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Apparent effects due to the Lorentz transformation 1

a) apparent length

observer t3
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Apparent effects 1 Comment 1

A moving object can only be seen if the observer receives electromagnetic
radiation that is emitted by the moving object.

The image that a viewer perceives at a certain time is generated by the radiation
that penetrates his eye at that particular time.

The figure shows a cube moving with the velocity v.
In the direction of speed, the cube is shortened due to length contraction.

The light rays are drawn in red and reach the viewer’s eye at a certain time.
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Apparent effects 1 Comment 2

But these rays are not emitted at the same time.

In the direction of speed, the viewer does not see a shortened cube but, on the
contrary, an elongated side.

The length of the edge of the cube changes with the position of the cube.

The actual edge length can only be seen when the cube is directly facing the
observer.

If the cube moves further to the right, the edge is seen even shorter.
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Apparent effects due to the Lorentz transformation 2

b) apparent curvature of a straight line
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Apparent effects 2 Comment

The figure shows a stick moving directly towards an observer.

The rays of light that start at the ends of the stick take longer than a ray that starts
in the middle of the stick.

The resulting image is a bent rod.
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Apparent effects due to the Lorentz transformation 3

c) apparent rotation

1t 1

observer ty
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Apparent effects 3 Comment

Because of its motion, the side of the cube between points 1 and 2 can be seen by
an observer if the speed of the cube is high enough.

This effect is known as apparent rotation.
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Apparent effects due to the Lorentz transformation 4

Tor-09¢

2. Video: BrandenburgerTor.mp4

TORLICHTGESCHAMDIGKET

4. Video: tuebingen.mp4
5. Video: rundfahrttuebingen.mp4

3. Video: wuerfelkette.mp4


gitter.mp4
wuerfelkette.mp4
BrandenburgerTor.mp4
tuebingen.mp4
rundfahrttuebingen.mp4
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Apparent effects 4 Comment 1

The animations illustrate these effects.

The first video shows a grid approaching the viewer.

You can see the change in length and curvature of the lines of the grid.

The 2nd video shows a model of the Brandenburg Gate.

It moves towards the viewer, although intuitively one has the opposite impression.
You can see the changes in length and curvature of the edges.

For a brief moment, the actually hidden back of the Brandenburg Gate becomes
visible through his movement.
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Apparent effects 4 Comment 2

The third video shows the effect of the apparent rotation by comparing standing
and moving cubes.

The 4th and 5th videos each show a relativistic journey through the old town of
Tubingen.

Of course, the animations do not take into account the change in wavelength of
light caused by movement, i.e. the Doppler effect.
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Invariant distance 1

Definition of the invariant distance s

s?=(ct)? —F>=(ct)? —x* —y? — 72

with the Lorentz transformation

ct=~(ct’ + gx’)

v
x=~(x"+ ECt/)

!/

y=y
z=1z

/

follows for s2

v
32 _ ’yz(Ct’ + EX/)Z - VZ(X, + Vt/)z - y/2 - Z/2
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Invariant distance 1 Comment

The first formula outlined in red gives the definition of the invariant distance.

s” is called a distance because it has the dimension of a length and is measured
in meters.

The underlined equation results from the application of the Lorentz transformation.
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Invariant distance 2

and with
Y= 1
2
1-(3)
results
1 | | | 2 2
SZ — 1 (V)z (ct')2 + (V/C)ZX/Z _ X/2 _ (vt')2 _ y/ _ 7!
—\c

S2 — (Ct/)z _ ,—:/2 — S/Z

The value of s? is the same in all in all inertial systems
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Invariant distance 2 Comment

The calculation given shows that the invariant distance is independent of the
respective coordinate system.

The value of the quantity “s” is the same in all inertial systems and is independent

of the speed.
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Relativistic invariants 1

The following equation always applies to an electromagnetic wave in a vacuum

or
w = ck
or
w? — c2k2
or
w\2 =
() =0
c
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Relativistic invariants 1 Comment 1

Only two relativistic invariants are discussed with in this lecture, although there are
many more in nature.

In this section the relativistic invariant is discussed, which is formed by the angular
frequency and the wave vector.

The first formula outlined in red shows the relationship between frequency and
wavelength of an electromagnetic wave in a vacuum.

An electromagnetic wave in a vacuum always propagates at the speed of light.

A small rearrangement of this equation results in the second equation outlined in
red.
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Relativistic invariants 1 Comment 2

The angular frequency divided by the speed of light squared minus the square of
the wave vector is always zero.

This equation applies regardless of the relative velocities in all inertial systems.

The last line shows the similarity between the invariant distance and the
relationship between the angular frequency and the wave vector.

In the case of angular frequency and wave vector, the quantity corresponding to
the “s” is always zero.



Relativistic mechanics Revision

Apparent effects Invariant distance Relativistic invariants Doppler effect
Relativistic invariants 2

% and k have to be transformed with the Lorentz transformation

v
Ctz’)/(ct/—FEXI) UJ:’Y((U,—FVkX,)

"4
XZV(X/-I-ECI‘/) kx:’)’(kxl"‘gwl)
/ ky:ky/

y=y
!/ kZ:kZ/

zZ=Z
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Relativistic invariants 2 Comment

This similarity means that if the reference system is changed, the Lorentz
transformation must be used to transform the angular frequency and the wave
vector.

The equations outlined in red show the Lorentz transformation of the angular
frequency and the wave vector.

These equations correspond to the usual Lorentz transformation of time and
space.
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Relativistic invariants 3

frame S frame S'
y y

kxlzo, ky,:kI:w//C, kZ,:O
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Relativistic invariants 3 Comment

As an example, consider a plane electromagnetic wave that propagates in the
coordinate system S ’along the y’ direction.

This can be, for example, the light path between the beam splitter and the mirror 1
of a Michelson interferometer, which moves relative to an observer.

The lower line gives the wave vector of the electromagnetic wave in the coordinate
system S .
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Apparent effects Invariant distance Relativistic invariants
Relativistic invariants 4

with the Lorentz transformation

w =y(w' + vky) ct =~(ct' + gx/)
v

kX:’y(kxl'i_?w/) X:’\/(X’+£Ct’)

ky =ky' y=y'

kz =k;' z=2'

and k' =0, k,/=k'=w/c, k;/'=0

w=yw’
v, v,

ky:k/

kZ:0
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Relativistic invariants 4 Comment

The components of the wave vector in the observer coordinate system S can
easily be calculated with the Lorentz transformation.

The equations framed in red indicate the results.

The wave vector in the coordinate system S is tilted in the direction of the speed of
the coordinate system S'.
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Relativistic invariants 5

Observing a moving Michelson interferometer

light source — \I_I [ —v)

detector



Apparent effects Invariant distance Relativistic invariants Doppler effect Relativistic mechanics Revision

Relativistic invariants 5 Comment

The beam to mirror M1 tilts in the forward direction as assumed in the classical
discussion of the Michelson interferometer.

The cause of the tilt is not an experimental imperfection that is exploited to
advantage, but the aberration effect discovered by James Bradley in 1725.



Apparent effects Invariant distance Relativistic invariants Doppler effect Relativistic mechanics Revision

Relativistic invariants 6

the tilt angle with respect to the y-axis is

k %
tana=-~=~- andwhen v<<c: |a=
ky c

(PRI
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Relativistic invariants 6 Comment

When the speed is small compared to the speed of light, the angle of inclination is
given by the ratio between the speed and the speed of light.

This effect is the aberration of light discovered by the astronomer James Bradley
in 1725.

In 1818 Fresnel introduced the complicated and contradicting theory of partial
ether-drag to explain this effect within the classical wave picture.

Einstein showed in 1905 that the aberration of electromagnetic waves is a simple
consequence of the Lorentz transform.
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Doppler effect 1

(DopplerEffectandShockWavesHD.mp4)


DopplerEffectandShockWavesHD.mp4
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Doppler effect 1 Comment

This picture shows the Doppler effect for surface waves on water.

The distance between the wave fronts depends on the speed of the source and
the direction from which the source is observed.

The smallest distance between the wave fronts is observed in front of the source.
The greatest distance between the wave fronts is observed behind the source.

If harmonic waves are excited, the wavelength for the different observation
directions varies between these two cases.

The animation shows the Doppler effect of sound waves.
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Doppler effect 2

/W) K> T(v)

observer at rest

The light source that emits spherical waves and approaches an observer at rest

A(v) = 2¢T(v) — vT(v) — cT(v) = (c — v)T(v)
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Doppler effect 2 Comment 1

In contrast to water or sound waves, there is no carrier medium for
electromagnetic waves.

Therefore only the relative movement between source and observer is important.

The figure shows a source that moves relative to an observer and emits spherical
electromagnetic waves.

The circles indicate the wave fronts of the spherical waves.
The wave fronts are emitted at different points due to the movement of the source.

The time between the emission of two wave fronts is the period of oscillation of the
source.
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Doppler effect 2 Comment 2

The period of oscillation is visualized by the light clock.

For the observer, the period of oscillation is longer than the proper period of
oscillation of the source due to the time dilation.

The geometry of the sketch indicates how to calculate the wavelength of an
approaching source.

The formula underlined in red gives the wavelength of the moving source.
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Doppler effect 3

with the formula for time dilation
A(v) =(c = v)T(v)

T 1Y
=(c—Vv)——2— =T, £

0
2
- -9+
and the proper wave length in the rest frame of the source Ag = ¢Tj results the
formula for the longitudinal Doppler effect for an approaching source

—
|
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Doppler effect 3 Comment

The relationship between the wavelength in the rest frame of the source and the
wavelength of a source approaching an observer can be calculated using the time
dilation formula.

The first equation framed in red shows the result.

The wavelength of the approaching source becomes shorter and the frequency
higher.
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Doppler effect 4

Absorption Lines from our Sun

Absorption Lines from a supercluster of galaxies, BAS]]I

v=0.07¢, d =1 billion light years
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Doppler effect 4 Comment 1

The opposite effect is usually observed in astronomy.
Almost all galaxies are withdrawing from our galaxy (not the Crab Nebula).

The figure shows absorption spectra of the sun and the supercluster of galaxies
BAS11.

The electromagnetic spectrum of the stars that make up a galaxy is due to thermal
radiation and is therefore broad and smooth.

Sharp absorptions can be observed due to the atoms and molecules that form a
gas cloud around the stars.

The upper figure shows the absorption spectrum of our sun.

The figure below shows the absorption spectrum of a supercluster of galaxies.
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Doppler effect 4 Comment 2

Both spectra show the same type of spectral lines.

Compared to the absorption spectrum of the sun, the sharp absorption lines of the
supercluster are shifted to longer wavelengths.

The galaxy cluster is moving away from our galaxy.
Historical remark:

Long before the spectra of atoms were studied and understood, the spectrum of
the sun was observed .

Joseph von Fraunhofer simply labeled 1814 the absorption lines by letters.

A B C D E F o HK
b c d ef gh

a 12
——'W
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longitudinal Doppler effect of a receding source

red shift

Relativistic mechanics

14 ¢ 1-1Y
A(v) = Ao T and |v(v)=1p T4
_ 14V
Z:A(V) AO: +C_1
Ao 1%
(note: -1 ~ 1+ %)

Revision
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Doppler effect 5 Comment

The equations outlined in red indicate the longitudinal Doppler effect for a receding
source.

Often the relative change in wavelength is used.
This is known as redshift for a receding source.

If the speed is much less than the speed of light, then the redshift is simply given
by the ratio between the speed and the speed of light.

It is worth noting that the relative Doppler effect of electromagnetic waves for small
speeds is always proportional to the ratio of speed and the speed of light.
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Doppler effect 6
Doppler effect and Lorentz transformation
frame S frame S'
y y'
w Ky k', w'
X X'

-,V

k=(k«=-wjc, ky=0 k;=0) and k'=(k\=-w'/c, kj,=0 kj,=0)
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Doppler effect 6 Comment

To obtain the wavelength or frequency of a moving source observed at an angle
with respect to the relative speed between the frames of reference, the Lorentz
transform can be used.

As a simple example, the longitudinal Doppler effect can first be calculated using
the Lorentz transformation.

The figure shows a source resting in the coordinate system S’.
The coordinate system S’ moves away from the observer with the velocity v.

The k-vectors in the two coordinate systems S and S’ are given in the line below
the figure.

A plane wave is observed that propagates in the negative x-direction.
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Doppler effect 7: Lorentz transformations between frame S and S’

w="y(w’+ vk') w' =7(w — vky)
v v
ke =7(ke' + Zw’) kx’:A/(kX—?w)

S

Il

g

=

=

S

_|_

<

>

x>
—
S

|

<
\L

or
1+¥

W' = wy = (W= vk) =7 (w+v2) —w
,/1_

w’ = wy is the proper angular velocity in frame S’ and w = w( v) the angular
velocity of the source observed in frame S

i‘
0<0<
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Doppler effect 7 Comment

The equations in the frames show the Lorentz transformations between the
reference systems S and S .

The Doppler effect can be calculated using all of these equations.

In the first line under the Lorentz transformations, the first equation marked in blue
is used and the result is the formula underlined in red.

The second line uses the second equation highlighted in blue and one gets the
same result.

In both cases, the calculation assumes that the source recedes from the observer,
i.e. ky=—w/cand ky' = —w’'/c

The observed angular frequency of the source decreases as it moves away from
the observer.
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w=ck and k,=-kcos6, k,=—ksin6

Relativistic invariants

Doppler effect 8

Doppler effect at any viewing angle

w

vi /_r\ v
‘- e(kx, ky)

frame S

Doppler effect Relativistic mechanics Revision

_> Vv

frame S'
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Doppler effect 8 Comment

The figure shows an observer in the reference system S who perceives a wave at
the angle 6 relative to the velocity of the source.

The radiation source rests in the reference system S’, which in the sketch is
moving away from the observer with the velocity v.

The formulas written in blue give the frequency and the components of the wave
number vector in the observer’s frame of reference.

In the sketch, the reference system S’ has passed the observer.

At an earlier point in time it must have been on the left side of the sketch,
approaching the observer.

The observer had to look to the left to see the frame of reference S’ and 6 > 90°
applies to the observation angle.
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Doppler effect 9

w' =y(w — vky)

"4
kx/ :”/<kx - ?“U

ky/ :ky
kz/ :kz
with
w
ky = —kcos 6 = o cos 6
results

w' =y(w— vky) = v(w + gwcos 0)

1
(1 + £cos6)

w=uw'
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Doppler effect 9 Comment

Since the observer in the reference system S determines the components of the
wave number vector ky and ky, it is convenient to use a transformation equation, in
which these components appear as variables.

The Lorentz transformation for an observer in frame S’ has to be used.

Consequently, the blue marked equation for the transformation between the
proper frequency of the source wy = w’ and the frequency w of the observer in
frame S is most useful. (The other equations can be used just as well.)

This results in the equation outlined in red in the lower line.
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Doppler effect 10

2
/ 1T- (%)
(1+ £cos6)

w=w with the proper angular velocity w’ = wyq

6 = 0° gives the longitudinal Doppler effect for a source that is receding

V1

)2
W= Wyg~———"— = W

1-— 1—
1+

14

ol

ol ol<

ol

6 = 180° gives the longitudinal Doppler effect for a source that is approaching

V1= (9)? v

ol
<

o

<

ol
o
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Doppler effect 10 Comment

The formula outlined in red once again gives the formula for the general Doppler
effect.

6 = 0° applies in case the source moves away and 6 = 180° in case the source
approaches.

In both cases one obtains the well-known formula for the longitudinal Doppler
effect.
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Doppler effect 11

1= ()’
(14 ¢cos6)

w = Wo

Approximation v << ¢,y — 1 and 6 # 0°:

1 v<<e

w= wofy(1 + £cos 6)

w=wo(1- gcose)

w — Wo Aw v Aw Vv
——— =|— =——-co0s@| or — = —
Wo Wo c wo c
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Doppler effect 11 Comment

In many applications, the velocities v are very small compared to the speed of
light.

If the root of the numerator in the formula framed in red is replaced by one and the
remainder by a Taylor expansion (1/(1 + x) = 1 — x), then the formula underlined
in red results.

The frequency shift is simply proportional to the projection of the velocity v onto
the direction of observation, i.e. Aw/w = v /c.

The frequency increase is maximum when the source approaches the observer
directly.

No frequency shift results when the source is observed at 90° and a frequency
lowering results when the source moves away.
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Doppler effect 12: Applications

m ‘Radar’ speed traps
\= Microwave from transmitter

> >

er

S
Vi
scattered wave to detector
S
Vi

-€ >
€p
ver vép
wy =wo(1—-~--) and wy =w(1-—7)

ve ve v
wy = wo(1 = =1)(1 = =22) ~ wo(1 — ~(ér+ &) = wo(1 - 2-)
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Doppler effect 12 Comment

The figure on the left shows the radar.

The horn is necessary to match the characteristic impedance of the gun diode
(microwave source) to the characteristic impedance of the free space.

The sketch on the right shows the basic principle.
w1 denotes the angular velocity of the wave hitting the moving object.

w» denotes the elastically scattered wave emitted by to moving object towards the
detector.

The Doppler shift of the angular velocity is wo2v /c.
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Doppler effect 13: Applications

The Doppler shift is measured by wave mixing

w1 + Wa

exp(iwqt) + exp(iwyt) = exp(iTt) -Zcos(Tt)

(TuningFork.mp4)


TuningFork.mp4
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Doppler effect 13 Comment

The horn of the radar transmitter also serves as a receiver of the scattered radar
wave.

The outgoing and incoming waves can be decoupled (e.g. by a circulator).

The incoming wave is mixed with the wave from the microwave source and a beat
signal is produced.

The beat frequency is wov;/c.
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Doppler effect 14: Applications

m Laser Doppler velocimetry or anemometry

Laser 1
<T €€

Laser 2

scattered wave to detector

w1 = wo(1— ~(€r1 +€p)) and wy =wo(1— (e + €p))

%
c

oOl<t

—

V. o .
Wy — W2 = Wo (€12 — €71)
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Doppler effect 14 Comment

The figure on the left shows a laser Doppler velocimeter.
The speed of an object is measured at the crossing point of the two laser beams.
The figure on the right shows the principle.

The scattered waves of the two laser beams are superimposed in the detector and
the beat frequency is measured.

The calculation shows that the beat frequency is independent of the position of the
detector, i.e. the detector can e.g. be integrated into the device that emits the two
laser beams.

The component of the measured velocity lies in the plane of the two laser beams
and perpendicular to the direction towards the source of the laser beams.



Apparent effects Invariant distance Relativistic invariants Doppler effect Relativistic mechanics Revision

Doppler effect 15: Applications

m Modssbauer effect, or recoilless nuclear resonance absorption (1958)

38000 + + W
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Velocity [m/s]

5"Fe Mdssbauer spectrum



Apparent effects Invariant distance Relativistic invariants Doppler effect Relativistic mechanics Revision

Doppler effect 15 Comment 1

So far it has been assumed that the scattering of light is elastic, i.e. no energy is
transferred to the moving object.

This is an excellent approximation for microwaves and visible light, but not for
X-rays or v rays.

~ rays are emitted from nuclei and are extremely sharp.

Since the energy of ~ rays is large, recoil in an emission or absorption process
cannot usually be neglected.

Therefore, the ~ radiation emitted by one nucleus cannot normally be absorbed by
another nucleus of the same type.

In 1958 Rudolf M&ssbauer discovered that there is no recoil in a v emission or
absorption when the nucleus is part of a solid.
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Doppler effect 15 Comment 2

The energy of the nuclear transitions depends somewhat on the environment of
the nucleus.

Because the spectral width of v rays is very small, the tiny energy shifts due to the
electronic environment of the nucleus can be probed by the Méssbauer effect.

The figure shows the Méssbauer spectrum of the 3" Fe nucleus.

The ~ radiation is emitted by 57 Fe nuclei in the reference source and absorbed by
57Fe in the substance under investigation.

The resonance condition is established by the Doppeler effect.

For this purpose, the v source is moved with a Mdssbauer transducer at a
constant speed relative to the substance to be examined.
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Relativistic mechanics 1

Max Planck 1900

Louis de Broglie 1924

h - —
p:X and p=hk

Planck’s constant
h=6.626-10"*Js

and h = h/2m
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Relativistic mechanics 1 Comment 1

Newton’s second law is of particular importance in mechanics.

A mass is accelerated by a force, and the product of mass and acceleration is
equal to the force acting on the mass.

The special theory of relativity is based on the Lorentz transformation, which does
not describe any accelerated movements.

Accelerations are therefore not a topic of the special theory of relativity and a
complete description of mechanics with the special theory of relativity is not
possible.

This is the subject of general relativity.



Apparent effects Invariant distance Relativistic invariants Doppler effect Relativistic mechanics Revision

Relativistic mechanics 1 Comment 2

Nevertheless, there are important aspects of mechanics that are already visible in
the special theory of relativity and that are very important in the context of
quantum mechanics.

The basic laws of quantum mechanics offer the easiest access to the mechanics
of the special theory of relativity.

However, this is not the historical approach that | do not want to discuss in this
lecture.

The first law is Planck’s law, which was discovered in 1900.
The energy of electromagnetic waves is quantized.

The energy of the quanta is given by the first equation outlined in red.
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Relativistic mechanics 1 Comment 3

If Planck’s constant is divided by 2 T, the angular frequency can be used.

The Planck constant divided by 21 was introduced by Nils Bohr and is known as
the reduced Planck constant or simply as h-bar.

The second basic law of quantum mechanics was found by de Broglie in 1924.

He conjectured that all particle form waves and that waves are always formed by
particles.

The wavelength is related to the momentum of the particles.

The second formulas outlined in red give the relationship between the momentum
and the wavelength or the momentum vector and the wave number vector.
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Relativistic mechanics 1 Comment 4

Based on de Broglie’s theory, Planck’s law is not limited to electromagnetic waves,
but applies to all types of waves.

The energy of the particles is proportional to the angular frequency and the
momentum is proportional to the wave vector.
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Relativistic mechanics 2

ctand 7
ct =~(ct’ + gx')
x:fy(x’+gct’) and y=y' and z=12'
w/c and K
wz’y(wl‘f‘kal)
kx:'Y(kx/+C_‘/2wl) and ky= k' and k= k'
E/cand p

E=~(E"+ vpx')
"4
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Relativistic mechanics 2 Comment

Since the angular frequency and the components of the wave vector are subject to
the Lorentz transformation, energy and momentum must also be transformed
using the Lorentz transformation when the inertial system is changed.

The first set of equations gives the Lorentz transformation for time and space.

The second set of equations provides the Lorentz transformation for the angular
frequency and the components of the wave vector.

The third set of equations shows the Lorentz transformation of energy and
momentum.
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Relativistic mechanics 3
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Relativistic mechanics 3 Comment 1

The figure shows an observer in the coordinate system S and a mass mg, which
rests in the coordinate system S’.

The mass mg moves with the reference system S’.
The momentum of the mass is zero in the reference system S'.

With the Lorentz transformation, the momentum of the mass in the coordinate
system S can be calculated and the first equation outlined in red results.

If the relative speed between the reference systems S and S’ is much smaller than
the speed of light, the factor v = 1.

In Newtonian mechanics, the momentum is calculated from the product of mass
and speed.
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Relativistic mechanics 3 Comment 2

This results in the formula for the mass mg written in blue.

The mass is equal to the energy of the mass at rest divided by the square of the
speed of light.

The energy of the mass at rest is called rest energy.

The second equation outlined in red gives the formula for the rest energy.
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Relativistic mechanics 4

energy of a mass mg moving with frame S’
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relativistic mass
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Relativistic mechanics 4 Comment

The energy of the moving mass can be calculated using the Lorentz
transformation.

The energy is equal to the rest energy multiplied by the factor .
This result is given by the first equation outlined in red.

When the velocity of the mass is small, the Taylor series of the square root gives
the equation underlined in red.

The energy is equal to the sum of rest energy and classical kinetic energy.

The relativistic mass results from the product of the mass my multiplied by the
factor ~.

my is usually referred to as the rest mass.
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Relativistic mechanics 5

energy
E = mc?
and momentum

—

px = ymgv and in general |p=mv
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Relativistic mechanics 5 Comment

The energy of a moving mass is equal to the product of the relativistic mass and
the square of the speed of light.

The formula for the relativistic momentum corresponds to the formula for the
classical momentum.

The rest mass must be replaced by the relativistic mass.
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Relativistic mechanics 6

(crashtest.mp4)


crashtest.mp4
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Relativistic mechanics 6 Comment

Since the introduction to the basic formulas of relativistic mechanics is very
abstract, | will now discuss a crash test to show that Einstein’s formulas provide
meaningful results in everyday situations.

The video shows an elementary mechanical experiment: a vehicle drives into a
barrier, deforms and stops.

In order to establish a reference to Einstein’s theory of relativity, this experiment is
observed on the one hand by a person in the experimental hall and on the other
hand by a person passing by outside.
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Relativistic mechanics 7
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Relativistic mechanics 7 Comment

The figure shows the crash test in the reference system S. The car drives into a
barrier illustrated by a spring at speed uy, and gets stuck. The deformation of the
barrier and the car are a measure of the car’s momentum, which is indicated by
the compressed spring.

An observer who moves past with his reference system S’ observes the
experiment. He sees the same deformation of the car and the barrier and thus
observes the same impulse pg, that an observer can also measure in the reference
system S.

According to the Lorentz transformation, the momentum does not change
transversely to the direction of movement of the two reference systems, which is
consistent with the observation.
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Relativistic mechanics 8

Speed of the car in the frame of reference S’

uy=-v
uy, =uy/y = uy\/1—-v2/c?

Einstein’s momentum in the frame of reference S

Einstein’s momentum in the frame of reference S’
'y mou/T—V2
\/1 )2)/c? \/1 —v2/c2 — uZ/c?(1 — v2/c?)
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Py




Apparent effects Invariant distance Relativistic invariants Doppler effect Relativistic mechanics Revision

Relativistic mechanics 8 Comment 1

The first formulas outlined in red indicate the speed of the car in the reference
system S’. In the x-direction it is the negative relative speed of the reference
systems and in the y-direction the effect of the time dilation must be taken into
account.

For the observer in the reference system S’ the process is somewhat slower. Since
the coordinates in the y-direction do not change due to the Lorentz transformation,
the following applies due to the time dilation At’ = yAt for the speed in the
y-direction in the coordinate system S’: uj, = Ay/At’ = Ay/(yAt) = uy /7.

The speed of the car in the y-direction in the reference system S’ is lower by the
factor 1/ and the Newtonian impulses no longer match in the two reference

systems in the y-direction: p, = mouy # pj, = mou,.
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Relativistic mechanics 8 Comment 2

However, since the observer could see the same deformations in both reference
systems, this result of Newtonian mechanics cannot be correct.

If Einstein’s formula is used for the momentum, then the momentum in the
y-direction is the same in both reference systems, as the calculation in the last line
shows.
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Relativistic mechanics 9

relativistic invariant of circular frequency and wave number

(&) =

relativistic invariant of energy and momentum

E 2
(E) — B2 =7Pmic® — P miv?
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Relativistic mechanics 9 Comment 1

The underlined equation gives the relativistic invariant of the angular frequency
and the wave number vector for an electromagnetic wave in a vacuum.

The invariant is simply zero, since electromagnetic waves in a vacuum always
travel at the speed of light.

The angular frequency can be replaced by energy and the wave number vector by
the momentum.

A quick calculation gives the equation outlined in red.

The relativistic invariant of energy and momentum results from the square of the
rest mass multiplied by the fourth power of the speed of light.
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Relativistic mechanics 9 Comment 2

From this equation it follows that the rest mass of the quantum particles that form
electromagnetic waves must be zero. (E2 — ¢?p? = 0 and E = hw = cp = chk or
w = ck).

These quantum particles are called photons.
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Summary in questions

1.

2.

Give the formulas for the longitudinal Doppler effect of electromagnetic waves.

Give the formulas for the Doppler effect at low speeds and at any angle of
observation.

Give the Lorentz transformation of energy and momentum.

. Give the formula for the relativistic energy of a free particle.

Give the formula for the momentum.

. Give the formula for the relativistic mass.

. Give the relationship between energy and momentum for particles with rest

mass my.
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