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Exercise 5.1: Quantization of the complex scalar field 10P

The Hamiltonian of a complex-valued scalar field obeying the Klein–Gordon equation is given
at the classical level by

H(t) =

∫
d3~x

[
Π∗(t, ~x)Π(t, ~x) +

(
~∇ϕ∗(t, ~x)

)
·
(
~∇ϕ(t, ~x)

)
+m2ϕ∗(t, ~x)ϕ(t, ~x)

]
. (1.1)

The field variables ϕ, ϕ∗ can be written in terms of quantized normal modes as

ϕ(t, ~x) =

∫
d3~p

(2π)32Ep

(
a~p e−i p·x + b†~p e+i p·x

)
, (1.2)

ϕ†(t, ~x) =

∫
d3~p

(2π)32Ep

(
b~p e−i p·x + a†~p e+i p·x

)
, (1.3)

and are treated as independent quantities, with respective canonically conjugate momenta

Π =
∂L

∂(∂0ϕ)
, (1.4)

Π∗ =
∂L

∂(∂0ϕ∗)
. (1.5)

The theory is invariant under real phase transformations ϕ′ = eiαϕ, and ϕ∗′ = e−iαϕ∗, α ∈ R.
This global U(1) symmetry leads to the Noether current jµ at the classical level and the
corresponding Noether charge:

Q(t) =

∫
d3~xj0 = i

∫
d3~x (Π∗(t, ~x)ϕ∗(t, ~x)− Π(t, ~x)ϕ(t, ~x)) . (1.6)

In agreement with canonical quantization, the field operators are required to fulfill the commu-
tation relations at equal time[

ϕ̂(t, ~x), Π̂(t, ~y)
]

=
[
ϕ̂†(t, ~x), Π̂†(t, ~y)

]
= iδ(3)(~x− ~y) , (1.7)

while the commutators involving the other combinations are required to vanish.

(a) Prove that the Heisenberg equations

i
∂ϕ̂(t, ~x)

∂t
=
[
ϕ̂(t, ~x), Ĥ(t)

]
, (1.8)

i
∂Π̂(t, ~x)

∂t
=
[
Π̂(t, ~x), Ĥ(t)

]
, (1.9)

imply that ϕ̂ satisfies the Klein–Gordon equation.
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(b) Using the field decomposition of Eq. (1.2) show that the classical Noether charge Q of
Eq. (1.6) leads, at the quantum level, to the charge operator

Q̂(t) =

∫
d3~p

(2π)32Ep

(
n̂
(a)
~p − n̂

(b)
~p

)
, (1.10)

with:

n̂
(a)
~p = a†~pa~p , and n̂

(b)
~p = b†~pb~p (1.11)

and Ep =
√
~p2 +m2.

(c) Check that
[
Q̂(t), Ĥ(t)

]
= 0, namely that the charge is a conserved quantity in the quan-

tized theory as well. To do this, recall that the expression of the quantized Hamiltonian
(up to the zero-point energy term) is

Ĥ =

∫
d3~p

(2π)32Ep
Ep

(
n̂
(a)
~p + n̂

(b)
~p

)
. (1.12)

To investigate the action of Q̂ on the field states, let us assume |α〉 represents an eigenstate of
Q̂ with eigenvalue q, i.e. Q̂ |α〉 = q |α〉.

(d) Show that

Q̂ϕ† = ϕ†
(
Q̂+ 1

)
(1.13)

and thus Q̂ϕ† |α〉 = (q + 1)ϕ† |α〉 , (1.14)

meaning that ϕ̂†, can be viewed as an operator that increases the charge of a state by
one unit.

Exercise 5.2: Properties of Dirac spinors 10P

The momentum-space Dirac spinors us(~p) and vs(~p) (with mass m, spin s, and momentum ~p)
are defined via the ansatz for plane wave solutions of the Dirac equation:

• ψs(x) = us(~p) e−ip·x for positive energy solutions;

• ψs(x) = vs(~p) eip·x for negative energy solutions.

(a) Show that:

/pus(~p) = +mus(~p) , ūs(~p)/p = +mūs(~p) , (2.1)

/pvs(~p) = −mvs(~p) , v̄s(~p)/p = −mv̄s(~p) . (2.2)

The us(~p) and vs(~p) fulfill the orthogonality relations

ur(~p)us(~p) = −vr(~p)vs(~p) = 2mδrs , (2.3)

ur(~p)vs(~p) = −vr(~p)us(~p) = 0 , (2.4)

and the completeness relation∑
s

[us(~p)us(~p)− vs(~p)vs(~p)] = 2m. (2.5)
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(b) Check the completeness relation by showing that the basis states ur(~p) and vr(~p) are all
eigenstates with the same eigenvalue.

Now we define the projection operators:

Λ±(~p) =
±/p+m

2m
, (2.6)

which project the states of positive and negative energy, respectively, out of an arbitrary state:

f(~p) =
∑
s

[αsus(~p) + βsvs(~p)] , α, β ∈ C . (2.7)

(c) Show that Λ±(~p) are indeed projectors, namely that[
Λ±(~p)

]2
= Λ±(~p) , (2.8)

Λ+(~p)f(~p) =
∑
s

αsus(~p), (2.9)

Λ−(~p)f(~p) =
∑
s

βsvs(~p), (2.10)

Λ+(~p) + Λ−(~p) = 1. (2.11)

(d) Using the previous results, show that∑
s

us(~p)us(~p) = /p+m, (2.12)∑
s

vs(~p)vs(~p) = /p−m. (2.13)

(e) Prove the following identity involving Dirac matrices

1. /p /q = p · q − iσµνpµqν ;

2. γµγµ = 4;

3. γµγνγµ = −2γν ;

4. γµγνγργµ = 4gµν ;

5. γµγνγργσγµ = −2γσγργν ;

where σµν = (i/2) [γµ, γν ].

(f) Prove the Gordon identity

us(~q)γ
µus(~p) = us(~q)

[
qµ + pµ

2m
+

iσµν(q − p)ν
2m

]
us(~p) . (2.14)
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