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Karlsruhe Institute of Technology

KCETA Clloquium
Loops for Colliders

Thursday, October 31, 2024
Kleiner Horsaal A (CS) 15:45 - 17:00

Prof. Andreas von Manteuffel
(University of Regensburg)

Perturbative quantum field theory predicts complex phenomena at particle colliders from basic
first principles. By comparing precise high energy data with precise theory predictions, one can
probe the fundamental laws of nature down to very small distances, and identify possible
signals of physics beyond the standard model of particles.

In this colloquium, | show how calculating multiloop scattering amplitudes enables a concise
interpretation of measurements at the Large Hadron Collider and other facilities. | illustrate how
a better understanding of the underlying mathematical structures and the adoption of new
computational techniques have pushed the frontier in perturbative predictions

Please note: The colloquium will also be live-streamed to B401 SR 410 (CN).
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Questions from first lecture? AT
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L01 Summary neview T

® Relativistic guantum mechanics incorporates relativistic energy- momentum

relation: p¥p, = E? — p*> =m*

0

® Canonical operator replacement P, = iaﬂ (E—>1—andp — —1 V)

ot

“ Klein-Gordon equation of motion(&”@ﬂ + mz) @ = 0 for spin-0 particles
(scalars)

“ Dirac equation (i;//’@ﬂ — m) y = (: equation of motion for relativistic
spin-1/2 particles

% Today we’ll see that the 4D spinor y simultaneously describes particles and anti-particles with spin
up/down
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. . Revi
y Matrices (Key points) e AT

2 (yo, yl, ;/2, y3 ) IS not a four-vector, but the same in each coordinate
system

a Usually use the Dirac-Pauli (or chiral) representation:

0

1 0 0

o_[01 0 0 :(1 O)andy“=<o %)
00 -1 0 0 —I ~0, 0
0 0

—1

-

with Pauli matrices o, = <(1) (1)) Or = ((1) _Ol) 03 = <(1) Ol), [%, Gb] = 2i€, p

" Special combination y° = iyyy%y3 with {¥°, y°} = 0 and (;/5)2 =1
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- . . Revi
Adjoint spinor & covariant current e AT

® The probability density and probabillity current can be written
compactly as

i* = (o, §) = v Y yHy,
*

4-vector (See Appendix B.3)

= |[ntroduce the adjoint spinor: v =y,

1 0
‘7” — WT?/O — (W )Ty() — ('7019 Wza w39 lﬁ4) O O
0 0

0 O
O O K K K K
0 -1

®= \WWhich allows the 4-vector current to be written as:  j* = yy*y.

6 Particle Physics 1



Solutions to the Dirac equation KIT

®» Goal: Identify explicit forms for the wavefunctions of spin-half particles

= Recall the plane wave solutions to the K-G equation
w(X, 1) = Ne'P*=50

" We now know that Dirac hamiltonian //,, = o - p + fmisa4 X 4
matrix of operators that must act on a 4-component wave function
which we’ve identified as a ”

Dirac spinor o
| w3
Wa

® Now look for a free-particle plane wave solution of the form
w(X, 1) = u(E, p)e" P

14 Particle Physics 1



Solutions to the Dirac equation (iy”aﬂ - m) w =0 ST

* w(X, 1) = u(E, p)e' P
prochn o-ime. dopendeacies |-~ Du Y oy ects ot expmost)

2 59¢,,'
0(/ %« klg% ) 9¢ 9{& /(/Px,%l)

L(P%-64 o

Swbshdpte fwdy  Ovag, egn ( L -0 ?Px, -0 %y e 3/75 /m) M,(EJ ?)6

¥ o M/CCJP ) satishies (f "”/))M//

\/‘\" ,
FJ@L WCM\‘E‘&[Q, )(‘4(/ QZ“'\ %*" 4%6 C%'”’br\ U

wr?‘ﬁm ,‘;q, %@V‘WK %/a/u
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Particle atrest p = ( IT

"y = u(E0)e™ HEEEN \ Spin |
| .
(O//Mﬁ//v—m)bt/:o E;Q %\C(:Jo);/\/(g/ “&@;D)“J/\/g
0 0
> E§ wzmi
E‘?y%\/&f/lffkﬂ -@‘(7[‘ -/DT‘ é/L‘Q g\ | /5\
’ \ ? \ | 0 - j
E/l\ O\ Qz) - m 972) L J
- 2}/ p |
—Dfoqmwl\%a 3 Y Dr%ka;md OZ Lo g\% DWMZN
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Particle atrest p = ( IT

® Now including time dependence

e—imt, ‘702 - N e—imt, 9”3 — N e+imt and w4 - N +imt.

o OO =
OO = O
O = O O
—_ O O O
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General free particle solution p # 0 SKIT

® Can be derived from the solution for p = 0
" Better to directly solve the Dirac equation for y/(X, 1) = u(E, p)e' P+~

@ Start with the free-particle Dirac equation for the spinor u

(Yﬂpu —-m)u = 0, :DZEW'/OJ?‘WD zrl—]abaz-m) nwz 0O

“ Express in matrix form

/\

(L O0\g_( O o-p /\M“()(f

\0 -1 —~o-p O o 1 iz
4 X 4 matrix in R _ Pz px_ipy
2 % 2 block form: p_a-xp’C+O-xpy+O-po_(px+ipy — D, )

11 Particle Physics 1



General free particle solution p # 0

= Allows

® To be written as
(E — m)I —O0 P UA
( o-p —(E+m)1)(u3)

®= Which gives the coupled equations

O-p

Up = Uup
E—-m
O-p

Up — UA .

E+m
12

(1 O 0 o-p [0
_(O—I)E_(—a-p 0 )_m(OI

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

6\/5\,'"{@)26’} Ants sic M’A?
M/U/o]) y Ay c [?)

SAme. %/\ M)é..

@ f%}?p& %Z WZD?{, 7Z7> ?ﬂ)}l

D Brary 3 hyeen
lodel 4 shAtes
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General free particle solution p # 0 SKIT

® The 4 orthogonal plane wave solutions to the free-particle Dirac
equation of the form (X, 1) = w(E, p)e'P*—ED

Pz Px—Lpy
I 0 v Sl
O 1 px lpy _pz
Up = Nl Pz , U2 = N2 px—ipy | Uz = N3 Eim Ug = N4 E6m
L+m E+m
px"'lpy _pz O 1

W”l neg. Wg&; 5”90”’10(5
/ , wdly 5~ pumt]
skgdiiwte ing § fhede 2t

(y,wf/ﬁ vm)mo - gowll Wé

665/0 Zyyn L Particle Physics 1



General free particle solution p # 0 SKIT

" |s it possible to interpret all 4 solutions as having £ > 0 ?

i o [p&EL)
Mol 16t b £70 | Focpmet{ Hrg) ulefle” T

Wm,/af Jye ‘f};{; 5&\/)41(/
S~ all Y [olw[fwn

S Ny longen Y indepenslont b,

(0%(0{ ()y?r@ﬁSJ @7\_) O(/l ) E%B—L ﬁ-}[ﬁi %%
G+m < 1)

S Only Y ibpnid ks i A hae & <O.
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Dirac equation: Original interpretation KIT

® |nterpret as a single-particle wave function

" Problem: electrons can emit infinite amount of energy via photons by changing into — £ states

. I ' 000 T ﬂ’”f/uﬂ[?;h th%,é,%’\n,)
= Proposed solution: "Dirac sea Y ete et 5

® Ground states (“vacuum”): all — E
states filled with electrons following

Pauli exclusion principle My - —e———— Mg = — .
" No transitions from + E states to : ﬁ,fr/
— F state Bl O My - 08—
———0— ———0—
———0—

® But electrons can be elevated from
— F states to + £ states

> ‘ A l\n A ¢
® Hole in Dirac sea: corresponds +E Problems: OAn / indec o S0 ) s e
antiparticles with the opposite charge — Panl e husy'sm /?r(hu;a/(; Apesn '+ Oﬁ?/y

to the particle states L
@ Fw}/y Béc%'éa( $0.A_ /mf))”—ﬁ ‘{'}Mf} ”I’Zvﬂ
Vackum hae EO €

Thomson Fig. 4.1
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Dirac equation: Actual solution SKIT

= Multi-particle system (Feynman, Stlckelberg)

" Requires quantized fields. Particles with — £ backwards in time = anti-particle with + £
forward in time

e (E > 0) e (E > 0)

e (E < 0) e"(E > 0)

Both are e,ﬁm'\/cc/em[ S
16t (6)EA)
c = C

/Q Thomson Fig. 4.2

40714/&1,7,[15?—, 0, wrhi@ 64,’5 ch
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Antiparticle spinors SKIT

® Nothing stopping us from performing calculations with the — £ particle
SPINOI'S Uz & Uy

1 0 Pz Px—1Py
E—m E—-m
() 1 px‘pr — Pz
uy = Ni| p. |, u2=N2| pe—ip, |» U3 = N3| £ Uy = Ny | E-m
E+m E+m I 0
px‘pr — Pz () 1
E+m E+m

® ... but always need to remember
" E is the negative of the physical energy

® p is the negative of the physical momentum (since u; & u, are interpreted as propagating
backwards in time)

17 Particle Physics 1



Antiparticle spinors SKIT

® Rewrite the — £ particle spinors u; & u, in terms of the physical + £
antiparticle spinors v, & v,

01(E,p)e " PX D = yy(=E, =p)el PX-E)]
0 (E, pe” ®XED = y3(—E, —p)ell X BN,
a Can be formally derived by looking for
solutions of the Dirac equation of the form
w(X,t) = U(E, p)e™ P3=ED

18 Particle Physics 1



Summary: particle & antiparticle spinors

® |n terms of the physical energy:

. . . . _ +i1(p-x—Lt
Two particle solutions to the Dirac equation Iﬁi = U;€ (P )
1 0
0 1
u(p) = VE+m| . and wux(p) = VE + m pe—ip, |
E+m E+m
px"'lpy _pz
E+m E+m

—I(p-x—Et
Two antiparticle solutions to the Dirac equation Iﬁi — ;€ (px—E1)

px_ipy Pz
E+m E+m
— Pz PxTtlpy

v1(p) = VE + m Eam and vy(p) = VE + m EJlrm

1 0
19
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Wavefunction normalization AT

TD Mma/ffze 7412, V:%V(’/Iﬁt/hz/’é/?h 7[& 7%2/ L@’»\/@n‘t[)ﬂbm/ olg /74,0”’[92,/(),5 wm"/ V
A NV:{E+m (sec hap. 3)
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Review

Dirac equation relation to spin  Read athome: Thomson Section 4.4 ST

®= The Dirac equation provides a natural description of spin-half
particles.

Spin emerges as a direct consequence of requiring the wavefunction
to satisfy the Dirac equation

QM basics: Time dependence of an dO d . A
observablg corresponding to an — = —<0> — l<'ﬁ‘[Ha 0]|'ﬁ> »
operator O is given by ds dr

If the operator for an observable

commutes with the H, it is a
constant of the motion

[Ap, L] = —iaxp. X
[ﬁp,j]E[ﬁD,f4+S]:O. /

(Ap.Sl=iaxp. X

22 Particle Physics 1



Spin and helicity KIT

= Subtle but important point regarding the physical spin of the
antiparticle spinors v

» For |Hp.J|=|Hp.L+S|=0. to hold for the antiparticles spinors,

the operator giving the physical spin states of the v spinors must be

A (U) A 4 X 4 matrix operator A | & i o O
S — —S formed from the Paull S — 52 — z
spin-matrices O o

Do you see why?

o

Foc mltozfﬂﬁzf"/% E)\B “/5 w Lir>p D L

S onweed 8- -5
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Spin and helicity KIT

® |nteraction cross sections will be analyzed in terms of the spin states of
the involved particles.

® Problem: S does not commute with H n» SO cannot define a basis of
SImultaneous eigenstates of S & H

® Solution: Introduce helicity, the normalized component of a particles
spin along its direction of flight

~S-p

Fora4-component »~ Xp 1 ({o-p O _
Dirac spinor h = ~ A ( 0 o-f ) » [Hp, X ‘Pl =

24 Particle Physics 1



Spin and helicity KIT

® [wo possible helicity states for a spin-half fermion.

/7 /
he ¥ -y
: 2

Fmb )Mh: /éA i ¥y ot Lo rewfz Thva r\/onfl{i

///2/ /)/f/fé/eg (/\/\4}[ )maés) LA N /(//WAS\)‘ ﬁmsfm f)

A Fame  an u//f% ‘Lﬁ/{(’, ;Z/m(/g,/oﬁ ﬁ% /Zﬂ(/o%C

3 reversed
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Spin and helicity

“ The simultaneous eigenstates H p and h are solutions to the Dirac
equation which satisty

hu = Au.

Solve the eigenvalue equation and express the helicity states in terms of spherical polar coordinates
P = (psinfcos ¢, psinfsing, pcosb)

RH helicity LH helicity RH helicity LH helicity

particle spinor ( C. ) particle spinor / _L.S‘ | antiparticle spinor / ﬁs \ antiparticle spinor ( ﬁc \
se'? ce' __P it _P it
uT:\/E+m D ui:\/E+m D , vT:\/E+m E+m vi:\/E+m E+m
Een¢ B’ = g
| 7—s¢' \ — 7= ce? . ce? . se?
Particles Antiparticles
RH / LH / RH / LH /
up ujg Vq V|

Karlsruhe Institute of Technology
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Symmetries ST

Karlsruhe Institute of Technology

= Symmetries are operations performed on a system that leaves it
Invariant

®= Global symmetries are the same at all space-time points

® Local symmetries are different at different space-time points

This is just a primer:
We will discuss symmetries
In detall later when we

- . introduce the Lagrange
Original Sphere Global Transformation Local Transformation density and the Higgs

mechanism

Source: https://universe-review.ca/l15-04-gauge?.jpg

27 Particle Physics 1



Discrete symmetries KIT

® Discrete symmetries are symmetries that describe non-continuous
changes in a system

® Example: Rotation of a square is a discrete symmetry as only rotations by multiples of 90°
yield a symmetry

® Transformation of (Dirac) spinors under 3 discrete symmetry operations
C, P, T are very important in particle physics

28 Particle Physics 1



Discrete symmetries: Charge conjugation IT

“ Charge conjugation operator C: particle < anti-particle

® What is the form of CA’ ?

® Recall your Classicei)dynamics: The motion of a charged particle in an
EM field A¥ = (@, A ) can be obtained via the minimal substitution:

E—->E—-qgp and p—p-—-gA

4-vector notation

Pu — Pu — qA,u

29 Particle Physics 1



Discrete symmetries: Charge conjugation IT

Conclusions:

Pu — Pu — qA,u

1.y’ can be interpreted as the antiparticle wavefunction

2. The charge conjugation operator C can be identified

as y' = Cy = iyy*

~ 0 —
Operators £ — id_ &p —> —iV
[

ia,u — la,u — un y“(ﬁﬂ + ieAﬂ)gb' + lmgﬁ, = ()

Substitute int yHo — =
ubstitute into (zy aﬂ m)l// 0 Define ' = iy2y*

yH (0, —ieA )Y + imy =0 * yH(0, + ieA )iy " + imiyiy*t =0

30 Particle Physics 1



Discrete symmetries: Charge conjugation IT

® |f you still need convincing:

~ ' o © BE
Comitder the stk f & ontha partele spinoe P et (P E)

) N 2w
W - A0 L L
% L, ~A(pE-EBY o (, Lranidroms /’)ﬂr-'l')u[( OB
=40ty € Mfa/(foar'ffde TALLE
W e 4 . o
Sf\/nbr ‘por—"} 0]% A:@ ..E-'é&) 3 __A(F 3 Eé}
\ /l \ Y:ue AN
o 0 O A O
/LJIZM'\% S/\'/() 0 & D W F/; e 3 ._.j,(,&'v?-*;‘é)
oL 0 D Etm .1 6"(10"‘ bt) G SN
\..}3 0 0 O \w o
. E-—rm/
| T
= ,L;-H’h _
Evm 0. 5 (["))
Gaim
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Discrete symmetries: Parity

“ Parity operator P corresponds to a
mirroring through the origin:

x=(X) - x"' =@ —-X)
® fwo questions we need to answer:

® What is the form of IA’ ?

®a \What is the intrinsic parity of
Dirac fermions?

32

“Parity mirror”

||||||||||||||||||||||||||||||

(a) Reflection (in the x-z plane)

(x,y.,2) = (x,—y, 2)

(b) Inversion (x,y,2z) = (—x, —y, —2)

Credit: Griffith

Particle Physics 1



Parity operator KIT

“ y is a solution of the Dirac equation

® v/ is the solution in the parity mirror obtained from the action of IA’ S.t.
b -y =Py
“ By definition, applying P twice recovers the original wavefunction
W =Py = Py =y.
1 ¢
PI

33 Particle Physics 1




Parity operator KIT

The P transformed WF y/'(x, y', 2/, ') = }A’l//(x, v, Z,t) must

Start with a WF y(x, y, z, 1) which satisfies the Dirac eq.: satisfy the Dirac eq. in the new coordinate system

1(99” ,}/239” - oy = _Woaw » oy’ ,}/25'9” iy 30y my = _l-,yoawl ot tho
ﬁx oy 0z ot 0x’ oy’ 07’ O “" the derivative
SubstiAtute
w = Py’

What has to happen for
these to match?

iylf’a(;i, + iyzf’agg’ + i’y3f’aﬁf mPy = —lyof’aat, Z( ,'/O\ o I
1. Premultiply by }/O and express the derivatives C\/ 0, IOVL ou) p ZS j_ ) %
in terms of the ' system (add a “-“ for x, y, 2).
2. Use yoyk = — yk;/O A N o
F s ot &” ’ . /0 c—(
i’ylyof’aw, + i’yz)fof’aw, + iy3 yOIA’aW m’yof’w' = —i‘yoyof’aw, ~~——

o Z & o centiv b Y PP 2 T
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Intrinsic parity of Dirac fermions KIT

“ Defined by the action of the parity operator P = yO on a spinor for a
particle at rest (derived on S9)

N , ) \lO /I\
P W CO/M\~< ,)>am o | Fu,

0
O - \ &
’ /
pm}' g ’)’M'a\
ﬁV\ yv} -~ [ , /
B, - v " Ddrive par'ty O @ cpin- 4 parhik s
1 L

OW&OOQ?@ éa 7%42{' 7 1 5/7:’%/0{/ M«é}%p{/’(//(

foe /OM‘%)UZ Wfﬂ\ mmﬁtm /5

P e, p) =+ (€, “p) s Uy 50 s it choge
35 to $fin S{MQ Particle Physics 1



Discrete symmetries: T'and CPT KIT

® Time reversal operator T switches the signh of f:

" x=(X) — x' ==X

Va\

" T =iyly’

= CPT Theorem (Pauli, Luders 1957):.

“Every locally Lorentz-invariant quantum field theory is invariant under CPT
symmetry”

® Experimentally one can test Lorentz invariance violation (e.g. measuring velocity of
neutrinos faster than speed of light) or violations of CPT symmetry (e.g. comparing
emission spectra of hydrogen and anti-hydrogen atoms)

= |f physics is described by QFTs, any observation of CPT violation equals Lorentz violation

= Up to today, we have not measured any CPT violation or any Lorentz violation

36 Particle Physics 1



Reading assignment KIT

= Modern particle physics (Mark Thomson)
m Chap. 4
" 4.6-4.9

= Chap. 17 (suggestion for now; will be required later)

= 17.2-17.3
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38

What questions do you have?

Karlsruhe Institute of Technology
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