−energy

of a quantum field?

observed: 𝝆𝑽 = 𝟑. 𝟔 Τ𝑮𝒆𝑽 𝒎𝟑

estimate: 𝝆𝑽 = 𝟏𝟎𝟏𝟐𝟏 Τ𝑮𝒆𝑽 𝒎𝟑

- biggest discrepancy in all of science!

- reduced to ´only´ 𝟔𝟎 𝒐𝒓𝒅𝒆𝒓𝒔 𝒐𝒇 𝒎𝒂𝒈𝒏𝒊𝒕𝒖𝒅𝒆

in extended models of particle physics*

- literature tip: S. Weinberg et al. Likely Values of the Cosmological Constant

Nov 14, 2023 *supersymmetry (𝑺𝑼𝑺𝒀) 

https://iopscience.iop.org/article/10.1086/305016/pdf
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 Popular science: vacuum energy is in central focus of interest

(many articles, books,…) 

Cosmological constant 𝚲

Nov 14, 2023
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First pictures of the 𝑬𝑼𝑪𝑳𝑰𝑫 mission: 𝟏 week ago

 Determining the properties of the dark universe by 𝟑𝑫 − galaxy surveys

Nov 14, 2023

Perseus cluster

- nature of dark energy?

- nature of dark matter?

- history: 𝒂 𝒕 , ሶ𝒂 𝒕 , ሷ𝒂(𝒕)

∅ = 𝟏. 𝟐 𝒎
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RELATED TOPIC: THE CASIMIR EFFECT 

 An experimental investigation into the strange properties of the vacuum

Hendrik Casimir

- vacuum is filled with virtual, short−lived

particles (Heisenberg uncertainty relation) 

- two parallel metal plates separated by few 𝒏𝒎: 

boundary conditions at the plate surfaces

 first experimental observation in 𝟐𝟎𝟎𝟏

 impact on electro−magnetic field

(virtual photons)

 different zero−point energy inbetween

 net force 𝑭 ~ Τ𝟏 𝒅𝟑 (dominant at 𝒏𝒎− 𝒔𝒄𝒂𝒍𝒆)

Nov 14, 2023
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RELATED TOPIC: THE CASIMIR EFFECT 

Nov 14, 2023

- vacuum is filled with virtual, short−lived

particles (Heisenberg uncertainty relation) 

*

*objects manufactured at 𝝁𝒎− scale

(𝑲𝑰𝑻 spin−off)

at 𝒅 = 𝟏𝟏 𝒏𝒎

 𝑷 = 𝟏 𝒃𝒂𝒓- Casimir force can now be

measured by integrated silicon

chips (US−Chinese team)

 Successful experimental investigations
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 The other end: extreme pressure inside a compact object (neutron star)

SIDE−TOPIC: PRESSURE AND GRAVITY

J. Robert Oppenheimer

- neutron stars*: extremely compact objects

pressure

gravity

- very high density 𝝆 ~ 𝟔…𝟖 × 𝟏𝟎𝟏𝟕 Τ𝒌𝒈 𝒎𝟑

- radius 𝑹 ~ 𝟏𝟎…𝟐𝟎 𝒌𝒎, mass 𝑴 < 𝟐…𝟑𝑴


- ´degeneracy´ pressure of neutrons

counteracts gravity, but it is itself

acting as a source of the objects´

super−strong gravitational field

 limited masses of neutron stars

*s. 𝑨𝑻𝑷 − 𝑰𝑰 (Summer Term 𝟐𝟎𝟐𝟒)Nov 14, 2023
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 𝟐 fundamental equations to describe dynamics of cosmological expansion

Friedmann−Lemaître Equations

- expansion rates governed by: matter, radiation, vacuum

 total energy density & topology of the universe

Aleksandr Friedmann

(𝟏𝟖𝟖𝟖 – 𝟏𝟗𝟐𝟓)

Georges Lemaître

(𝟏𝟖𝟗𝟒 – 𝟏𝟗𝟔𝟔)

Nov 14, 2023
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Different cosmological epochs & 𝒂(𝒕)

 Radiation / matter / vacuum energy – dominated cosmological epochs

𝝆𝒎 ≫ 𝝆𝜸 ≫ 𝝆𝑽

radiation−

dominated

era

matter−

dominated

era

time 𝒕 [𝒚𝒓]

era of

vacuum/dark

energy

𝝆𝑽 ≫ 𝝆𝒎 ≫ 𝝆𝜸𝝆𝜸 ≫ 𝝆𝒎 ≫ 𝝆𝑽

Nov 14, 2023

𝟏𝟎𝟑 𝟏𝟎𝟒 𝟏𝟎𝟓 𝟏𝟎𝟔 𝟏𝟎𝟕 𝟏𝟎𝟖 𝟏𝟎𝟗 𝟏𝟎𝟏𝟎



G. Drexlin – Cosmo #4 Exp. Teilchenphysik - ETP16

 Full picture of the evolution of 𝒂 𝒕 , ሶ𝒂 𝒕 , ሷ𝒂(𝒕) for all 𝟑 cosmological epochs

Friedmann−Equations for 𝚲𝑪𝑫𝑴

cosmological    

constant

ሶ𝒂(𝒕)

- we will now* start to integrate our well−known acceleration equation

to obtain a relation for the ´velocity´ parameter ሶ𝒂(𝒕)

Nov 14, 2023

= −
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝒓,𝒎,𝑽 𝒕 +

ሷ𝒂 𝒕

𝒂(𝒕)

𝟑 ∙ 𝑷𝒓,𝒎,𝑽(𝒕)

𝒄𝟐

= −
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝒓,𝒎 𝒕 +

𝟑 ∙ 𝑷𝒓(𝒕)

𝒄𝟐
+
𝚲 ∙ 𝒄𝟐

𝟑

energy densities pressure values time−dependent

* a full treatment requires Einstein´s General Relativity
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 picture of the evolution of 𝒂 𝒕 , ሶ𝒂 𝒕 , ሷ𝒂(𝒕) for epoch of matter dominance

Friedmann−Equations for 𝑪𝑫𝑴

ሶ𝒂(𝒕)

- we now focus on the second epoch, where pressure−less matter is

dominant at around 𝒕 ≈ 𝟏𝟎𝟒 𝒚𝒓 after the Big Bang 

Nov 14, 2023

= −
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝒎 𝒕 +

ሷ𝒂 𝒕

𝒂(𝒕)

𝟑 ∙ 𝑷𝒎(𝒕)

𝒄𝟐

energy densities pressure values

𝑷𝒎 = 𝟎- pressure−free: as 𝑷𝒎 ≪ 𝝆𝒎 ∙ 𝒄𝟐 (´dust´)

with thermal velocities only 𝒗𝒎 ≪ 𝒄
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 Let´s do some maths: integrate to obtain the second expansion equation

𝝆 𝒕 =
𝝆𝟎

𝒂𝟑(𝒕)

ሷ𝒂 𝒕 = −
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝟎 ∙

𝟏

𝒂𝟐 𝒕
| × 𝟐 ∙ ሶ𝒂(𝒕)

ሷ𝒂 𝒕 ∙ 𝟐 ∙ ሶ𝒂(𝒕) = −
𝟐 ∙ 𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝟎 ∙

ሶ𝒂(𝒕)

𝒂𝟐 𝒕

ሶ𝒂𝟐 𝒕 = −
𝟖

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝟎 ∙

−𝟏

𝒂 𝒕

Nov 14, 2023

integration

ሷ𝒂(𝒕) = −
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆(𝒕) ∙ 𝒂(𝒕)

Friedmann−Equations for 𝑪𝑫𝑴

𝝆 𝒕 = 𝝆𝒎(𝒕)

𝒌: integration

constant

− 𝒌𝒄𝟐
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 Second Friedmann Expansion Equation

Friedmann−Equations: we´re (almost) done…

ሶ𝒂𝟐 𝒕 = −
𝟖

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝟎 ∙

−𝟏

𝒂 𝒕
− 𝒌𝒄𝟐 re−use: 𝝆𝟎 = 𝝆(𝒕) ∙ 𝒂𝟑(𝒕)

ሶ𝒂𝟐 𝒕 =
𝟖

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆 𝒕 ∙ 𝒂𝟐 𝒕 − 𝒌𝒄𝟐 | ∶ 𝒂𝟐(𝒕)

Nov 14, 2023

𝑯𝟐 𝒕 =
ሶ𝒂(𝒕)

𝒂(𝒕)

𝟐

=
𝟖

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆 𝒕 −

𝒌𝒄𝟐

𝒂𝟐(𝒕)

curvature 𝒌
of the universe

- allows to calculate Hubble parameter 𝑯𝟐(𝒕) for 𝑪𝑫𝑴 epoch
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 Curvature parameter 𝒌 ´from integration´: impact on scale parameter 𝒂(𝒕)

Topology and overall energy density

𝒌 = +𝟏

s
c
a
le

p
a
ra

m
e
te

r
𝒂
(𝒕
)

time 𝒕

𝒌 = 𝟎

𝒌 = −𝟏

Nov 14, 2023

flat

hyperbolic

spherical

http://www.sciencecartoonsplus.com/pages/contact.php
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 To see which parameter is determining 𝒌

Topology and overall energy density: some math

| ∙
𝒂(𝒕)𝟐

𝟐

ሶ𝒂 𝒕 =
ሶ𝒓 𝒕

𝒙

𝒂 𝒕 =
𝒓 𝒕

𝒙

ሶ𝒂(𝒕)𝟐

𝟐
−
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆 𝒕 ∙ 𝒂 𝒕 𝟐 = −

𝒌 ∙ 𝒄𝟐

𝟐

Nov 14, 2023

ሶ𝒂(𝒕)

𝒂(𝒕)

𝟐

−
𝟖

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆 𝒕 = −

𝒌𝒄𝟐

𝒂𝟐(𝒕)

ሶ𝒓(𝒕)𝟐

𝟐 ∙ 𝒙𝟐
−
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝟎 ∙

𝒙

𝒓 𝒕
= −

𝒌 ∙ 𝒄𝟐

𝟐

let´s use co−moving coordinates 𝒙

𝝆 𝒕 =
𝝆𝟎

𝒂𝟑(𝒕)
= 𝝆𝟎 ∙

𝒙𝟑

𝒓𝟑 𝒕
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Topology and overall energy density: some math

ሶ𝒓(𝒕)𝟐

𝟐
− 𝑮 ∙

𝑴(𝒙)

𝒓(𝒕)
= −

𝒌 ∙ 𝒄𝟐

𝟐
∙ 𝒙𝟐

ሶ𝒓(𝒕)𝟐

𝟐 ∙ 𝒙𝟐
−
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝟎 ∙

𝒙

𝒓(𝒕)
= −

𝒌 ∙ 𝒄𝟐

𝟐
| ∙ 𝒙𝟐

ሶ𝒓(𝒕)𝟐

𝟐
− 𝑮 ∙

𝑴

𝒓(𝒕)
= −

𝒌 ∙ 𝒄𝟐

𝟐

𝑬𝒌𝒊𝒏 + 𝑬𝒑𝒐𝒕 = 𝑬𝒕𝒐𝒕

Nov 14, 2023

 parameter 𝒌 : expression within unit sphere in co−moving coordinates 𝒙

for unit sphere

𝒙 ≡ 𝟏
𝑴 = 𝑴(𝒙)

𝑴 𝒙 =
𝟒

𝟑
∙ 𝝅 ∙ 𝝆𝟎 ∙ 𝒙

𝟑
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 Curvature 𝒌 of the universe is determined by its total energy 𝑬𝒕𝒐𝒕

Topology and overall energy density: curvature 𝒌

constant 𝒌 curvature topology total energy

𝒌 = −𝟏 hyperbolic open 𝑬𝒕𝒐𝒕 > 𝟎

𝒌 = 𝟎 euclidean flat 𝑬𝒕𝒐𝒕 = 𝟎

𝒌 = +𝟏 spherical closed 𝑬𝒕𝒐𝒕 < 𝟎

𝒌 = +𝟏

𝑬𝒕𝒐𝒕 > 𝟎 𝑬𝒕𝒐𝒕 = 𝟎 𝑬𝒕𝒐𝒕 < 𝟎

Nov 14, 2023

𝒌 = −𝟏 𝒌 = 𝟎

http://www.sciencecartoonsplus.com/pages/contact.php
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Topology and overall energy density

 Heisenberg uncertainty relation in view of the total energy of the universe

our universe: a long−lived quantum fluctuation

emerging after a huge expansion due to inflation?

≈ 𝟎

≈ ∞

≤

Nov 14, 2023
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 𝟐𝟎𝟏𝟓 findings of the 𝑷𝒍𝒂𝒏𝒄𝒌 satellite mission: a universe without curvature

Topology and overall energy density

multipole moment ℓ

angular scale 𝜣

fl
u
c
tu

a
ti
o
n
s
𝜟
𝑻
𝟐
(𝝁
𝑲
𝟐
) 

- analysis of the 𝑪𝑴𝑩 multipole distribution*

curvature 𝒌 = 𝟎 𝜴𝒌 from 𝟏. peak at ℓ ~ 𝟐𝟎𝟎

*see following lectures # 𝟖 & 𝟗

𝑹𝒄𝒖𝒓𝒗 = 𝒂−𝟏

Nov 14, 2023

𝜴𝒌 =
−𝒌𝒄𝟐

𝑯𝟎
𝟐 ∙ 𝑹𝒄𝒖𝒓𝒗

𝟐
= 𝟎. 𝟎𝟎𝟎 ± 𝟎. 𝟎𝟎𝟓
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- inflation theory: 

exponential increase of size 𝒂(𝒕) of

universe at time 𝒕 = 𝟏𝟎−𝟑𝟔…𝟏𝟎−𝟑𝟐 𝒔

due to evolution of a scalar field

 typical expansion factor ≫ 𝟏𝟎𝟐𝟔

 flat space, no curvature

overall energy density & inflationary cosmology

𝒌 = 𝟎
𝑬𝒕𝒐𝒕 = 𝟎

Nov 14, 2023

time 𝒕 𝒔 after Big Bang

IN
F

L
A

T
IO

N

re
l.
 s

c
a
le

p
a
ra

m
e
te

r
𝒂
(𝒕
)

V
A

C
U

U
M

𝟏𝟎−𝟒𝟓 𝟏𝟎−𝟐𝟓 𝟏𝟎−𝟓 𝟏𝟎𝟏𝟓

𝟏𝟎𝟒𝟎

𝟏𝟎𝟐𝟎

𝟏𝟎−𝟐𝟎

𝟏𝟎−𝟒𝟎

𝟏

- observational fact (𝑷𝒍𝒂𝒏𝒄𝒌, 𝟐𝟎𝟏𝟓):   

 space is flat to ~ 𝟎. 𝟓%

 𝟐𝟎𝟏𝟓 findings of the 𝑷𝒍𝒂𝒏𝒄𝒌 satellite vs. expectation from theory of inflation
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 𝟐𝟎𝟏𝟖 findings of the 𝑷𝒍𝒂𝒏𝒄𝒌 satellite mission: a universe with curvature??

Topology and overall energy density

- analysis of 𝑪𝑴𝑩 radiation using lensing effect*

*see lectures # 𝟏𝟑 & 𝟏𝟒

𝑹𝒄𝒖𝒓𝒗 = 𝒂−𝟏

𝜴𝒌 = −𝟎. 𝟎𝟎𝟕…− 𝟎. 𝟎𝟗𝟓
(𝟗𝟗% 𝑪𝑳)

Nov 14, 2023
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time 𝒕 𝒔 after Big Bang

IN
F

L
A

T
IO

N

re
l.
 s

c
a
le

p
a
ra

m
e
te

r
𝒂

V
A

C
U

U
M

𝟏𝟎−𝟒𝟓 𝟏𝟎−𝟐𝟓 𝟏𝟎−𝟓 𝟏𝟎𝟏𝟓

𝟏𝟎𝟒𝟎

𝟏𝟎𝟐𝟎

𝟏𝟎−𝟐𝟎

𝟏𝟎−𝟒𝟎

𝟏

28

inflationary cosmology: acclerated masses

 𝟐𝟎𝟐𝟏 update from 𝑩𝑰𝑪𝑬𝑷𝟑 vs. expectation from the theory of inflation

- inflationary epoch should have produced

specific 𝑮𝑾* signal:

*𝑮ravitational 𝑾aves, see 𝑨𝑻𝑷 − 𝟐 (summer 𝟐𝟎𝟐𝟒)Nov 14, 2023

but no detection!
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Friedmann equations for a flat 𝑪𝑫𝑴 universe

 Second expansion equation: development of 𝝆 𝒕 over cosmic time scales 𝒕

Nov 14, 2023

𝑯 𝒕 ~ 𝝆𝒎(𝒕)

𝑯𝟐 𝒕 =
ሶ𝒂(𝒕)

𝒂(𝒕)

𝟐

=
𝟖

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝒎 𝒕

d
e
n

s
it

y
 𝝆

𝒕
[

Τ
𝒌
𝒈
𝒎

𝟑
]

time 𝒕

dark energy

𝟏𝟎−𝟐𝟑

𝟏𝟎−𝟐𝟓

𝟏𝟎−𝟐𝟕

𝝆𝒎 𝒕 ~ 𝒂(𝒕)−𝟑

𝝆𝑽 𝒕 = 𝒄𝒐𝒏𝒔𝒕.

- we now need to account

for the vacuum energy (𝜦)
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Friedmann equations for a flat 𝚲𝑪𝑫𝑴 universe

 Second expansion equation taking into account the cosmological constant

Nov 14, 2023

d
e
n

s
it

y
 𝝆

𝒕
[

Τ
𝒌
𝒈
𝒎

𝟑
]

time 𝒕

dark energy

𝟏𝟎−𝟐𝟑

𝟏𝟎−𝟐𝟓

𝟏𝟎−𝟐𝟕

𝝆𝒎 𝒕 ~ 𝒂(𝒕)−𝟑

𝝆𝑽 𝒕 = 𝒄𝒐𝒏𝒔𝒕.
=

ሷ𝒂 𝒕

𝒂(𝒕)
+
𝚲 ∙ 𝒄𝟐

𝟑

cosmological    

constant

- integration introduces an

additional term for 𝑯(𝒕) which

is dominant at present
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 Expansion speed of the universe calculated for the 𝑪𝑫𝑴 model

Calculated values of 𝑯(𝒕)

𝟏𝟒 𝟏𝟐 𝟏𝟎 𝟖 𝟔 𝟒 𝟐 𝟎

time 𝒕
[𝟏𝟎𝟗𝒚𝒓]

Big Bang

𝟖𝟎

𝟔𝟎

𝟒𝟎

𝟐𝟎

𝑯
𝒕

[
Τ

𝒌
𝒎

𝒔
𝒑
𝒆
𝒓
𝑴
𝒑
𝒄
]

𝑪𝑫𝑴− prediction

𝑪𝑫𝑴
~𝟏𝟎𝟎%

Q
: 

S
C

IE
N

C
E
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 Expansion speed of the universe calculated for the 𝚲𝑪𝑫𝑴 model

Calculated values of 𝑯(𝒕)

𝟏𝟒 𝟏𝟐 𝟏𝟎 𝟖 𝟔 𝟒 𝟐 𝟎

time 𝒕
[𝟏𝟎𝟗𝒚𝒓]

Big Bang

𝟖𝟎

𝟔𝟎

𝟒𝟎

𝟐𝟎

𝑯
𝒕

[
Τ

𝒌
𝒎

𝒔
𝒑
𝒆
𝒓
𝑴
𝒑
𝒄
]

atoms 𝟒. 𝟔 %
𝑪𝑫𝑴
𝟐𝟑. 𝟑 %

dark energy

𝟕𝟐. 𝟏%

𝚲𝑪𝑫𝑴

Q
: 

S
C

IE
N

C
E

𝚲𝑪𝑫𝑴− prediction
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 Expansion speed of the universe calculated for the 𝚲𝑪𝑫𝑴 model

Calculated values of 𝑯(𝒕) and todays 𝑯𝟎

𝟏𝟒 𝟏𝟐 𝟏𝟎 𝟖 𝟔 𝟒 𝟐 𝟎

time 𝒕
[𝟏𝟎𝟗𝒚𝒓]

Big Bang

𝟖𝟎

𝟔𝟎

𝟒𝟎

𝟐𝟎

𝑯
𝒕

[
Τ

𝒌
𝒎

𝒔
𝒑
𝒆
𝒓
𝑴
𝒑
𝒄
]

𝟔𝟕. 𝟒 ± 𝟎. 𝟓

direct measurement

(nearby universe) 
𝟕𝟒 ± 𝟏

nearby

universe

𝑪𝑴𝑩 data +

𝜦𝑪𝑫𝑴

Q
: 

S
C

IE
N

C
E

𝚲𝑪𝑫𝑴− prediction
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 𝚲𝑪𝑫𝑴 model

Hubble tension*: ´true´ value of 𝑯𝟎

Nov 14, 2023

nearby

universe

𝑪𝑴𝑩 data +

𝜦𝑪𝑫𝑴

is it the final answer?

*more than 𝟏𝟎𝟎𝟎 publications up to now…
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Friedmann Equations, cosmological constant 𝚲

 The two equations governing the cosmological evolution

Aleksandr

Friedmann

expansion equation for 𝒌 = 𝟎

acceleration equation for 𝒌 = 𝟎

Nov 14, 2023

𝑯𝟐 𝒕 =
ሶ𝒂(𝒕)

𝒂(𝒕)

𝟐

=
𝟖

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝒎,𝜸 𝒕 +

𝚲𝒄𝟐

𝟑

= −
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝒎,𝜸 𝒕 + +

𝚲𝒄𝟐

𝟑

ሷ𝒂 𝒕

𝒂(𝒕)

𝟑 ∙ 𝑷𝒎,𝜸(𝒕)

𝒄𝟐
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vacuum energy 𝑷𝑽 = −𝟏 ∙ 𝝆𝑽𝒄
𝟐 𝝆𝑽 = 𝒄𝒐𝒏𝒔𝒕. 𝒂 𝒕 ~ 𝒆𝜶∙𝒕

36

Different cosmological epochs & 𝒂(𝒕)

 Radiation / matter / vacuum energy – dominated cosmological epochs

dominant part equation−of−state density scale parameter

radiation 𝑷𝒓 = + Τ𝟏 𝟑 ∙ 𝝆𝒓𝒄
𝟐 𝝆𝒓 ~ 𝒂

−𝟒
𝒂 𝒕 ~ 𝒕 ൗ𝟏 𝟐

- evolution of scale parameter 𝒂 𝒕 calculated with Friedmann equations

Nov 14, 2023

matter 𝑷𝒎 ≅ 𝟎 𝝆𝒎 ~ 𝒂−𝟑 𝒂 𝒕 ~ 𝒕 ൗ𝟐 𝟑

𝜶 = Τ𝜦 𝟑

exponential

increase

constant density

𝝆𝑽 = 𝟑. 𝟔 Τ𝑮𝒆𝑽 𝒎𝟑
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Afterthought #𝟏: matter−dominated, flat universe

 Hypothetical assumption: present, flat universe that contains only baryons

- flat universe (𝒌 = 𝟎), no vacuum energy (𝚲 = 𝟎)

- critical energy density 𝝆𝒄 for a flat universe with baryons only:

= 𝟓. 𝟏 Τ𝑮𝒆𝑽 𝒎𝟑 (𝒊. 𝒆. ~ 𝟓 protons per 𝒎𝟑)

 our present universe features a baryon density 𝝆𝒃

𝝆𝒃 = 𝟎. 𝟐 Τ𝑮𝒆𝑽 𝒎𝟑

(𝒊. 𝒆. 𝝆𝒃 < 𝟓% of 𝝆𝒄)

Nov 14, 2023

𝝆𝒄 =
𝟑

𝟖 ∙ 𝝅 ∙ 𝑮
∙ 𝑯𝟎

𝟐 = 𝟗. 𝟐 ∙ 𝟏𝟎−𝟐𝟕 Τ𝒌𝒈 𝒎𝟑
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Afterthought #𝟐:Hubble time 𝒕𝑯 − definition

 Hubble time 𝒕𝑯 is based on a scenario* with uniform expansion rate 𝑯𝟎

scenario: 𝑯 𝒕 = 𝒄𝒐𝒏𝒔𝒕. = 𝑯𝟎

𝒕𝑯 = 𝟏𝟑. 𝟖 ∙ 𝟏𝟎𝟗 𝒚𝒓

𝒕𝑯 =
𝟏

𝑯𝟎

Nov 14, 2023

𝑯𝟎 =
𝟕𝟐 𝒌𝒎/𝒔

𝑴𝒑𝒄
= 𝟐. 𝟑 ∙ 𝟏𝟎−𝟏𝟖 𝒔−𝟏

𝒕𝑯 =
𝟏

𝟐. 𝟑 ∙ 𝟏𝟎−𝟏𝟖
𝒔

accelerated

expansion

𝝆𝒕𝒐𝒕 < 𝝆𝒄

𝒂(𝒕)

𝒕𝒕𝑯 𝒕𝑯 < 𝒕𝒓𝒆𝒂𝒍

braked

expansion

𝒕𝒕𝑯

𝑎(𝒕)

𝝆𝒕𝒐𝒕 > 𝝆𝒄

𝒕𝑯 > 𝒕𝒓𝒆𝒂𝒍

*here we use 𝑯𝟎 from local measurements
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 Linear and acutal expansion

rate of our universe

time 𝒕 since Big Bang [𝟏𝟎𝟗 𝒚𝒓]

𝟎 𝟐 𝟒 𝟔 𝟖 𝟏𝟎 𝟏𝟐 𝟏𝟒

- surprise:

rather good approximation

of 𝒂 𝒕 by a linear increase

using present value of 𝑯𝟎

- exact Friedmann solution: 

at first braked expansion

( ሷ𝒂 𝒕 < 𝟎 ), now accelerated

expansion with ሷ𝒂 𝒕 > 𝟎

exact solution of

Friedmann−equation

𝟎. 𝟔

𝟎. 𝟒

𝟎. 𝟐

𝟏. 𝟎

𝟎. 𝟖

linear scaling (𝑯𝟎)

s
c
a
le

p
a
ra

m
e
te

r
𝒂
(𝒕
)

Nov 14, 2023

Afterthought #𝟐:Hubble time 𝒕𝑯 &𝑯𝟎
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 Linear and acutal expansion

rate of our universe

time 𝒕 since Big Bang [𝟏𝟎𝟗 𝒚𝒓]

𝟎 𝟐 𝟒 𝟔 𝟖 𝟏𝟎 𝟏𝟐 𝟏𝟒

- surprise:

rather good approximation

of 𝒂 𝒕 by a linear increase

using present value of 𝑯𝟎

exact solution of

Friedmann−equation

𝟎. 𝟔

𝟎. 𝟒

𝟎. 𝟐

𝟏. 𝟎

𝟎. 𝟖

linear scaling (𝑯𝟎)

s
c
a
le

p
a
ra

m
e
te

r
𝒂
(𝒕
)

Nov 14, 2023

Afterthought #𝟐:Hubble time 𝒕𝑯 &𝑯𝟎

𝒕𝑯 =
𝟏

𝟐. 𝟑 ∙ 𝟏𝟎−𝟏𝟖
𝒔 = 𝟏𝟑. 𝟖 ∙ 𝟏𝟎𝟗 𝒚𝒓
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Actual expansion rate 𝒂 𝒕 & 𝛀𝒊

 describing expansion 𝒂(𝒕)

time 𝒕 since Big Bang [𝟏𝟎𝟗 𝒚𝒓]

𝟎 𝟐 𝟒 𝟔 𝟖 𝟏𝟎 𝟏𝟐 𝟏𝟒

𝟎. 𝟔

𝟎. 𝟒

𝟎. 𝟐

𝟏. 𝟎

𝟎. 𝟖

- 𝟒 contributions 𝜴𝒊

to 𝜴𝒕𝒐𝒕 = 𝟏

s
c
a
le

p
a
ra

m
e
te

r
𝒂
(𝒕
)

𝑯(𝒕)𝟐

𝑯𝟎
𝟐 = 𝜴𝒓 ∙ 𝒂

−𝟒 +𝜴𝒎 ∙ 𝒂−𝟑

+ 𝜴𝑽 +𝜴𝒌 ∙ 𝒂
−𝟐

Nov 14, 2023

𝜴𝒊
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Building a Standard Model of cosmology

 Dimensionless density parameters 𝛀𝒊

- 𝜴𝒊 are a dimensionless parameters, given by

ratio of actual density 𝝆𝒊 relative to critical

critical density 𝝆𝒄 for a flat universe

𝜴𝒊 =
𝝆𝒊
𝝆𝒄

=
𝟖𝝅 ∙ 𝑮

𝟑 𝑯𝟎
𝟐
∙ 𝝆𝒊

- 𝜴𝒕𝒐𝒕 = σ𝝆𝒊 = 𝟏 for a flat universe with 𝑬𝒕𝒐𝒕 = 𝟎

 Summing up all density parameters 𝛀𝒊

- contributions: matter – radiation – vacuum – curvature 𝒌 ≠ 𝟎

𝜴𝒕𝒐𝒕 = 𝜴𝒎 +𝜴𝜸 +𝜴𝑽 +𝜴𝒌

Nov 14, 2023

𝜴𝒊 =
𝝆𝒊
𝝆𝒄
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Hubble expansion 𝑯 𝒕 : 𝑪𝒐𝒔𝒎𝒐𝑪𝒂𝒍𝒄 – a very useful app

 Cosmological parameters & their implications: an app for your smartphone

- select your model universe & see its properties 𝑪𝒐𝒔𝒎𝒐𝑪𝒂𝒍𝒄 App for 𝒊𝑶𝑺

Τ~ 𝟏 𝒂𝟑
Τ~ 𝟏 𝒂𝟒

Τ~ 𝟏 𝒂𝟐
𝒄𝒐𝒏𝒔𝒕.

𝑯(𝒕)𝟐 = 𝑯𝟎
𝟐 ∙ (𝜴𝒓 𝒕 + 𝜴𝒎 𝒕 + 𝜴𝑽 𝒕 + 𝜴𝒌 𝒕

𝑯(𝒕)𝟐 = 𝑯𝟎
𝟐 ∙

𝜴𝒓 𝟎 ∙ (𝟏 + 𝒛)𝟒

+𝜴𝒎 𝟎 ∙ (𝟏 + 𝒛)𝟑

+𝜴𝑽 𝟎

+𝜴𝒌 𝟎 ∙ (𝟏 + 𝒛)𝟐

Nov 14, 2023
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Scale parameter 𝒂(𝒕) for different models

time 𝒕 [𝟏𝟎𝟗 𝒚𝒓]

s
c
a
le

p
a
ra

m
e
te

r

𝒂
(𝒕
)
[𝒓
𝒆
𝒍.
𝒖
𝒏
𝒊𝒕
𝒔
]

 Cosmological models empty universe

𝜴𝒎 = 𝟎 𝜴𝑽 = 𝟎

high density

𝜴𝒎 = 𝟓 𝜴𝑽 = 𝟎

critial density

𝜴𝒎 = 𝟏 𝜴𝑽 = 𝟎
(Einstein− deSitter)

low density

𝜴𝒎 = 𝟎. 𝟑 𝜴𝑽 = 𝟎

to
d

a
y

𝟎 𝟓 𝟏𝟎 𝟐𝟎 𝟑𝟎

𝟑. 𝟎

𝟐. 𝟎

𝟏. 𝟎

our universe

𝜴𝒎 = 𝟎. 𝟑 𝜴𝑽 = 𝟎. 𝟕

Nov 14, 2023
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The end

 Friedmann equations revisited

𝑯(𝒕)𝟐

𝑯𝟎
𝟐

= 𝜴𝒓 ∙ 𝒂
−𝟒 +𝜴𝒎 ∙ 𝒂−𝟑

+ 𝜴𝑽 +𝜴𝒌 ∙ 𝒂
−𝟐

Nov 14, 2023

𝑯𝟐 𝒕 =
ሶ𝒂(𝒕)

𝒂(𝒕)

𝟐

=
𝟖

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝒎,𝜸 𝒕 +

𝚲𝒄𝟐

𝟑

= −
𝟒

𝟑
∙ 𝝅 ∙ 𝑮 ∙ 𝝆𝒎,𝜸 𝒕 + +

𝚲𝒄𝟐

𝟑

ሷ𝒂 𝒕

𝒂(𝒕)

𝟑 ∙ 𝑷𝒎,𝜸(𝒕)

𝒄𝟐

´Is THAT it ?´

Is THAT the BIG BANG?

(of todays´ lecture) 

http://www.sciencecartoonsplus.com/pages/contact.php
http://www.sciencecartoonsplus.com/pages/contact.php

