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Problem Set 11
Nonlinear Optics (NLO)

Solution

1)  Acousto-Optic Modulator

Consider a material in which a sound wave travels in the x-direction with wave vector g and

frequency Q and induces a refractive index grating that scatters an incoming optical wave. In
the lecture notes [Eq. (4.14)] we derived a coupled-wave equation for the space-dependent

amplitudes E(r, @) of the incoming wave (I =0) at frequency «, and the various scattered
waves at frequenciesw, . Assume that all waves are polarized along the y-direction, i.e.,
e, =e, V1. The scalar coupled-wave equation can then be written as

2 .
—2jk,-VE(r, )e"("*“k'r)=ﬁ 9 (An(rt E(r, @ )e" "), (0.1)
| a)l C2 6':2 a)l
|

where the index variation An(r,t) is given by
An(r,t)=An,cos(Qt—qr). (0.2)

1. For a monochromatic incident optical wave at frequency e, the right-hand side of
Eqg. (0.1) contains frequency components at o,, = w, £ Q. Derive the two coupled
differential equations for the wave amplitudes E(r,o,) and E(r,) by comparing
the corresponding coefficients associated with the same frequency of Eq. (0.1).

2. Consider the case where both the crystal and the optical waves are infinitely extended

in x- and y-direction, which implies %:0 and %:O. Assume further that the

z-components of the k-vector for both optical waves are equal, i.e. k,, =k, =k, and
o, = o, . Using these simplifications, show that the two coupled differential equations
can be written as:
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with x = <&M
2n,

3. Solve the differential equations assuming perfect phase matching, i.e. Ak =0 and
using the boundary conditions E(0,@,)=E, and E(0,@ )=0. Sketch the evolution
of the intensities of the incident and the deflected wave along z. How long should the
crystal extend in the z-direction for maximum intensity of the deflected wave?

4. What is the angle of diffraction for light at 632.8 nm in a LiNbOs cell that is driven at
a frequency of 1 GHz? (speed of sound: vs = 4.1 km/s, refractive index no = 2.3)

Solution:

1. In an acousto-optic modulator an incident optical wave interacts (frequency @, and
propagation vector k) with a sound wave (frequency © and propagation vector q).

The reflected wave must obey both energy and momentum conserved conservation,
for the given example this means that @ =a,+Q and k, =k, +q must hold. As a

first step let’s rewrite eq. (0.4) as
An (r,t) = %Ano (eJ(Qt—qr) I e—i(Qt—qr)) (0.5)
and insert it into eq. (0.1):

> 2jk, - VE(r, )l :2_3 AnoZ % ( E(r, wl)(ej(mm)t—(kwq)r) +e1<<@—a>t—<k.—q>r))) (0.6)

We are now only concerned with terms containing the frequencies @, (the incident
wave) and @, =@, +Q (the reflected wave) in the exponent. On the left hand side of
eq. (0.6) these are:

@,: —2jKk,VE(z, @, )"

_ (0.7)
w: —2jK,VE(z,a)e" "
On the right hand side of eq. (0.6) we find:
2 2 )
@, n_gAnOE(na)l)a_zel((“’lfg)t’(qu)r) - _ a)ozno AnOE(na)l)el(%t*(kFQ)r)
¢ aatz ¢ (08)
o, Z_gAnOE(r’wo)ﬁej((woﬁz)t—(koﬁ-q)r) __ a)é;‘lo AnOE(r’a)o)ei(wlt—(kmq)r)
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3.

where we made use of the fact that @, = —Q. We can now write the two coupled
differential equations as

1 afng ~i(ko+q-ky)r
K.VE(z,0,)= —jE 2 AnE(r,m,)e and (0.9)
1 Cl)zn j(ko+0—ky )r
K VE(z,@,) =~ > 00 AR E(r, ey )t (0.10)
c
The term KVE can be written as K, g—E-i- K, %+ K, Z—E . Using this we can rewrite eq.
X z

(0.9) and (0.10) as

OE(r, i 2 .
_(8 ) =—Jzi w12n° AnE(r, m,)e ™" and (0.11)
z L, C
OE(r, ) 2 _
_(aza)O) :_J Zi- a)co:zno AnOE(r,a)l)eJAkr (012)
0z
2 2
Using the relation 1 an = 1k = ke we get the given differential equations.
2k, n, n
1z 1z 70 0
OE (z, . i
— =7 (6 a)l) :—jlcE(z,a)o)t-:f‘Akr (0.13)
74
OE (z, . ;
—— (a @) =—jxE(z, @)™ (0.14)
z
with « = KA.
2n,

Assuming perfect phase matching, i.e. Ak =0, taking the derivative of eq. (0.13) and
inserting eq. (0.14) we can decouple the two differential equations and get

%Z—KJE(Z,@J (0.15)
Using the given boundary conditions we get the solutions
E(z,@)=-]E,sinkz (0.16)
E(z,@,)=E,cosxz (0.17)

Theoretically it is possible to transfer the total power of the incident wave to the

) ) n
reflected wave. This would be the case after a distance L = kﬂ-AO )
r-10

z
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4. Using the figure on the first page of the exercise sheet you can immediately see that

sin@ = %|q| =1.95°

k|
Questions and Comments:
Pablo Marin Philipp Trocha
Building: 30.10, Room: 2.23 Room: 2.32/2
Phone: 0721/608-42487 42480
pablo.marin@kit.edu philipp.trocha@kit.edu
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