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Ionic bonding
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Types of binding

Ionic bonding
Hydrogen bridge bond
van der Waals bond
Covalent bond
Metallic bond
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Types of binding: Comment

There are different forces that bind atoms to molecules and solids.

Quantum mechanics is involved in almost all interactions between atoms.

Very often different types of binding occur together, so the strict division of this
section is academic in nature.
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Ionic bonding

Coulomb force between positively and negatively charged ions

e.g. NaCl (Na: [Ne]3s1 and Cl: [Ne]3s2 3p5)
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Ionic bonding Comment 1

A common example of ionic bonds is table salt, i.e. sodium chloride.

The electronic configuration of sodium results from the noble gas configuration of
neon and a valence electron in the 3s orbital.

The electronic configuration of chloride results from the noble gas configuration of
neon and two electrons in the 3s orbital and five electrons in the 3p orbital.

The total energy can be reduced if the 3s valence electron of sodium fills the
electron hole of the chloride configuration, so that the noble gas configuration of
argon is created.

The charge density of both ions is spherical and the crystal structure of sodium
chloride is a close packing of spheres.
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Ionic bonding Comment 2

With sodium chloride, the electrons are stably localized on the sodium and
chlorine ions.

It doesn’t always have to be that way.

Often there is a mixture of ionic bonding and covalent bonding.
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Hydrogen bridge bond
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Types of binding

Ionic bonding
Hydrogen bridge bond
van der Waals bond
Covalent bond
Metallic bond
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Hydrogen bridge bond

Coulomb force between positively charged hydrogen atoms, i.e. protons and
negatively charged atoms
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Hydrogen bridge bond Comment

The crystals of water molecules, i.e. ice, are typical examples of hydrogen bonds.

The negative electron cloud of the hydrogen atoms is shifted nearly completely to
the oxygen atom.

The water molecule is strongly polar and the positive and negative areas of the
water molecule form the hydrogen bond.

There are many examples in chemistry and biology of molecules linked by ionized
hydrogen atoms.



Ionic bonding Hydrogen bridge bond van der Waals bond Covalent bond Metallic bond Bravais lattice Reciprocal lattice Brillouin zones Revision

van der Waals bond
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Types of binding

Ionic bonding
Hydrogen bridge bond
van der Waals bond
Covalent bond
Metallic bond
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van der Waals bond

The reason for van der Waals forces lies in the interaction between permanent or
induced electrical dipole moments.
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van der Waals bond Comment 1

Electric dipoles experience attractive or repulsive forces depending on their
orientation.

This is analogous to the interaction between magnetic dipole moments.

The interaction is limited to a short range because the potential energy is
proportional to 1/r 3.

For comparison, the potential energy of the Coulomb interaction between charges
is proportional to 1/r.

The case of induced dipole moments is particularly interesting.

The picture of a negatively charged electron cloud around an atomic nucleus is not
entirely correct, since the cloud is formed by electrons that are constantly moving.
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van der Waals bond Comment 2

The nucleus and the electrons form fluctuating electrical dipole moments due to
the movement of the electron.

The movement of the electrons is influenced by neighboring atoms, so that the
mean value of the fluctuating dipoles is not zero.

The mere presence of a neighboring atom leads to induced dipole moments in the
atoms, leading to an attraction force between the atoms.

For example, the noble gases form crystals at low temperatures due to van der
Waals bonds.
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Covalent bond
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Types of binding

Ionic bonding
Hydrogen bridge bond
van der Waals bond
Covalent bond
Metallic bond
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Covalent bond 1

The covalent bond is a special form of exchange interaction

atoms can form common molecular orbitals if the atomic orbitals overlap

two electrons can occupy a molecular orbital if they differ in the spin quantum
number ms
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Covalent bond 1 Comment 1

Within an atom, the exchange interaction is a consequence of the Coulomb
repulsion force between the electrons and the entanglement of the electron states.

Within an atom, the electrons can reduce the effect of the repulsive force between
two electrons if the spins of the electrons are parallel.

One can imagine that electrons with parallel spins avoid each other and thereby
reduce the influence of the repulsive force.

With two neighboring atoms, an additional aspect becomes important.

The figure outlines the case in which the spins of the electrons on the neighboring
atoms are aligned parallel or antiparallel.

When the spins of the electrons are antiparallel, the two electrons can jump into
the orbital of the electron on the neighboring atom.
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Covalent bond 1 Comment 2

This increases the available volume for the electron and the kinetic energy can be
reduced due to the uncertainty relations ∆x∆p ≥ ħ/2 etc. .

This allows the electrons to increase their binding energy despite the Coulomb
repulsion.

This energy gain binds the two atoms together.

If the spins of the two electrons are parallel, they have to avoid each other due to
the Pauli principle.

The atoms do not form a bond.
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Covalent bond 2
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Covalent bond 2 Comment

In the periodic table of the elements, the elements marked in green form covalent
bonds.

N, O, F and Cl form diatomic molecules.

The other elements (with the exception of bromine) form crystals at room
temperature due to covalent bonds.

The electrical conductivity increases with the number of electrons.

Carbon forms insulating crystals.

Silicon, germanium form semiconductors.

Arsenic and tellurium form semimetals.



Ionic bonding Hydrogen bridge bond van der Waals bond Covalent bond Metallic bond Bravais lattice Reciprocal lattice Brillouin zones Revision

Covalent bond 3
spn hybrid orbitals:
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Covalent bond 3 Comment 1

The elements highlighted in green are characterized by the fact that the p-shell is
not completely occupied by electrons.

However, the covalent bonds are not formed directly by the p orbitals, but by
so-called spn-hybrid orbitals, i.e. linear combinations of s and p orbitals.

The table shows the sp hybrid orbital first.

The sp orbital is very similar to a normal p orbital and is called a πorbital.

The sp2 hybrid orbital is planar and has three lobes as shown in the figure.

This is a σ orbital.
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Covalent bond 3 Comment 2

The honeycomb structure of graphite is created by σ orbitals.

The sp3 hybrid orbital is displayed in the last line.

The lobes of the orbital point to the corners of a tetrahedron.

The sp3 hybrid orbitals form the diamond structure, which is realized by carbon,
silicon and germanium.
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Covalent bond 4

(Diamantstruktur.mp4)

Diamantstruktur.mp4
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Covalent bond 4 Comment

The illustration compares diamond and graphite, both of which are made up of
carbon atoms.

The diamond structure is formed by the sp3 hybrid orbitals, while the honeycomb
structure of graphite results from the sp2 hybrid orbitals.

In graphite, the hexagonal planes are held together by the weak van der Waals
forces.
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Metallic bond
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Types of binding

Ionic bonding
Hydrogen bridge bond
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Metallic bond 1
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Metallic bond 1 Comment

Most of the elements in the periodic table form metals when in the solid phase.

Exceptions are the noble gases and the diatomic gases of H2, N2, O2, F2, Cl2.

These atoms and molecules form insulating crystals due to the van der Waals
forces.

Helium is special because it does not crystallize under ambient pressure.

Due to the uncertainty relations helium is a quantum liquid between 0 and 4.23 K
(4He) and 3.19 K (3He) with special properties (e.g. superfluidity).

The elements highlighted in green form insulating crystals, semiconductors and
semimetals in the solid phase.
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Metallic bond 2
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Metallic bond 2 Comment 1

The figure schematically outlines three possible situations of solids.

As an example, consider one valence electron per atom that occupies a d orbital.

The left figure shows the situation when there is no overlap of the orbitals, so the
valence electrons remain on the atoms and the resulting substance is a
paramagnetic insulator.

The second figure shows the situation when the distance between atoms becomes
smaller and the orbitals begin to overlap.

The valence electrons can jump to neighboring atoms, but do not stay there due to
the strong Coulomb repulsion of electrons located in the same orbital.

Nevertheless, these jumps will occur according to the uncertainty relations. The
result is the exchange interaction.
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Metallic bond 2 Comment 2

The intraatomic exchange interaction favors the parallel alignment of electron
spins, while the interatomic exchange interaction favors the antiparallel alignment
of the spins of neighboring atoms.

The resulting substance is an antiferromagnetic insulator.

This is observed with many transition metal oxides. The antiferromagnetic Cu2O
planes of high-temperature superconductors are particularly famous.

There the d orbitals do not overlap directly. The coupling is mediated by the p
orbitals of the oxygen atoms. This is the superexchange interaction.

The third figure shows the situation when the orbitals overlap strongly. The
electrons can easily move from atom to atom and a paramagnetic metal is formed.
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Metallic bond 2 Comment 3

Delocalization of a valence electron reduces its kinetic energy.

If the reduction in kinetic energy exceeds the energy of the Coulomb repulsion,
which occurs when there are two valence electrons on an atom, the electrons can
move freely from atom to atom.

Finally, the electrons no longer occupy the standing waves of localized orbitals, but
form traveling waves.

The delocalization of the electrons over the entire volume of a crystal reduces the
uncertainty of the momentum and thus of the kinetic energy.
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Metallic bond 2 Comment 4

Electrons that can move freely through the crystal are called conduction electrons.

The decrease in the kinetic energy of the conduction electrons contributes to the
binding energy of the metal.
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Metallic bond 3

Crystal structures of simple metals

b.c.c. body-centred cubic
h.c.p. hexagonal close packing
f.c.c. face-centred cubic
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Metallic bond 3 Comment

Since the binding energy of the electrons in the fully occupied orbitals is
particularly large, the conduction electrons result from the valence electrons that
are less strongly bound to the atomic nucleus.

The fully occupied orbitals bound to the atoms lead to a spherical charge
distribution.

It is therefore not surprising that the crystal structure of most metals in the periodic
table of the elements is described by the closest packing of spheres.

There are three different types of closest packing of spheres (b.c.c, f.c.c., and
h.c.p).

There are a few exceptions where the structure of the closest packing of spheres
is somewhat distorted (e.g. Hg) or where the crystal structure is determined by
covalent bonds of sp hybrid orbitals.
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Metallic bond 4
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Metallic bond 4 Comment

This figure illustrates the close packing of identical spheres in detail.

The space filling is greatest in the fcc and hcp structures with 74 %.

The space filling of the bcc and sc structures is lower at 68 % and 52 %,
respectively.
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Metallic bond 5
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Metallic bond 5 Comment

This figure illustrates the difference between the AB packing of the hcp structure
and the ABC packing of the fcc structure.

The threefold symmetry axis is perpendicular to the plane of the drawing.

In the AB packing, the axis of symmetry corresponds to the six-fold axis of
symmetry of a hcp lattice.

In the ABC packing, the axis of symmetry corresponds to the diagonal of the cubic
unit cell of an fcc lattice.
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Solids

1 Types of binding
2 Crystal lattices
3 Lattice vibrations
4 Electrons in crystal lattices
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Bravais lattice



Ionic bonding Hydrogen bridge bond van der Waals bond Covalent bond Metallic bond Bravais lattice Reciprocal lattice Brillouin zones Revision

Crystal lattices

Bravais lattice and Wigner-Seitz cell
Reciprocal lattice
Brillouin zones
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Crystal lattices Comment

In the introductory chapter “Classical Wave Optics”, X-rays were considered in
crystal lattices.

The structure of crystals can be determined using the diffraction of X-rays.

In the following vibrations of crystal lattices and electron waves in crystal lattices
are considered.

Knowing some basic properties, especially of cubic crystals, is very helpful or even
mandatory.
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Bravais lattice and Wigner-Seitz cell 1
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Bravais lattice and Wigner-Seitz cell 1 Comment

A crystal lattice is formed by the periodic repetition of a primitive unit cell.

The figure illustrates this fact by repeating the room of a doll’s house.

Each red rectangle is a primitive unit cell of the lattice.
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Bravais lattice and Wigner-Seitz cell 2
A primitive unit cell is defined by three linearly independent vectors a⃗1, a⃗2, and a⃗3

The position of the objects within the primitive unit cell is described by the vectors
d⃗i with respect to the vectors a⃗1, a⃗2 and a⃗3 of the primitive unit cell.
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Bravais lattice and Wigner-Seitz cell 2 Comment

The primitive unit cell is spanned by the three linearly independent vectors a⃗1, a⃗2,
and a⃗3.

The position of each object within the primitive unit cell is given by a vector d⃗i.

The totality of the vectors d⃗i is called the basis of the lattice.

The angles at which the diffraction maxima are observed in X-ray diffraction are
determined by the primitive unit cell of the crystal lattice, i.e. the vectors a⃗1, a⃗2,
and a⃗3.

The intensity of the diffraction peaks is determined by the so-called structure
factor, which is a function of the vectors d⃗i (for details see 3rd lecture).
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Bravais lattice and Wigner-Seitz cell 3

Comparison between a simple hexagonal and the honeycomb lattice in two
dimensions.
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Bravais lattice and Wigner-Seitz cell 3 Comment

The honeycomb lattice of carbon is a grid with two carbon atoms within the
two-dimensional primitive unit cell.

In graphite, there are two additional carbon atoms within the primitive unit cell due
to the stacking of the honeycomb layers.
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Bravais lattice and Wigner-Seitz cell 4
The position of the primitive units cell is given by the vectors

R⃗n1,n2,n3 = n1a⃗1 + n2a⃗2 + n3a⃗3 + r⃗offset

The vectors R⃗n1,n2,n3 define a point lattice, which is called the Bravais lattice
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Bravais lattice and Wigner-Seitz cell 4 Comment

The position of the primitive unit cell is indicated by the formula underlined in red.

The numbers n1,2,3 are integers.

The vectors R⃗n1,n2,n3 define a mathematical point lattice which is called the Bravais
lattice.
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Bravais lattice and Wigner-Seitz cell 5
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Bravais lattice and Wigner-Seitz cell 5 Comment 1

There are 14 different types of Bravais lattices.

The translation of the primitive unit cell can be combined with rotations of 60°, 90°,
120° and 180°, as well as with reflections and inversions

These symmetry operations limit the number of different Bravais lattices to 14.

The types of Bravais lattices can be divided into so-called crystal classes, e.g. the
cubic class, the tetragonal class, etc.

The figure illustrates the various types of Bravais lattices.



Ionic bonding Hydrogen bridge bond van der Waals bond Covalent bond Metallic bond Bravais lattice Reciprocal lattice Brillouin zones Revision

Bravais lattice and Wigner-Seitz cell 5 Comment 2

But attention: in some cases the shown unit cells are not the primitive unit cells.

The primitive unit cell always encloses one point of the Bravais lattice.

E.g. the shown cubic cell of the bcc lattice encloses two points of the Bravais
lattice and the shown cubic cell of the fcc lattice encloses four points of the Bravais
lattice.

Of the three cubic cells shown, only the simple cubic lattice cell is a primitive unit
cell!
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Bravais lattice and Wigner-Seitz cell 6
Penrose tiling
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Bravais lattice and Wigner-Seitz cell 6 Comment

From tiling it is known that even with two or more primitive unit cells, area-filling
periodic and aperiodic structures result.

The figure shows an aperiodic, but nevertheless highly symmetrical structure that
results from two primitive unit cells.

Such structures also occur in nature, albeit rarely, so that they do not have to be
considered in the context of this lecture.
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Bravais lattice and Wigner-Seitz cell 7

bcc lattice

possible vectors of a primitive unit cell

a⃗1 =
a
2
(e⃗x − e⃗y + e⃗z)

a⃗2 =
a
2
(e⃗y − e⃗z + e⃗x)

a⃗3 =
a
2
(e⃗z − e⃗x + e⃗y)
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Bravais lattice and Wigner-Seitz cell 7 Comment

Many elements crystallize in the bcc and fcc lattice.

The figure shows the cubic unit cell of the bcc lattice.

The cubic unit cell of the bcc lattice encloses two points of the Bravais lattice.

E.g. the red vectors can be used to span a primitive unit cell.

The formulas show the vectors a⃗1,2,3 in the basis of the orthogonal unit vectors
e⃗x,y,z.

The primitive unit cell has the shape of a rhombohedron.

This primitive unit cell is simple but unfortunately does not show the symmetries of
the cubic unit cell of the bcc lattice.
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Bravais lattice and Wigner-Seitz cell 8

(Rhombohedron.mp4)

Rhombohedron.mp4
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Bravais lattice and Wigner-Seitz cell 8 Comment

The video gives a spatial impression of two rhombohedrons.
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Bravais lattice and Wigner-Seitz cell 9
fcc lattice

possible vectors of a primitive unit cell

a⃗1 =
a
2
(
e⃗x + e⃗z

)
a⃗2 =

a
2
(
e⃗y + e⃗x

)
a⃗3 =

a
2
(
e⃗z + e⃗y

)
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Bravais lattice and Wigner-Seitz cell 9 Comment
The figure shows the cubic unit cell of the fcc lattice.

The cubic unit cell of the fcc lattice encloses four lattice points of the Bravais lattice.

The vectors a⃗1,2,3 can be used to span a primitive cell of the fcc lattice.

The result is a rhombohedron which is drawn in red in the cubic unit cell of the fcc
lattice.

The rhombohedron of the primitive unit cell encloses one point of the Bravais
lattice.

So the volume of the primitive unit cell is Vcubic cell/4 = a3/4.

The formulas give the vectors a⃗1,2,3 in the basis of the orthogonal unit vectors
e⃗x,y,z.
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Bravais lattice and Wigner-Seitz cell 10

diamond lattice (fcc with basis of two atoms)
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Bravais lattice and Wigner-Seitz cell 10 Comment 1

The figure shows the cubic unit cell of the diamond structure.

The diamond lattice is important because the semiconductors silicon and
germanium crystallize in the diamond lattice.

In the left figure the tetrahedra of the sp3 hybrid orbitals are easy to see.

The figure on the right shows the unit cell again, with the atoms that lie on the
corners and surfaces of the cubic unit cell being marked in red.

The primitive unit cell of the diamond structure contains a second atom, which is
marked in blue in the right figure.
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Bravais lattice and Wigner-Seitz cell 10 Comment 2

The blue points results when the points marked in red are shifted along a diagonal
of the cubic unit cell.

The diamond structure is an fcc lattice with a basis of two atoms, labeled red and
blue in the right figure.
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Bravais lattice and Wigner-Seitz cell 11
construction of the Wigner-Seitz cell
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Bravais lattice and Wigner-Seitz cell 11 Comment 1

The primitive unit cell formed by the three vectors a⃗1,2,3 has the disadvantage that
the resulting rhombohedron does not show the symmetry of the crystal lattice at all.

In describing experimental results, it is important that data can be plotted within a
primitive unit cell that shows the symmetry of the lattice.

For example, the cubic unit cells of the bcc and fcc lattice show the symmetry of
the lattice.

The disadvantage of these cells is that they contain two or four primitive unit cells.

In these unit cells, the same experimental results would be displayed two or four
times.



Ionic bonding Hydrogen bridge bond van der Waals bond Covalent bond Metallic bond Bravais lattice Reciprocal lattice Brillouin zones Revision

Bravais lattice and Wigner-Seitz cell 11 Comment 2

The Wigner-Seitz cell is a primitive unit cell that shows the symmetry of the lattice.

The figure shows the construction principle of the Wigner-Seitz cell for a planar
square lattice.

One point of the Bravais lattice is selected and connected to the nearest
neighboring points by vectors.

These vectors are perpendicular to planes that intersect the vectors in the middle.

The volume enclosed by these planes is the Wigner-Seitz cell.

In the case of a cubic lattice, the Wigner-Seitz cell is a cube.
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Bravais lattice and Wigner-Seitz cell 12
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Bravais lattice and Wigner-Seitz cell 12 Comment

The figure shows the Wigner-Seitz cells of the fcc lattice and the bcc lattice.

With the bcc lattice, the central point in the cubic unit cell is the starting point of the
construction.

The resulting Wigner-Seitz cell shows the symmetry of the cubic unit cell, i.e. the
rotations of 60° around the diagonal, or the rotations of 90° around the axes
through the centers of the cube faces.

With the fcc lattice, one center point on the surface of the cubic cell is chosen as
the starting point.

In the figure on the left, this point is shifted to the center of a cubic cell.

The resulting Wigner-Seitz cell shows all symmetries of the cubic unit cell.
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Reciprocal lattice
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Crystal lattices

Bravais lattice and Wigner-Seitz cell
Reciprocal lattice
Brillouin zones



Ionic bonding Hydrogen bridge bond van der Waals bond Covalent bond Metallic bond Bravais lattice Reciprocal lattice Brillouin zones Revision

Reciprocal lattice 1

The vectors of the primitive unit cell are a⃗1, a⃗2, and a⃗3

Bravais lattice
R⃗n1,n2,n3 = n1a⃗1 + n2a⃗2 + n3a⃗3

Definition of the reciprocal lattice a⃗ib⃗j = 2πδij

b⃗1 =
2π
VCell

(a⃗2 × a⃗3), b⃗2 =
2π
VCell

(a⃗3 × a⃗1), b⃗3 =
2π
VCell

(a⃗1 × a⃗2)

volume of the primitive unit cell VCell = a⃗1(a⃗2 × a⃗3)
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Reciprocal lattice 1 Comment

The vectors R of the equation underlined in red indicate the points of the Bravais
lattice.

The vectors a⃗1,2,3 span the rhombohedral primitive unit cell of the Bravais lattice
and are the basis vectors of the Bravais lattice.

The equation outlined in red gives the definition of the reciprocal lattice.

The vectors b⃗1,2,3 are orthogonal to the vectors a⃗1,2,3 and can easily be calculated
with the vector products of the next line.
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Reciprocal lattice 2

reciprocal lattice
K⃗hkℓ = hb⃗1 + kb⃗2 + ℓ⃗b3

Miller indices
h, k, ℓ = 0,±1,±2...

VBZ = b⃗1(b⃗2 × b⃗3) =
(2π)3

a⃗1(a⃗2 × a⃗3)
=

(2π)3

VCell
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Reciprocal lattice 2 Comment 1

The vectors K of the underlined equation indicate the points of the reciprocal
lattice.

The vectors b⃗1,2,3 span a primitive unit cell of the reciprocal lattice and are the
basis vectors of the reciprocal lattice.

There is a simple relationship between the volumes of the primitive unit cells of the
Bravais lattice VCell and the reciprocal lattice VBZ, which is given in the last line.

With the orthogonal vectors a⃗1, a⃗2 and a⃗3 of a simple cubic lattice this formula
results directly.

If the vectors are not perpendicular to each other, the calculation is more
laborious, but leads to the same result.
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Reciprocal lattice 2 Comment 2

The Wigner-Seitz cell of the reciprocal lattice is called the 1st Brillouin zone.

Since the volume of the primitive unit cell is independent of the shape of the cell, I
simply denote the volume of the primitive unit cell of the reciprocal lattice with VBZ.
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Reciprocal lattice 3

b⃗1 =
2π
VCell

(a⃗2 × a⃗3), b⃗2 =
2π
VCell

(a⃗3 × a⃗1), b⃗3 =
2π
VCell

(a⃗1 × a⃗2)

the vectors b⃗1,2,3 of the simple cubic lattice

with a⃗1 = ae⃗x, a⃗2 = ae⃗y, and a⃗3 = ae⃗z

b⃗1 =
2π
a3

(ae⃗y × ae⃗z) =
2π
a

e⃗x

b⃗2 =
2π
a

e⃗y

b⃗3 =
2π
a

e⃗z
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Reciprocal lattice 3 Comment

This page shows the calculation of the vectors b⃗1,2,3 of the simple cubic lattice.

The b⃗1,2,3 are parallel to the vectors a⃗1,2,3 and the primitive unit cell of the
reciprocal lattice is also a cube.

The figure shows the 1st Brillouin zone of the simple cubic lattice.

The lattice point of the reciprocal lattice is in the center of the cube.

The center of the 1st Brillouin zone is always designated with the letter Γ.

Important points of the 1st Brillouin zone are also marked with letters.

The corners of the cube are denoted by R and the center of the edges by M.

The centers of the faces of the cube are denoted by X.
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Reciprocal lattice 4

cubic cell of the bcc lattice

basis vectors of the Bravais lattice

a⃗1 =
a
2
(e⃗x − e⃗y + e⃗z)

a⃗2 =
a
2
(e⃗y − e⃗z + e⃗x)

a⃗3 =
a
2
(e⃗z − e⃗x + e⃗y)

basis vectors of the reciprocal lattice

b⃗1 =
2π
VCell

(a⃗2 × a⃗3) =
2π
a

(
e⃗x + e⃗z

)
b⃗2 =

2π
VCell

(a⃗3 × a⃗1) =
2π
a

(
e⃗y + e⃗x

)
b⃗3 =

2π
VCell

(a⃗1 × a⃗2) =
2π
a

(
e⃗z + e⃗y

)
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Reciprocal lattice 4 Comment

To illustrate various aspects of solid-state physics, the substances Cu, Pd, Si and
Ge are considered in the following.

These elements crystallise in an fcc lattice.

There is an important relationship between the fcc and bcc lattices that one needs
to know.

The figure shows the cubic unit cell of the bcc lattice.

The first three formulas on the right give the basis vectors of the Bravais lattice
a⃗1,2,3, which are shown in the figure.

The basis vectors of the reciprocal lattice b⃗1,2,3 can be calculated with the vectors
a⃗1,2,3 and it turns out that the vectors b⃗1,2,3 are the basis vectors of an fcc lattice.
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Reciprocal lattice 5

cubic cell of the fcc lattice

basis vectors of the Bravais lattice

a⃗1 =
a
2
(
e⃗x + e⃗z

)
a⃗2 =

a
2
(
e⃗y + e⃗x

)
a⃗3 =

a
2
(
e⃗z + e⃗y

)
basis vectors of the reciprocal lattice

b⃗1 =
2π
a

(e⃗x − e⃗y + e⃗z)

b⃗2 =
2π
a

(e⃗y − e⃗z + e⃗x)

b⃗3 =
2π
a

(e⃗z − e⃗x + e⃗y)
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Reciprocal lattice 5 Comment
This figure shows the cubic unit cell of the fcc lattice.

The first three formulas on the right give the basis vectors of the Bravais lattice
a⃗1,2,3, which are shown in the figure.

These vectors are collinear with the basis vectors, which were previously
calculated for the reciprocal lattice of the bcc lattice.

So the reciprocal lattice of the bcc lattice has the fcc structure.

The formulas written in blue give the basis vectors of the reciprocal lattice of the
fcc lattice.

These vectors are collinear to the vectors a⃗1,2,3 of the bcc lattice.

The reciprocal lattice of the fcc lattice has a bcc structure.
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Reciprocal lattice 6
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Reciprocal lattice 6 Comment

This page summarizes these results.

The reciprocal lattice of the bcc lattice is an fcc lattice.

The reciprocal lattice of the fcc lattice is a bcc lattice.

The images on the left show the Wigner-Seitz cells of the bcc and fcc lattice.

The images on the right show the 1st Brillouin zone of the bcc and fcc lattice.

The 1st Brillouin zone is the most important Brillouin zone and is simply referred to
as the Brillouin zone in the figures to the right.

It is also useful to note that the lattice parameter of the cubic unit cell of the
reciprocal lattice is 4π/a if a denotes the lattice parameter of the cubic cell of the
Bravais lattice.
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Reciprocal lattice 7
Notice

The reciprocal lattice of an fcc lattice is a bcc lattice!
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Reciprocal lattice 7 Comment

The left figure shows the cubic unit cell of the fcc lattice again.

The right figure shows the cubic unit cell of the reciprocal lattice.

It’s a bcc lattice.

The right figure also shows the 1st Brillouin zone.

Important points of symmetry are marked with letters.
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Brillouin zones
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Crystal lattices

Bravais lattice and Wigner-Seitz cell
Reciprocal lattice
Brillouin zones
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Brillouin zones 1

Laue condition for elastic scattering, i.e. |⃗k| = |⃗k ′|: (⃗k− k⃗ ′) = K⃗

Laue condition

k sin θn =
Kn

2

Bragg’s law

2d sin θn = nλ

length of Kn and distance between the
Bragg planes

Kn = n · 2π
d
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Brillouin zones 1 Comment 1

The figure shows a sketch of a reciprocal lattice with the basis vectors b⃗1 and b⃗2.

The formula outlined in red shows the Laue condition for constructive interference
in the case of elastic scattering.

The difference between the wave vector of the incident and the scattered wave
must be a vector of the reciprocal lattice.

Since the scattering is elastic, the wavelengths of the incident and scattered
waves are the same and consequently the wave numbers of the incident and
scattered waves are also the same.

The sketch illustrates the relation between the Laue condition and Bragg’s law.

In the Bragg picture the X-rays are reflected on Bragg-planes.
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Brillouin zones 1 Comment 2

The Bragg plane intersects the reciprocal lattice vector in the middle.

The reciprocal lattice vector is characterized in the figure by its Miller indices, i.e.
K⃗h,k,ℓ = hb⃗1 + kb⃗2 + ℓ⃗b3.

In the formulas underlined in red, the Miller indices are not specified and the
reciprocal lattice vector is characterized only by the corresponding diffraction order
n.

E.g. shows the comparison between the figure and the formulas that K⃗100 leads to
a first-order diffraction maximum, K⃗200 to a second-order maximum, i.e. the
diffraction order is given by the length of a reciprocal lattice vector divided by the
shortest reciprocal vector in the specified direction.
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Brillouin zones 1 Comment 3
The figure also illustrates the so-called Ewald construction.

The green circle corresponds in three dimensions to the Ewald sphere. Elastic
scattering is possible for all reciprocal lattice vectors that lie on the surface of the
Ewald sphere.

The figure shows the construction and Bragg plane for the second elastic
scattering that is possible for the sketched situation.
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Brillouin zones 2

The first Brillouin zone is enclosed by the Bragg planes of the shortest vectors of
the reciprocal lattice

→ The construction scheme of the 1st Brillouin zone is similar to the construction
scheme of the Wigner-Seitz cell of the Bravais lattice
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Brillouin zones 2 Comment

The first Brillouin zone is the Wigner-Seitz cell of the reciprocal lattice.

The first Brillouin zone is enclosed by the Bragg planes of the shortest vectors of
the reciprocal lattice.

The illustration shows for a simple cubic lattice how the 1st Brillouin zone is
constructed.
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Brillouin zones 3

1st Brillouin zones of the sc and the fcc lattices

sc lattice
fcc lattice

important symmetry points of the 1st Brillouin zones are denoted by capitals
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Brillouin zones 3 Comment

The figures show the 1st Brillouin zones of the simple and the face-centered cubic
lattices.

Remember that the reciprocal lattice of a face-centered cubic lattice is a
body-centered lattice.

Important symmetry points are denoted by capitals.

The center of the Brillouin zones is always denoted by Γ.

These capitals will be latter used to present the experimental results.
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Brillouin zones 4: Higher order Brillouin zones

some Bragg planes and Brillouin zones of the sc lattice

Starting from the Γ-point the nth Brillouin zone is reached by crossing
n− 1 Bragg planes, but no fewer

Waves are reflected on Bragg-planes → formation of standing waves



Ionic bonding Hydrogen bridge bond van der Waals bond Covalent bond Metallic bond Bravais lattice Reciprocal lattice Brillouin zones Revision

Brillouin zones 4 Comment 1

Bragg planes are barriers to waves.

Waves are reflected on Bragg planes.

The incident and reflected waves superpose and can interfere.

Standing waves can develop in the process.

The figure shows a square lattice.

The Bragg planes are indicated by colored lines.

The Bragg planes are perpendicular to the reciprocal lattice vectors that connect
the Γ point with the lattice points.

The lattice points have the color of the corresponding Bragg planes.
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Brillouin zones 4 Comment 2

The Bragg planes intersect the associated reciprocal lattice vectors in the middle.

The space between the Bragg-planes is divided into Brillouin zones.

Starting from the Γ point, the nth - Brillouin zone is reached by crossing (n− 1) -
Bragg planes.

For the 1st Brillouin zone, no Bragg planes have to be crossed.

The 1st Brillouin zone is indicated in red.

The 2nd Brillouin zone in indicated in green and one red Bragg-plane has to be
crossed.

The 3rd Brillouin zone is indicated in yellow and a red and a green Bragg-plane
must be crossed.
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Brillouin zones 5
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Brillouin zones 5 Comment

The figure shows some Bragg-planes and the 1st, 2nd, and 3rd Brillouin zones of
the hexagonal lattice.

The 1st Brillouin zone is highlighted in red.

The 2nd Brillouin zones is highlighted in green.

To reach the 2nd Brillouin zone, a red Bragg planes has to be crossed.

The 3rd Brillouin zones is highlighted in yellow.

To reach the 3rd Brillouin zone, two red Bragg planes have to be crossed.

Higher-order Brillouin zones become important for electron waves in crystal
lattices.
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Revision
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Summary in Questions 1

1. Explain the conditions for the formation of a covalent bond between two atoms.

2. Why do most of the elements of the periodic table form metals in the solid state?

3. Give the definition of the Bravais lattice.

4. Give the definition of the primitive unit cell of a crystal lattice.

5. Give the definition of the reciprocal lattice.

6. Give the relationship between the basis vectors of the Bravais lattice and the
reciprocal lattice.

7. Describe the reciprocal lattice of a bcc lattice.
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Summary in Questions 2

8. What is the relationship between the lattice parameters of the cubic unit cells of
the Bravais and the reciprocal lattice in a bcc lattice?

9. Describe the reciprocal lattice of an fcc lattice.

10. Give the definition of the 1st Brillouin zone.

11. Write down Bragg’s law and the Laue condition for constructive interference.

12. Make a sketch that shows the relationship between Bragg’s law and Laue’s
condition.

13. Give the definition of the nth Brillouin zone.
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