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Exercise 3.1: SO(N) and SU(N) 10P

Consider the Lie group SO(N) of orthogonal (i.e. MTM = I) matrices with unit determinant
and the Lie group SU(N) of unitary (i.e. M †M = I) matrices with unit determinant.1

(a) Determine the dimension (i.e. the number of different matrices whose real linear combi-
nations span the whole group) of SO(N) and of SU(N) for a generic N ∈ N.

(b) Derive the conditions fullfilled by the corresponding Lie algebras so(N) and su(N).
Remember that any element of a Lie group around the identity can be obtained through
the exponentiation of an element of the corresponding Lie algebra: G 3M(α) = exp(αN),
N ∈ g.

Hint: Remember that detA = exp TrA.
Focus now on the so(3) and su(2) Lie algebras. In the fundamental representation, a basis for
su(2) is given by T aF = σa/2, where σa are the Pauli matrices, while a basis for so(3) is given by
(T iF )jk = εikj, where εijk is the three-dimensional Levi-Civita symbol, with ε123 = +1.

(c) Calculate all the structure constants fabc for both Lie algebras.

(d) The Cartan–Killing form of a Lie algebra is defined as

Kab = −famlf blm (1.1)

Prove that the Cartan–Killing form is symmetric. Calculate it explicitely for so(3) and
su(2).

The adjoint representation of a Lie algebra is given by the structure constants themselves:

(T aA)bc = −ifabc . (1.2)

(e) Prove the Jacobi identity by using the definition of the structure constants, working in
the adjoint representation:

fabef
ec
d + f bcef

ea
d + f caef

eb
d = 0 (1.3)

Operators that commute with every element of a Lie algebra are called invariant Casimir
operators. It can be proved that there exist (N − 1)/2 linearly-independent invariant Casimir
operators for so(N) if N is odd, N/2 if N is even, and N − 1 for su(N).

(f) For so(3) and su(2) compute the quadratic Casimir operator, defined as

C2 = KabT
aT b , (1.4)

where Kab is the inverse of Kab (i.e. KabK
bc = δca). Prove that it indeed commutes with

every element of the corresponding Lie algebra.

1In this exercise a superscript can only be contracted with a subscript, therefore we will pay great attention
to the position of the indices. Superscripts and subscripts can be treated as equal for all practical purposes.
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Exercise 3.2: Covariant derivative 5P

In general, the covariant derivative

Dµ = ∂µ − igAµ = ∂µ − igAµaT
a (2.1)

explicitely depends on the choice of the representation of the gauge group generators T a. You
know that in the fundamental representation

D′µ = UDµU−1 and A′µ = UAµU−1 − i

g
(∂µU)U−1 , (2.2)

with U = exp(igϑaT
a
F ).

(a) Prove that the form of the transformations above is vaild in any representation:

D′µ = V DµV −1 and A′µ = V AµV −1 − i

g
(∂µV )V −1 , (2.3)

where V = exp(igϑaT
a), T being the generators in an arbitrary representation.

Hint: Start from the transformation law for Aµ in the fundamental representation and extract
the exact form of the gauge transformation for Aµa, independent of the representation of the
generators. To this end, make use of the Baker–Campbell–Hausdorff formula:

exp(B)A exp(−B) =
+∞∑
n=0

1

n!
An , (2.4)

with An = [B,An−1], A0 = A, and remember that fabc = i(T aA)bc.

(b) Show that

F µν =
i

g
[Dµ, Dν ] , (2.5)

and is, therefore, representation-independent. Find how F µν transforms under a gauge
transformation.

Exercise 3.3: Lorentz transformations 5P

Taking x→ x′µ = Λµ
νx

ν and the orthogonality condition, Λµ
νΛ

ρ
σgµρ = gνσ,

(a) Show that aµbµ is invariant under Lorentz transformations.

Let (Λ−1)µν be the inverse of Λν
µ, meaning that

(Λ−1)µνΛ
ν
ρ = δµρ = gµρ . (3.1)

(b) Show that (Λ−1)µν = Λν
µ.

(c) Show that ∂′µ = (Λ−1)νµ∂ν where ∂′µ = ∂/∂x′µ.

(d) Does Mνµ = ±Mµν imply Mν
µ = ±Mµ

ν , Mν
µ = ±Mµ

ν , or Mνµ = ±Mµν? If not, how
should the metric tensor be modified to allow this?
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