Light amplification by stimulated emission of radiation

Amplification of a wave with a wave vector k and a small spectral width A\
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adaptation of Einstein’s equations for absorption and stimulated emission
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o the wavelength \ should not be to small due Ba; o \?

o for a continuous laser Why(Ny — Np) = 771



the basic set-up of a He-Ne laser
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relevant energy levels of the He and Ne atoms
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The video demonstrates the Brewster effect.

Only light which is polarised perpendicular to the direction of the beam and the normal
of the glass plate is reflected, when the Brewster condition (Brewster angle) is fulfilled.

Only light which is polarised within the plane which is formed by the laser beam and
the normal of the window can pass without loss.

The perpendicular component is strongly damped and not amplified by the laser
process.

The suppression of one polarisation can be avoided when the mirrors form directly the
end caps of the discharge tube.



Laser: Brewster's angle (1815)

. =@y

incident ray (not polarised) [

N / .
\/ | reflected ray
! (polarised perpendicular
1
I

to plane of incidence)

refracted ray
(mainly parallel polarised)

n{<n,



| aser: Comment

The sketch illustrates the Brewster effect.

When the angle of incidence equals Brewster's angle only the polarisation
perpendicular to the plane of incidence is reflected.

The heuristic explanation is based on Hertz's dipole.

The emitted radiation is zero along the dipole axis and maximal in the perpendicular
direction.

The exact explanation is given by Fresnel’'s equation for the reflection and transmission
of electromagnetic waves on interfaces.



Problem 1 (4 Points)

An antenna on board of a satellite emits one short pulse per second. The satellite
is moving the velocity of 90 % relative to a receiver.

a) Calculate the frequency of pulses arriving at the receiver.

h) A second antenna is placed 2 m behind the first antenna in the direction of the
mofion of the satellite. Calculate the time interval between two pulses recorded
by the receiver, when the pulses are emitted simultaneously by the two anten-
nae on board of the satellite.

¢) The mass of the satellite at rest is 1 kg. Calculate the energy which is a least
necessary to accelerate the satellite from zero to 90 % of the velocity of light?

d) Calculate the time which is necessary for a power station with an output power
of 1 GW to provide this amount of energy.

a) During the time At — 1 s covers the satellite the distance

Af=At-09¢c

and the additional time for the next pulse in the frame of the satellite to reach
the receiver is

Al

T.
The time between two pulses measured in the frame of the satellite is

it

Afp = At + dt = Af(1+0.9).

The time between two pulses measured by the receiver at rest is due to time

dilation 1
e e
ar —_
i f
Aty — A (1+0.9) Al ."1 rl].Q.
JT-0® V1-089
The frequency vy = 1/Alz s
va = 1Hz,/ [1-08 “ 9 0.23Hz.
Vitoe
b) Due to length contraction in the frame of the receiver covers the pulse of the

second antenna the additional distance

Af=2my/1 - (v/cP?
and the additional time for the pulse of the second antenna is

Af [ ———
A= — =2my/1- w/ePje=2my'1-09/3-10°m/s =029-10"%s.



c) The total energy of the satellite is

E = mc.
The kinetic energy is
\ mgc?
E=(m-mc’ = ——— — moc”
' v 1008

1kg-(3-10°m/s)?- 1,284 — 11.65- 10" Ws
d) To produce this amount of energy a power station needs the time

11.65- 10" Ws
t=——————— —11.65-107s = 1348d = 3. 7a.
10°W



(4 points)

Problem 3
a) Albert Einstein explained Planck's law by three fundamental processes. Explain

these processes.
b) Make a sketch of Planck's law, i.e. plot the spectral radiance as a function of

the wavelength A.
c) Write up and explain Stefan-Boltzmann's law.

d) What is a black body?
e) A sphere (radius 10 cm) approximating a black body is exposed to the sun

(150W/m?) and absorbs the whole arriving power of the sun. Calculate the
temperature of the sphere in thermal equilibrium when the temperature of the

surrounding is 300 K.
a) The processes are the absorption, the stimulated and the spontaneous emis-
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sion of photons.

b) Planck's law
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c) Stefan-Bolizmann's law calculates to total power emitted by electromagnetic
radiation by a body with the temperatureT.
P=c-A.o-T.

z is a coefficient which describes the fraction of radiation that can pass the
surface. A is the surface and # Stefan-Boltzmann's constant.
d) A black body absorbs all radiation falling on it and emits from its interior all

radiation arriving at the surface.
&) The equilibrium condition i5 Pap.orson = Pemissicn- FOr the absorption of the sun

light is the cross section of the sphere Ag = = - I relevant. For the absorption
and emission of thermal radiation the whole surface of the sphere has to be

considered A = 47 - 2. With these considerations one gets

Ag-150W/m? = A. o - (T* — (300K)*)

T = (300K)“+150w,fm24l=8_1 -10°K* + 6,6 - 10°K*
g

— T =306K.



Problem 4 (4 Points)

a) Write up the Schrédinger equation for an electron moving within a region with
constant potential energy V. The total energy of the electron is E = V.

h) Calculate the wave function and momenium of an electron moving along the
X-axis.

c¢) The electron moves with the fotal energy £ within a region with V=V, < E in
the direction of increasing x values and hits a barrier where the potential energy
changes from V; fo V. <= E. How large is the probability that the electron is
reflected?
Hint: The wave function at the interface of the barrier is both continuous and
continuously differentiable.

a) Schrodinger equation

A (v
i = [ - VAR
=l ( T ) y

h) The wave function is
W E.DEI[P: Et)/h
The momentum becomes with
P2
Mme

E +V = P=/2me(E - V).

¢) The condition on the interface V; — Vz is
Ui+ U = Uy
Thereby denotes
Uy E.DEI-ZP,K =
Uy Rﬂ.neh; Pix—Etifh

Uy = Tuige!Pax—E0/

the incident, reflected and transmitied wave. Due to the condition that the wave
function is continuous and continuously differentiable on the interface one gets
the usual formula for the reflection coefficient

P1 - Pz
Pi+ P2
and the probability for reflection is R2 with Py =/ 2meE - Vy)

and Pz = ,/2mg(E — V).




Problem 5 (4 Points)
Spherical coordinates r, . are used to solve the Schradinger equation of an elec-
tron in the electric field of a nucleus.

a) Sketch and write up the equation of the effective potential energy der(r) of the
electron.

h) Explain the quantum numbers charactenrzing the radial part of the wave func-
tion.

c) Sketch the radial wave functions of the first excited state of the electron.

d) Which additional quantum numbers are necessary to characterize the quantum
state of the electron?

a) The potential energy of the electron is due to the Coulomb potential in the elec-
tric field of the nucleus and there is an effective potential energy due to the
motion of the eleciron around the nucleus. This confribution is proportional to
the square of the angular momentum L.
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h) The radial part of the wave function is characterized by the main quantum num-
hern

2
E,— —136eV (%)
and the angular momentum quantum number £

L2Yem = B0+ 11Yem.



c) Forn = 2 there are two radial function Ry_s, g and Ry_2,_4.
Rz :—g Starts atr — 0 with a finite value, changes the sign and approaches zero
for r— oo.
Due to the centri-fugal potential starts R,z ;4 for r = 0 at zero and approaches
after a maximum zero again for r — oo,

Rn-'.l =0 R1-:_--|

— I y r

d) For the orbital part one needs in addition to n and ¢
the magnetic guantum number |m| < £ of the angular momentum.

To characterize the spin of the electron cne needs the quantum numbers
s=1/2and m; = +1/2.

s and ¢ add up to the total angular momentum which is characterized by the
quantum numbers j and m;.



Problem & (4 Points)
The orbital angular momentum 7 of the electron and its spin § couple to the total
angular momentum j according to £7- §.

a) Explain the origin for the coupling of 7 and §.

) Give the sign of the coupling constant £.

c) Calculate the energy difference between the energy of the total angular mo-
menitum state with the highest and the smallest j-value, respectively.

d) Calculate the potential energy of an electron in an homogeneous magnetic field
B in terms of the quantum numbers of j.

a) The magnetic moment due to the spin of the electron orients in the magnetic
field caused by the nucleus due to the orbital motion of the nucleus around the
electron.

h) The sign of the coupling constant £ is negative, i.e. spin and orbital angular
momentum orient in opposite directions for minimal energy.

c) With 7- § = 1(j2 — 72 — §2) one gets for the energy £j,5
&
Epes %h‘u‘rji 1) —ff+1)—s(s+1))
and
£ 1 3 1 1
15— Ersqs SR+ 2WE+ 2y —(F— 2+ =)
Ej F+1/2 05 EJ £-1/2,05 2’.‘, (Lf t 2__‘f1 5/ ‘lﬂ z‘ltf t 2)

_}52 £+ = 2
i (£ ).

d) The potential energy in an homogeneous magnetic field of an electron charac-
terized by jand { is

Egjm = diaBm;
with the g-factor of the electron.

(g~ WAL ang g, 2)



