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Modern Methods of Data Analysis

• Recap of lecture 1


• Review 5 warmup questions


• (Conditional) independence


• Random variables


• Expectation values, Variance


• Answers to Quiz 1

2

Program today

• Tour of important probability 
mass (density) functions 


• Quiz 2

5’ break
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Textbook by S. Ross

ILIAS: 

/Reading material / Textbooks / 
IntroProbModels_SRoss.PDF

Contains many worked out examples and 
proofs which we will discuss today and 
next week


(See required reading slide at the end of lecture)

Reminder
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• Although any function satisfying the 3 axioms of Kolmogorov is a probability, 
still need to specify interpretation of elements in sample space . 
• Most important interpretations: relative frequency and subjective probability.


• Probability as a relative frequency: (Frequentist Interpretation) 

• Elements of  correspond to possible outcomes of a repeatable 
measurement. 


• Subset  of : occurrence of any of the outcomes in the subset.


• Often  is called an event. 

• An event is said to occur if the outcome of a measurement is in the 
respective subset.


• Assign probability for  as:

S

S

E S
E

E
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Interpretation of probability

P(E) = lim
n→∞

number of occurrences of outcome E in n measurements
n

Review
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• Subjective probability: (Bayesian Interpretation) 

• Here, elements of  correspond to hypotheses or 
propositions, i.e. statements that are either true or false. 


• One interprets the probability associated with a hypothesis as 
a measure of degree of belief: 

S

5

Interpretation of probability Review

degree of belief that hypothesis  is trueP(E) = E
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• Subjective probability: (Bayesian Interpretation) 

• Sample space  needs to be constructed such that the elementary 
hypotheses are mutually exclusive. 


• Otherwise not only one of them can be true.


• The use of subjective probability is closely related to Bayes’ theorem.


• Subset  appearing therein can be interpreted as the hypothesis 
that a certain theory is true, and subset  that an experiment will 
yield a particular result. 	

S

A
B

6

Interpretation of probability Review

Prior probability that theory is true
Likelihood or prob. to observe 

the measured data 
given theory is true

Posterior prob.  
theory is correct given 

the data

theory | data   data | theory theoryP( ) ∝ P( ) ⋅ P( )
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• Criticisms of the frequency interpretation:


•  can never be achieved in practice. When is  large enough?


• We want to talk about the probability of events that are not repeatable.


• Ex. 1: it will rain tomorrow , but there is only one tomorrow.


• Ex. 2: universe started with a Big Bang , but only one universe.


•  is not an intrinsic property of , it depends on how the ensemble of possible 
outcomes was constructed.


• Ex.: person I talk to is a physicist  depends on whether I am in a football stadium or 
at a scientific conference.


•  Criticisms of the subjective interpretation:

• “Subjective” estimates have no place in science.


• How to quantify the prior state of our knowledge upon which we case our probability 
estimate?

n → ∞ n

P( )

P( )

P A

P( )

7

Criticisms of the probability interpretations
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“Bayesians address the questions 
everyone is interested in by using 
assumptions that no one believes. 
Frequentists use impeccable logic 
to deal with an issue that is of no 
interest to anyone.”  

—Louis Lyons

Author of: 

Data Analysis for Physical Science Students 

https://primo.bibliothek.kit.edu/primo-explore/fulldisplay?query=any,contains,lyons,%20louis&facet=creator,include,Lyons,%20Louis&vid=KIT&search_scope=KIT&sortby=rank&tab=kit&docid=KITSRC060485868&lang=de_DE&mode=simple&fromRedirectFilter=true
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https://xkcd.com/1132/

https://xkcd.com/1132/


Answer Time:  5 quick questions
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• What’s the probability to not toss five heads in a row in coin toss?


• 


• Name the following distributions:


• Mean and variance of an independent random variables 


• I know what Bayes’ theorem is about (Yes/No).   Now hopefully yes!


• Write down the definition of a 𝝌2 function.

P = (1 − 0.55)

xi

→

5 quick questions

111111

x̄ =
1

n

X

i

xi
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Binomial Poisson

Breit-Wigner/Lorentzian/CauchyGaussian Multi-D Gaussian

biased
Mean: Variance:

without bias

z =
N

∑
i=1

(xi − μi)2

σ2
i

z = (x − μ)TV−1(x − μ)



Independence
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Independence

Two events  and  are defined as independent if:E F P(EF) = P(E)P(F)

Otherwise  and  are 
called dependent events

E F

If  and  are independent, then:E F P(E |F) = P(E)

Intuition through proof:

=
P(E)P(F)

P(F)

def of 
conditional 
probability

P(E |F) =
P(EF)
P(F)

Independence 
of  and E F

= P(E)

Knowing that  happened 
does not change our 
belief that  happened

F

E

(Lecture 1, s48)
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Generalizing independence

Three events , , and 
 are independent if:

E F
G {  and P(EFG) = P(E)P(F)P(G)

 and P(EF) = P(E)P(F)

 and P(EG) = P(E)P(G)
 P(FG) = P(F)P(G)

 events  
are independent if:
n E1, E2, . . . , En { For :r = 1,...,n

for every subset : E1, E2, . . . , Er

P(E1, E2, . . . , Er) = P(E1), P(E2), . . . , P(Er)

Often interested in experiments consisting of independent trials: 
•  trials, each with the same set of possible outcomes

• -way independence: an event in one subset of trials is independent 

of events in other subsets of trials

n
n

e.g., flip a coin  times, roll a die  times, send a 
multiple choice survey to  people, send  web 

requests to  different servers 

n n
n n

k

Independent trials: are when we observe independent sub-experiments, 
each of which has the same set of possible outcomes
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Independence?

1
4

1
4

E

F

Are  and  independent in the following diagrams?E F

1
9

4
9

E

F

2
9

S S

Independent 
events  and E F

P(EF ) = P(E )P(F )
P(E |F ) = P(E )

- Independence is not mutual exclusion! 
- Independence is difficult to visualize graphically

P(E) =
1
4

P(F) =
1
4

P(E)P(F) =
1
16

≠ P(EF) = ∅

No
P(E) =

2
9

+
4
9

=
2
3

P(F) =
1
9

+
2
9

=
1
3

P(EF) = P(E)P(F)
?

2
9

=
1
3

⋅
2
3 Yes
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De Morgan’s law

 or 
E F
P(E ∪ F)

M
ut

ua
lly

 E
xc

lu
siv

e?

Just add! Inclusion-
Exclusion 
principle

P(E) + P(F)

P(E) + P(F) − P(E ∩ F)

De Morgan’s

Corollary 3  
(Lecture 1, s44)

 and 
E F
P(E ∩ F)

In
de

pe
nd

en
t?

Just multiply! Chain Rule

P(E)P(F) P(E)P(F |E)

P(F)P(E |F)
or

(Lecture 1, s48)
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De Morgan’s law

S

E F

S

E F

P(E ∪ F)C) = P(EC ∩ FC)

P(E ∩ F)C) = P(EC ∪ FC)
P(E1E2 ⋅ ⋅ ⋅ En)

= 1 − P ((E1E2 ⋅ ⋅ ⋅ En)C)
= 1 − P (EC

1 ∪ EC
2 ∪ ⋅ ⋅ ⋅ ∪ EC

n )
Great if  mutually exclusiveEC

i

P(E1 ∪ E2 ∪ ⋅ ⋅ ⋅ ∪ En)
= 1 − P ((E1 ∪ E2 ∪ ⋅ ⋅ ⋅ ∪ En)C)
= 1 − P (EC

1 EC
2 ⋅ ⋅ ⋅ EC

n )
Great if  independentEC

i

Lets you switch between AND and OR
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Example: Network reliability

• Consider a parallel network with:


•  independent routers, each with probability 
 of functioning, where 


• functional path from  to  exists 


• What is ?

n
pi (1 ≤ i ≤ n)

E = A B

P(E)

Let event of router  functioning , where  Fi = i (i = 1,2,..,n) P(Fi) = pi

P(E) = P(F1 ∪ F2 ∪ . . . ∪ Fn) [i.e.,  router works ]P( ≥ 1 )

= 1 − P(FC
1 ∩ FC

2 ∩ . . . ∩ FC
n ) [i.e., all routers fail ]1 − P( )

= 1 − (1 − P1)(1 − P2) ⋅ ⋅ ⋅ (1 − Pn) = 1 −
n

∏
i=1

(1 − pi)

Application of  
De Morgan’s 

Law

Independence!

A B
p1

p2

pn



Conditional Independence



Modern Methods of Data Analysis 20

Conditional paradigm

For any events , , and , you can condition consistently on , 
and all formulas still hold

A B E E

Axiom 1 0 ≤ P(A |E) ≤ 1

Corollary 1 P(A |E) = 1 − P(AC |E)

Transitivity P(AB |E) = P(BA |E)

Chain rule P(AB |E) = P(B |E)P(A |BE)

Bayes’ Thm P(A |BE) =
P(B |AE)P(A |E)

P(B |E)
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Conditional independence

P(AB |E) = P(A |E)P(B |E)

Two events  and  are defined as conditionally independent 
given  if

A B
E

Independence relations can change with conditioning

does NOT always mean 
 and  

independent 
A B  and  

independent 
given 

A B

E



Modern Methods of Data Analysis 22

Art and condition

What if  are not independent? (e.g. all impressionist paintings)E1E2E3E4

P(E4 |E1E2E3) =
P(E1E2E3E4)
P(E1E2E3) K

Likes: Will 
like?

# of people who like all 4

# of people who like the first 3
=

Need to keep track of an exponential # of statistics!

E1 E2 E3 E4
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Art and condition

Assume:  are conditionally independent given E1E2E3E4 K

P(E4 |E1E2E3) =
P(E1E2E3E4)
P(E1E2E3)

P(E4 |E1E2E3K) = P(E4 |K) K

An easier probability to 
store and compute

}
: likes impressionist artK

Likes: Will 
like?

E1 E2 E3 E4
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Independence is very important in ML and probabilistic modeling. 
Knowing the joint probability of many events requires exponential 
amounts of data. By making (conditional) independence claims, 
computers can decompose how to calculate the joint probability. 

 Faster to compute and requires less data to learn probabilities.  ⇒

“Exploiting conditional independence to generate fast 
probabilistic computations is one of the main contributions 

computer science has made to probability theory” 

-Judea Pearl 2011 Turing Award, 

“For fundamental contributions to AI through the development 

of a calculus for probabilistic and causal reasoning”
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Art and condition

 are 
dependent

E1E2E3E4

KIndependent events can become 
conditionally dependent

Dependent events can become 
conditionally independent.

: likes impressionist artK

 are 

conditionally independent 

given 

E1E2E3E4

K

Knowing exactly when conditioning breaks or creates independence 
is a big part of building complex probabilistic models

E1 E2 E3 E4



Random Variables

Note: Random Variables 
also called distributions
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Random Variables 

A random variable is a real-valued function defined on a sample space

Random variables are NOT events!


An event is a particular assignment of a random variable

What would be a useful function to define? 
The probability of the event that a random variable  takes on the value X x

For discrete RVs, this is a probability mass function

θθ, xx

Example: 
3 coins are flipped

Let # of heads


 is a random variable
X =

X
X = 2
event

P(X = 2)
probability

(number between 0 & 1)

Small x

continuous RVs probability density function
We’ll get there in a bit…
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• A random variable  is discrete if it can take on countably many 
values


• , where  is the support of 


• The probability mass function (PMF) of a discrete random variable 
is:


•

X

X = x x ∈ (x1, x2, x3, . . . ) X

P(X = x) = p(x) = pX(x)

28

Discrete RVs and PMFs

shorthand notation ∞

∑
i=1

p(xi) = 1
Probabilities must sum to 1

Verify any PMF 
you create

         Set of outcomesX = x P(X = x)
                      {T,T,T}X = 0 1/8
          {H,T,T}, {T,H,T},{T,T,H}X = 1 3/8
         {H,H,T}, {H,T,H},{T,H,H}X = 2 3/8
                    {H,H,H}X = 3 1/8

                           {}X ≥ 4 0

Example: 
3 coins are flipped

Let # of heads


 is a random variable
X =

X

0
0.1
0.2
0.3
0.4

0 1 2 3
X = x

P(
X

=
x)
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• Careful with the notation in the Cowan textbook 


• He uses  (i.e. small ) for both the random variable and the value it can 
assume

• See this footnote on page 7:

x x

29

Sidebar: Notation
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• For a random variable , the cumulative distribution function 
(CDF) is defined as


•  where 


• For a discrete RV , the CDF is


•

X

F(a) = FX(a) = P(X ≤ a) −∞ < a < ∞

X
F(a) = FX(a) = ∑

all x≤a

p(x)

30

Cumulative distribution function

0
0.1
0.2
0.3
0.4

0 1 2 3
X = x

P(
X

=
x)

Example: 
3 coins are flipped

Let # of heads


 is a random variable
X =

X



Modern Methods of Data Analysis

• The expectation of a discrete random variable  is


• 


• Important properties of expectation


• Linearity: 

• 


• Expectation of a sum = sum of expectation 

• 


• Unconscious statistician: 

•

X
E[X] = ∑

x:p(x)>0

p(x) ⋅ x

E[aX + b] = aE[X] + b

E[X + Y ] = E[X] + E[Y ]

E[g(X)] = ∑
x

g(x)p(x)

31

Expectation

Sum over all values of  
that have non-zero probability

X = x

Prove them!

Known as the law of the unconscious statistician (LOTUS) because of a 
purported tendency to use the identity without realizing that it must be treated 
as the result of a rigorously proved theorem, not merely a definition (wikipedia)

Can look this one up

https://en.wikipedia.org/wiki/Law_of_the_unconscious_statistician#:~:text=This%20proposition%20is%20known%20as,theorem,%20not%20merely%20a%20definition.
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Lying with statistics

“There are three kinds of lies: 
lies, damned lies, and statistics”

Popularized by Mark Twain (1906)


Generally attributed to Sir Charles Dilke (1891) 
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A school has 3 classes with 5, 10, and 150 students

What is the average class size?

Lying with statistics

Interpretation #1 

• Randomly choose a class with 

equal probability


• size of chosen classX =

E[X] = 5 ( 1
3 ) + 10 ( 1

3 ) + 150 ( 1
3 )

=
165
3

= 55

What universities usually report

Interpretation #2 

• Randomly choose a student with 

equal probability


• size of chosen classY =

E[Y ] = 5 ( 5
165 ) + 10 ( 10

165 ) + 150 ( 150
165 )

=
22635
165

≈ 137

Average student perception of class size
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Variance
Is  enough?E[X]

Variance: A formal quantification of “spread” 

0

0.2

0.4

0.6

1 2 3 4 5 0

0.2

0.4

0.6

1 2 3 4 5
0

0.2

0.4

0.6

1 2 3 4 5

Consider these 3 distributions

•  for all distributions


• But the spread in the distributions is different

E[X] = 3

def:     


  

Var[X] = E[(X − E[X])2]
SD[X] = Var[X]

Units of X2

Units of X
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• Property 1:     


• Property 2:     

Var[X] = E[X2] − (E[X])2

Var[aX + b] = a2Var[X]

35

Properties of variance

Often easier to compute 
than the definition

Unlike expectation, 
variance is not linear

Prove them!
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• Event-driven probability 
• Relate only binary events


• Either happens 


• or doesn’t happen 


• Can only report probability


• Lots of combinatorics

(E)

(EC)

36

A new world with RVs

• Random variables 
• Link multiple similar events 

together 


• Can compute statistics: report 
the “average” outcome


• Once we have the PMF (PDF), 
can do regular math


(X = 1, X = 2, . . . )



Answer Time:  Quiz 1
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1. Which of the following functions are good PDFs?Two more quiz questions

1. Which of these plots show probability density functions (or short PDFs)? The sampling
space for (a) is k 2 Z, for (b,c,d) x 2 [�1,1] and for (e) x 2 [0, 10].

●

●

●

●

● ●

●

●

●

●

●
● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●■ ■ ■ ■

■

■

■

■

■
■ ■

■

■

■

■

■
■

■
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

◆
◆

◆
◆

◆
◆

◆ ◆ ◆ ◆
◆

◆
◆

◆
◆

◆
◆ ◆ ◆

5 10 15 20 25 30

0.05

0.10

0.15

(a) e���k

k!

-4 -2 2 4

0.1

0.2

0.3

0.4

(b) e�
x2
2p
2⇡

-4 -2 2 4

10

20

30

40

50

60

(c) e�x

-10 -5 5 10

0.05

0.10

(d) (x2 � 0.1)⇥ exp(�|x|) with x 2 R

2 4 6 8 10

0.05

0.10

0.15

0.20

0.25

0.30

(e) ⇥(5�x)
⇣
1
2 + arctan(x�1)

⇡

⌘
+x⇥(x�5) with

⇥ denoting the step function.

Yes Yes

No  
integral over sample  

space not finite

No 
Negative density

Yes 
since sample  
space: [0,10]

38
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 2. Are mammographies useful?

http://www.faz.net/aktuell/wissen/medizin-ernaehrung/keine-alternativen-zur-mammographie-15313597.html 
https://stats.stackexchange.com/questions/185817/interpretation-of-bayes-theorem-applied-to-positive-mammography-results

At age 70:

At age 30:

But careful: Reality is more complicated!
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http://www.faz.net/aktuell/wissen/medizin-ernaehrung/keine-alternativen-zur-mammographie-15313597.html
https://stats.stackexchange.com/questions/185817/interpretation-of-bayes-theorem-applied-to-positive-mammography-results


Take 5



Ex. Discrete RVs
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Bernoulli RV  success / failure→

Consider an experiment with two outcomes: “success” and “failure” 

def: A Bernoulli random variable  maps “success” to  and “failure” to X 1 0

X ∼ Ber(p)
PMF


Expectation


Variance

P(X = 1) = p(1) = p
P(X = 0) = p(0) = 1 − p

Support: {0,1}

E[X] = p

Var[X] = p(1 − p)

The probability for success is some constant value p

1) The RV

2) is distributed as a 3) Bernoulli

4) with parameter

S. Ross textbook notation
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Bernoulli RV  success / failure→

• Serve an ad 

• User clicks w.p. 


• Ignores otherwise


• Let :  if clicked 


• 


• 


•

0.2

X 1
X ∼ Ber(_)

P(X = 1) = _

P(X = 0) = _

• Roll two dice 
• Success: roll two 6’s


• Failure: anything else


• Let :  if success 


• 


• 


X 1
X ∼ Ber(_)

E[X] = _

0.2

0.2

0.8

1
36

1
36

• Run a program 

• Crashes w.p. 


• Works w.p. 


• Let :  if crash 


• 


• 


•

p

(1 − p)

X 1
X ∼ Ber(p)

P(X = 1) = p

P(X = 0) = 1 − p
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Binomial RV  # of successes in  trials→ N

Consider an experiment:  independent trials of  random variablesN Ber(p)

def: A Binomial random variable  is the number of successes in  trialsn N

n ∼ Bin(N, p)
PMF


Expectation


Variance

f(n; N, p) = (N
n )pn(1 − p)N−n

Support: {0,1,...,N}

E[n] = Np

Var[n] = Np(1 − p)

Switc
h to

 Cowan notatio
n

The probability for success is some constant value p

successP( )

# of trials

1,0
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• Consider  independent trials / observations, each having two 
possible outcomes

• Call them “success” and “failure”


• The probability for success is some constant value 


• Set of trials can be summarized by single discrete random 
variable , defined as # of successes. 


• Sample space: set of possible values of  successes given  
observations 

• If one were to repeat the entire experiment many times with  
trials each, the resulting value of  would occur with relative 
frequencies given by the binomial distribution

N

p

n
n N

N
n

45

In other words



Modern Methods of Data Analysis

• Let’s derive the form of the binomial distribution:


• Probability of success is 


• Probability of failure 


• Since each trial is assumed to be independent, the probability for 
a series of successes and failures in a particular order equals the 
product of individual probabilities: 

• E.g. probability of five trials to have 


• of success, success, failure, success, failure


• Generalized: probability for  successes and  failures is  

p

1 − p

n N − n

46

Derivation of the binomial distribution

= p · p · (1� p) · p · (1� p) = p3 (1� p)2
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<latexit sha1_base64="LxiHJUmF13+5E5Ac7W25Nim0GgE=">AAACCXicbVA9SwNBEN3zM8avU0ubxSDEIuFOBG2EoI2VRDAfkEvC3mYvWbK3d+zOCeFIa+NfsbFQxNZ/YOe/cZNcoYkPBh7vzTAzz48F1+A439bS8srq2npuI7+5tb2za+/t13WUKMpqNBKRavpEM8ElqwEHwZqxYiT0BWv4w+uJ33hgSvNI3sMoZu2Q9CUPOCVgpK6NL3HckdgTLIAidnEJx9hTvD+Ak056W5Ljrl1wys4UeJG4GSmgDNWu/eX1IpqETAIVROuW68TQTokCTgUb571Es5jQIemzlqGShEy30+knY3xslB4OImVKAp6qvydSEmo9Cn3TGRIY6HlvIv7ntRIILtopl3ECTNLZoiARGCI8iQX3uGIUxMgQQhU3t2I6IIpQMOHlTQju/MuLpH5adp2ye3dWqFxlceTQITpCReSic1RBN6iKaoiiR/SMXtGb9WS9WO/Wx6x1ycpmDtAfWJ8/B6mYAw==</latexit><latexit sha1_base64="LxiHJUmF13+5E5Ac7W25Nim0GgE=">AAACCXicbVA9SwNBEN3zM8avU0ubxSDEIuFOBG2EoI2VRDAfkEvC3mYvWbK3d+zOCeFIa+NfsbFQxNZ/YOe/cZNcoYkPBh7vzTAzz48F1+A439bS8srq2npuI7+5tb2za+/t13WUKMpqNBKRavpEM8ElqwEHwZqxYiT0BWv4w+uJ33hgSvNI3sMoZu2Q9CUPOCVgpK6NL3HckdgTLIAidnEJx9hTvD+Ak056W5Ljrl1wys4UeJG4GSmgDNWu/eX1IpqETAIVROuW68TQTokCTgUb571Es5jQIemzlqGShEy30+knY3xslB4OImVKAp6qvydSEmo9Cn3TGRIY6HlvIv7ntRIILtopl3ECTNLZoiARGCI8iQX3uGIUxMgQQhU3t2I6IIpQMOHlTQju/MuLpH5adp2ye3dWqFxlceTQITpCReSic1RBN6iKaoiiR/SMXtGb9WS9WO/Wx6x1ycpmDtAfWJ8/B6mYAw==</latexit><latexit sha1_base64="LxiHJUmF13+5E5Ac7W25Nim0GgE=">AAACCXicbVA9SwNBEN3zM8avU0ubxSDEIuFOBG2EoI2VRDAfkEvC3mYvWbK3d+zOCeFIa+NfsbFQxNZ/YOe/cZNcoYkPBh7vzTAzz48F1+A439bS8srq2npuI7+5tb2za+/t13WUKMpqNBKRavpEM8ElqwEHwZqxYiT0BWv4w+uJ33hgSvNI3sMoZu2Q9CUPOCVgpK6NL3HckdgTLIAidnEJx9hTvD+Ak056W5Ljrl1wys4UeJG4GSmgDNWu/eX1IpqETAIVROuW68TQTokCTgUb571Es5jQIemzlqGShEy30+knY3xslB4OImVKAp6qvydSEmo9Cn3TGRIY6HlvIv7ntRIILtopl3ECTNLZoiARGCI8iQX3uGIUxMgQQhU3t2I6IIpQMOHlTQju/MuLpH5adp2ye3dWqFxlceTQITpCReSic1RBN6iKaoiiR/SMXtGb9WS9WO/Wx6x1ycpmDtAfWJ8/B6mYAw==</latexit><latexit sha1_base64="LxiHJUmF13+5E5Ac7W25Nim0GgE=">AAACCXicbVA9SwNBEN3zM8avU0ubxSDEIuFOBG2EoI2VRDAfkEvC3mYvWbK3d+zOCeFIa+NfsbFQxNZ/YOe/cZNcoYkPBh7vzTAzz48F1+A439bS8srq2npuI7+5tb2za+/t13WUKMpqNBKRavpEM8ElqwEHwZqxYiT0BWv4w+uJ33hgSvNI3sMoZu2Q9CUPOCVgpK6NL3HckdgTLIAidnEJx9hTvD+Ak056W5Ljrl1wys4UeJG4GSmgDNWu/eX1IpqETAIVROuW68TQTokCTgUb571Es5jQIemzlqGShEy30+knY3xslB4OImVKAp6qvydSEmo9Cn3TGRIY6HlvIv7ntRIILtopl3ECTNLZoiARGCI8iQX3uGIUxMgQQhU3t2I6IIpQMOHlTQju/MuLpH5adp2ye3dWqFxlceTQITpCReSic1RBN6iKaoiiR/SMXtGb9WS9WO/Wx6x1ycpmDtAfWJ8/B6mYAw==</latexit>



Modern Methods of Data Analysis

• We are not interested in the order of these processes to happen, 
only in the final number of successes 


• The number of sequences having  successes in  events is


• So the total probability to have  successes in  events is


• with 

n N

n N

n = 0, . . . , N

47

continued…

N !

n! (N � n)!
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✓
N
n

◆
=
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f(n; N, p) =
N!

n!(N − n)!
pn(1 − p)N−n

pn(1 − p)N−n

Generalized: probability for  successes 
and  failures

n
N − n
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Examples

E[n] =
1X

n=0

n
N !

n! (N � n)!
pn (1� p)N�n = Np
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V [n] = E[n2]� (E[n])2 = Np (1� p)
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Recall: expectation value  and variance are not functions of the random variable , 

but they depend on the parameters of the probability function.

E[n] V[n] n

Binomial and multinomial distributions 27 

for n = 0, ... , N. Note that f(n; N, p) is itself a probability, not a probability 
density. The notation used is that the random variable (or variables) are listed as 
arguments of the probability function (or p.d.f.) to the left of the semicolon, and 
any parameters (in this case Nand p) are listed to the right. The expectation 
value of n is 

ex> N! n N-n 
E[n] = n n!(N _ n)! p (1 - p) Np, (2.3) 

and variance is 

V[n] E[n2] - (E[n])2 
Np(l - p). (2.4) 

These can be computed by using the characteristic function of the binomial 
distri bu tion, cf. Chapter 10. 

Recall that expectation values are not functions of the random variable, but 
they depend on the parameters of the probability function, in this case p and 
N. The binomial probability distribution is shown in Fig. 2.1 and Fig. 2.2 for 
various values of p and N. 
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Fig. 2.1 The binomial distribution for 
p = 0.5 and various values of N. 
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Fig. 2.2 The binomial distribution for 
N = 20 and various values of p. 

The multinomial distribution is the generalization of the binomial distribu-
tion to the case where there are not only two outcomes ('success' and 'failure') 

http://www.pp.rhul.ac.uk/~cowan/sda/

http://www.pp.rhul.ac.uk/~cowan/sda/


Modern Methods of Data Analysis

• Generalization of binomial distribution to the case where there are more 
than two outcomes (“success” and “failure”)


• Rather  different possible outcomes are allowed with probabilities  

• Now consider a measurement consisting of  independent trials, each 
which yields one of the possible  outcomes. 


• The probability for a particular sequence of outcomes, e.g.  on first trial and  on 
second etc. in a particular order is the produce of the  corresponding 
probabilities,


 

• The number of such sequences that will lead to  outcomes of type 1,  

outcomes of type 2, etc. is

m pi

N
m

i j
N

n1 n2
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Multinomial distribution I

mX

i=1

pi = 1
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N !

n1!n2! . . . nm!
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Modern Methods of Data Analysis

• If we are again not interested in the order of the outcomes, but only in the 
total number of each type, the joint probability for  outcomes of type 1, 

 outcomes of type 2, etc. is given by the multinomial distribution:


• E.g. for three possible outcomes  and everything else:


• The covariance  is  

n1
n2

i, j

Vij = cov[ni, nj]
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Multinomial distribution II

f(n1, n2, . . . , nm;N, p1, p2, . . . , pm) =
N !

n1!n2! . . . nm!
pn1
1 pn2

2 . . . pnm
m
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f(ni, nj ;N, p1, p2) =
N !

ni!nj !(N � ni � nj)!
pni
i p

nj

j (1� pi � pj)
N�ni�nj

<latexit sha1_base64="JM8FxuxQQ2S+yNPWSxUF9fvSJcY="></latexit><latexit sha1_base64="JM8FxuxQQ2S+yNPWSxUF9fvSJcY="></latexit><latexit sha1_base64="JM8FxuxQQ2S+yNPWSxUF9fvSJcY="></latexit><latexit sha1_base64="JM8FxuxQQ2S+yNPWSxUF9fvSJcY="></latexit>

Vij = E[(ni � E[ni])E[(nj � E[nj ])

= �Npipj for i 6= j
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otherwise Vii = �2
i = Npi (1� pi)
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Pause for a moment

lim
N→∞ (1 −

ν
N )

N

= e−νAnd recall our 
dear friend e
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n terms

52

Binomial to the extreme

f(n; N, p) =
N!

n!(N − n)!
pn(1 − p)N−n E[n] = Np = ν

lim
N→∞ (1 −

ν
N )

N

= e−ν

=
N(N − 1)(N − 2) ⋅ ⋅ ⋅ (N − n + 1)

n!Nn
νn (1 −

ν
N )

N−n

(1 − 1
N ) (1 − 1

N ) ⋅ ⋅ ⋅ (1 − n − 1
N )

n!
νn (1 −

ν
N )

N

(1 −
ν
N )

−n

=
νn

n!
e−ν

⇒ p =
ν
N

=
N!

n!(N − n)! ( ν
N )

n

(1 −
ν
N )

N−n

lim
N→∞

= 1

= e−ν

= 1

ν fixed (ie, p → 0)
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• The binomial distribution, in the limit that  becomes very large,  becomes very small, 
but the product  remains equal to some finite value , becomes


• This distribution is called the Poisson distribution for the integer random variable , where 
 

• The PDF has one parameter  

• Expectation value and variance:

N p
Np ν

n
n = 0, 1, . . . , ∞

ν

53

In other words

f(n; ν) =
νn

n!
e−ν

Proof:

E[n] =
∞

∑
n=0

n
νn

n!
e−ν = ν

V[n] =
∞

∑
n=0

(n − ν)2 νn

n!
e−ν = ν

E[n] = Np = ν
V[n] = Np(1 − p) = ν(1 − 0) = ν

Recall the binomial!

Poisson distribution 29 

2.2 Poisson distribution 
Consider the binomial distribution of Section 2.1 in the limit that N becomes 
very large, p becomes very small, but the product N p (i.e. the expectation value 
of the number of successes) remains equal to some finite value v. It can be shown 
that equation (2.2) leads in this limit to (see Section 10.2) 

vn 
f(n; v) = - e- v (2.9) n! 

which is called the Poisson distribution for the integer random variable n, where 
n = 0,1, ... ,00. The p.d.f. has one parameter, v. Figure 2.3 shows the Poisson 
distribution for v = 2,5,10. 

;:- 0.4 

1 
i£ v=2 

<;:::: 
0.2 

0 
0 5 10 15 20 

n 

;:- 0.4 
,i£ v=5 

1 
0.2 

0 
0 5 10 15 20-

n 

_ v=10 
0.4 f j 
0.2 Fig. 2.3 The Poisson probability dis-

tribution for various values of the pa-
rameter v. o 5 10 15 20 

n 

The expectation value of the Poisson random variable n is 

E[n] = f n e- v = v, 
n=O 

and the variance is given by 

00 n 
V[n] = L (n - v)2 ; e- V = v. 

n. 
n=O 

(2.10) 

(2.11) 

Although a Poisson variable is discrete, it can be treated as a continuous 
variable x as long as this is integrated over a range which is large compared 
to unity. We will show in Chapter 10 that for large mean value v, a Poisson 
variable can be treated as a continuous variable following a Gaussian distribution, 
cf. Section 2.5. 

Examples

http://www.pp.rhul.ac.uk/~cowan/sda/

http://www.pp.rhul.ac.uk/~cowan/sda/
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Poisson RV  # of successes in an interval of time at a fixed rate→

Consider an experiment that lasts a fixed interval of time

def: A Poisson random variable  is the # of successes over the experiment 
duration, assuming the time each success occurs is independent and 
the average # of successes over time is constant

n

• Examples:

• number of decays of radioactive material in a fixed time period in the limit that the total 

number of decays is large


• number of events of a certain type observed in a particle scattering experiment with a 
given integrated luminosity . The expectation value of the number of events is L

⌫ = �L✏
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Efficiency to observe an event

LuminosityCross section
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Other discrete RVs  (before we move to continuous RVs…)

Consider an experiment: independent trials of  random variablesBer(p)

def: A Geometric random variable  is the # of trials until the first successX

def: A Negative Binomial random variable  is the # of trials until  successesX r

X ∼ Geo(p) PMF


Expectation


Variance

P(X = x) = (1 − p)(x−1)p

Support: {1,2,...}

E[X] = 1/p

Var[X] = (1 − p)/p2

X ∼ NegBin(p) PMF


Expectation


Variance

P(X = x) = (k − 1
x − 1)(1 − p)x−r pr

Support: {r, r + 1,...}
E[X] = r/p

Var[X] = r(1 − p)/p2
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RV grid (so far)

One trial

Several

trials

Interval 
of time

Number of 
successes

Time until 
success

One success

Several

Successes

Ber (p)

Bin (N, p)

Poi (ν)

Geo (p)

NegBin (r, p)

Interval of time 
to fi

(Coming up…)

Exp (τ)

N = 1 r = 1

Variable

Experiment- 
Fixed/known

Translate a problem statement into a RV. 

I.e., model real life situations with probability distributions. 



Continuous RVs
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• A random variable  is continuous if there is a probability density function 
 such that for : 


• Integrating a PDF must always yield valid probabilities, and therefore the PDF 
must also satisfy

X
f(x) ≥ 0 −∞ < x < ∞

58

Continuous RV definition

P(a ≤ X ≤ b) = ∫
b

a
f(x)dx

∫
∞

−∞
f(x)dx = P(−∞ < X < ∞) = 1

Integrate  to get probabilitiesf(x)
PDF Units: probability per units of X
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• Discrete random variable 

• Probability mass function (PMF)


• To get probability:





 


X

P(a ≤ X ≤ b) =
b

∑
x=a

p(x)

E[X ] = ∑
x

xp(x)

E[g(X )] = ∑
x

g(x)p(x)

59

PMF vs PDF

• Continuous random variable 

• Probability density function (PDF)


• To get probability:








X

P(a ≤ X ≤ b) = ∫
b

a
f(x)dx

E[X ] = ∫
∞

−∞
xf(x)dx

E[g(X )] = ∫
∞

−∞
g(x)f(x)dx

E[aX + b] = aE[X] + b

Var[X] = E[(X − E[X])2] = E[X2] − (E[X])2

Var[aX + b] = a2Var[X]

Both discrete 
and continuous:

Linearity of expectation

Properties of 
variance
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• Discrete random variable 

• CDF





X

F(a) = P(X ≤ a) =
b

∑
all x≤a

p(x)

60

PMF vs PDF:  Cumulative Distribution Function

• Continuous random variable 

• CDF





X

F(a) = P(X ≤ a) = ∫
a

−∞
f(x)

Recall 3 coin toss example from s30

Important points:

• CDF is a probability, though PDF is not

• If you learn to use CDFs, you can avoid integrating the PDF

http://www.pp.rhul.ac.uk/~cowan/sda/http://www.pp.rhul.ac.uk/~cowan/sda/

http://www.pp.rhul.ac.uk/~cowan/sda/
http://www.pp.rhul.ac.uk/~cowan/sda/
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• The uniform PDF for a continuous RV  with support  is defined by


• i.e.  is equally likely to be found anywhere between  and  

• Mean and variance:


An important feature of the uniform distribution is that any continuous random 
variable  with PDF  and CDF  can easily be transformed to a new variable  
which is uniformly distributed  

X x ∈ (−∞, ∞)

x α β

X f(x) F(x) Y

61

Uniform RV

f(x;↵,�) =

⇢ 1
��↵ ↵  x  �
0 otherwise

<latexit sha1_base64="9TtJByDhXHxVibMsD83KO+IVV9s="></latexit><latexit sha1_base64="9TtJByDhXHxVibMsD83KO+IVV9s="></latexit><latexit sha1_base64="9TtJByDhXHxVibMsD83KO+IVV9s="></latexit><latexit sha1_base64="9TtJByDhXHxVibMsD83KO+IVV9s="></latexit>

E[X] = ∫
β

α

x
β − α

dx =
1
2

(α + β)

V[X] = ∫
β

α
[x −

1
2

(α + β)]2 1
β − α

dx =
1
12

(β − α)2
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• The transformed variable  is simply given by 


• For any CDF , one has


• Hence one finds for the PDF of 


This property of the uniform distribution will be used in the next lecture when we talk 
about Monte Carlo Methods

y

y = F(x)

y

62

Uniform RV:  transformed variable

y = F(x) The CDF of the variable x

dy
dx

=
d
dx ∫

x

−∞
f(x′￼)dx′￼= f(x)

g(y) = f(x)
dx
dy

= f(x)
dy
dx

−1

= 1 (0 ≤ y ≤ 1)
Review: section 1.4 Cowan “functions of RVs”
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Consider an experiment that lasts a duration of time until success occurs

63

Exponential RV: amount of time until first success

def: An Exponential random variable  is the amount of time until first 
success, with probability density defined by:

X

f(x; τ) =
1
τ

e−t/τ

• Characterized by a single parameter 


• Expectation value and variance: 


• Example: decay time of unstable particle measured in its rest frame


• The parameter  then corresponds to the mean lifetime.

τ

τ

Exponential distribution 31 

An example of a uniformly distributed variable is the energy of a photon 
(,) from the decay of a neutral pion, 7r0 4- ". The laboratory-frame energy 
E, of either photon is uniformly distributed between Emin = tE7r(1 - f3) and 
Emax = tE7r(1+f3), where E7r is the energy of the pion and f3 == vic is the pion's 
velocity divided by the velocity of light. 

2.4 Exponential distribution 
The exponential probability density of the continuous variable x (0 x < 00) is 
defined by 

(2.19) 

The p.d.f. is characterized by a single parameter e. The expectation value of x 
is 

E[x] = - = e, 1100 

e ° (2.20) 

and the variance of x is given by 

(2.21) 

An example of an exponentjal random variable is the decay time of an unstable 
particle measured in its rest frame. The parameter e then corresponds to the 
mean lifetime, usually denoted by T. The exponential distribution is shown in 
Fig. 2.4 for different values of e. 
-. 
>JJ' 
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...... ":':.:::-.. ':':._._."'.-.::.:.:, .. _ ....... . - .::.::. .......... . 

3 4 5 

x 

Fig. 2.4 The exponential probability 
density for various values of the param-
eter €. 

τ
τ
τ

f(
x;

τ)

x ∈ [0,∞)

E[x] =
1
τ ∫

∞

0
xe−x/τdx = τ V[x] =

1
τ ∫

∞

0
(x − τ)2e−x/τdx = τ2

(Hence our choice for using “ ”)τ

http://www.pp.rhul.ac.uk/~cowan/sda/

http://www.pp.rhul.ac.uk/~cowan/sda/
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One trial

Several

trials

Interval 
of time

Number of 
successes

Time until 
success

One success

Several

Successes

Interval of time

to first success

Ber (p)

Bin (N, p)

Poi (ν)

Geo (p)

NegBin (r, p)

Exp (τ)

N = 1 r = 1

Variable

Experiment- 
Fixed/known

RV grid (last piece)



Quiz Time:  2nd Round
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• Required reading

• Cowan textbook: chapter 2 


• Ross textbook: pages 21-44

67

For next time
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• Complete our tour of important PDFs


• Central Limit Theorem


• i.i.d.


• Monte Carlo

• What is it?  

• How do you produce it? 

• How do you have fun with it?

68

Next time
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• Part of the material presented in this lecture is adapted from the following 

sources. See the active links (when available) for a complete reference   


• Probability for CS (Stanford): slides 13-28, 30-36, 42-44, 55-56


• Statistical Data Analysis textbook by G. Cowan (U. London): slides 45-50, 53-54, 61-63
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