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Isospin Analysis of CP Asymmetries in B Decays
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There is some theoretical uncertainty in the predictions for CP-violating hadronic asymmetries in

neutral-8 decays to CP eigenstates due to the existence of penguin diagrams. Using isospin relations, we

show that it is possible to remove this uncertainty for the decays Bd zz.
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One of the few remaining problems confronting the
standard model of the weak and electromagnetic interac-
tions is whether or not the Cabibbo-Kobayashi-Maskawa
(CKM) matrix is the correct explanation of CP viola-
tion. Probably the best method of verifying this is by
measuring CP-violating asymmetries in the 8 system.
The most promising of these involves a hadronic final

state to which both 8 and 8 can decay. Because of
8 -8 mixing, a state which at time t =0 was a 8 (or a
8 ) will evolve in time into a mixture of 8 and 8 . CP
violation then occurs due to the interference between the

decay chains 8 f and 8 8 f. If the final state
is a CP eigenstate, then the time-dependent asymmetry

a(t) = I (8o(t) —f) —I (8 (t )—f)
r(8'(t) —f)+r(8'(t) —I)

is given solely in terms of CKM matrix parameters; i.e.,

there are no hadronic uncertainties. (In Eq. (1), 8 (t)
[8 (t)] is a state which was a pure 8 [8 ] at t =0.)

The above conclusion is, however, predicated on the
assumption that only one CKM amplitude contributes to
the decay 8 f (and to 8 f). In fact, there are al-

ways additional diagrams with different CKM phase in-

formation. For decays such as Bd +Ks, tr+tr, Kstr,
there are contributions from penguin diagrams, while

the decays Bd D~ 2tr, D~ 2K' have two tree-level dia-
grams. For some final states of interest to experimental-
ists (e.g. , O'Ks, tr+tr ) the effects of the new diagrams
are roughly estimated to be small. Nevertheless, since
this involves hadronic matrix elements with rather crude
estimates, it introduces a theoretical uncertainty thought
to be avoided in this class of CP asymmetries.

In this Letter, we will show that it is possible (in prin-
ciple) to disentangle the effects of the tree and penguin
contributions for the final states x+ n and n z . This is

achieved by using isospin to relate the amplitudes of
Bd z+z, Bd n n, and B„+ n+~ . In order to
do this, we note the following features, in complete anal-

ogy with the textbook case of K zz. First of all, due
to Bose statistics the above zz final states can have only

(1/J2)A + =A i —Ap,

A =2A2+Ao, A + =3A2,
(2)

~here Ao and A2 are the amplitudes for a 8 to decay
into a xz pair with I=0 and I=2, respectively. This
immediately yields the complex triangle relation

(I/J2)A+ +3 (3)
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FIG. l. (a) Tree-level and (b) penguin diagrams for the de-

cay Bd zx.0

I=O or 1=2. Second, the tree diagram [Fig. 1(a)],
which more generally represents the QCD-corrected
left-handed four-fermion terms of the low-energy
effective Hamiltonian, can lead to either I=0 or I=2
final states. On the other hand, the penguin diagrams
[Fig. 1(b)], which describe the W-loop QCD-induced
terms, give xz states with I=O only. In other words,
the BI= —' operator occurs purely as a tree diagram, but

the It I = —,
' operator has both tree and penguin contribu-

tions. Finally, the z+x final state can have only I=2,
so the process 8„+ tr+tr arises solely from the tree di-

agram (d,I = —,
' ).

The amplitudes for Bd rt+ tt, Bd tr~tr, and
8„+ tr+tt (A+, A, and 3+, respectively) can
now be expanded in terms of the I=O and I=2 pieces.
Writing tr+tr (tr~+tr2 +trl tr2+)/J2 (and similarly for
tr+tr ), and evaluating the Clebsch-Gordan coefficient,
we find
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There is a similar triangle relation for the charge-
conjugated processes:

(I/J2)A +A =A (4)

A2=1Aple'"e", A2=1A. le'"e

Here, 8+,8, and 8 are the amplitudes for the pro-
cesses Bd n+z, Bd z z, and B„z z, re-
spectively. The A amplitudes are obtained from the A
amplitudes by simply changing the sign of the CKM
phases (the strong phases remain the same). As noted
above, the A2 amplitude has only one piece, from the
tree-level diagram, so that

where 82 is the 1=2 final-state-interaction phase, and p,
is the tree-level CKM phase. Thus we have
IA+

I
=IA 1. On the other hand, there are both tree-

level and penguin contributions (with u, c, t-quark ex-
change) to Ap, so that there exists no simple relation be-
tween A+ and 2+, or between 8 and A

The magnitudes of the decay amplitudes are obtain-
able experimentally. For the charged-8 decay, IA+

I

comes directly from the branching ratio. In the case of
neutral-8 decays, in order to extract IA+ I, IA

IA I, and IA I, one has to take mixing into account.
The eA'ect of having more than one amplitude contribut-
ing to the decay 8 f has been considered in Ref. 6.
With Af=A(Bd f) and Af —=A(Bq f), the time
dependence of the decay is found to be

I (8 (t)-f) =
I IAfl'e "[(I+141')+(I —I(I')cos(~mt) —21m(sin(hm t)],

I (8'(t) —f) = I IAfI'e "[(1+1&1')—(1 —1&1')cos(am t)+21m(sin(am t)],
where

(6)

g =e ""Af/Af . (7)

Here, &M is the phase information from Bd-Bd mixing,
exp( —2ipttt) —= V,b V,d/V, b V,d. From Eq. (6), one can see
that, by measuring the time dependence of the decays
into tr+z and tr tr, it is possible to extract IA
IA+ I, IA I, and IA I

from the coefficients of the
constant and c so(dmt) terms. (For the tt tr final state,
this is admittedly rather difficult experimentally. Furth-
ermore, if color suppression holds, then one might expect
the branching ratio of Bd z z to be about an order of
magnitude smaller than that of Bd z+z . Never-
theless, these measurements should eventually be possi-
ble. ) The existence of a cos(hm t) term is due to direct
CP violation, i.e., the interference between tree and

penguin diagrams with diA'erent CKM phases and
diA'erent hadronic final-state-interaction phases. In the
approximation of neglecting the penguin contributions,
IAf I

= IAf I
and I(I = 1, so that this term disappears. In

addition, in this limit the triangles defined in Eqs. (3)
and (4) are congruent and have identical orientations.

The sin(d, m t ) term corresponds to the existence of CP
violation due to Af-Af interference via mixing. For the

final state, its coefficient is given by

In the limit in which penguin eAects are neglected, z =z,
so that Imp+ =sin2a directly measures the angle a of
the unitarity triangle. ' In the presence of penguins, z
and z are not equal, so that knowledge of their magni-
tudes and phases is necessary in order to extract a.

These are obtainable, however, from the triangle rela-
tions and from the knowledge of the magnitudes of the
decay amplitudes (the sides of the triangles). Consider
the triangle shown in Fig. 2(a) [which corresponds to
Eq. (3)]. The magnitude IAql is obtained directly from
IA+

I [Eq. (2)]. Simple geometrical considerations al-
low one to obtain I Apl and cos8 from the triangle, where
8 is the angle between Ap and A2. Note that sint) cannot
be determined, which means that, although the magni-
tude of 8 is known, the sign is not. The point is that the
triangle can be up or down; i.e., it can be reflected
through the A + axis. Therefore z is determined up to a
twofold ambiguity in the sign of its phase. Similarly, z
can be determined from the triangle in Fig. 2(b) [corre-
sponding to Eq. (4)], but there is again a twofold ambi-
guity in its phase. We find from Eq. (10),

Imp~ =Im e-" 1
—ze —"

1- lzle -"
Im(+ —=Im e

1
—z

where Eqs. (2) and (5) have been used, and

z=Ap/Ap, z=Ap/A2.

(bj

Denoting the three angles of the unitarity triangle by a,
p, and ), we have p, =), &M, =p, and p+) =tt —a:

Imp+ =Im e " 1
—z

1
—z

(10)
Ap

A+ 0

Ap
A

FIG. 2. Complex triangles of (a) Eq. (3) and (b) Eq. (4).
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with ~z~, ~z~, 8, and () all known. The terms within the
square brackets in Eq. (11) have a magnitude, m+ —,
which is unambiguously determined in terms of these
four quantities. On the other hand, its phase can obtain
four different values. We denote these phases by + e+-
and ~ g+, where t. + — and g+ —are known functions
of ~z~, ~z~, 0, and 8. a is a solution of one of the follow-

ing four equations:

sin(2a+ e+ ) = (Imp+ )/m+

sin(2a+ tI~ ) =(Imp+ -)/m+ - .

(i2)

This leaves a fourfold ambiguity in the determination of
sin 2a.

In a similar manner, the coefficient of the sin(hmt)
term in the decay to n n is given by

Im(pp = Im e " I+-,' /Zfe-"

i+ —,
'

/z/e
-"

Denoting the magnitude and phases of the terms within

the square brackets by mpp and + t. pp,
+'

happ, respective-

ly, this implies that a must also be a solution of one of
the following equations:

sin(2a ~ epp) = (Imgpp)/mpp,

s1n(2a +' ripp) = (Imgpp)/mpp .

(i4)

In general, Eqs. (12) and (14) determine sin2a unambi-

guously. The only exceptions are the very special cases
in which some of the ambiguities of Eqs. (12) overlap
with those of Eqs. (14). This happens when either e+
or g+ — equals one of the four phases, + t. pp,

+'ripp(mode). In these cases sin2a retains a twofold

ambiguity.
One might wonder whether this kind of isospin

analysis can be applied to other final states, such as

+Kg, D+D, Kqn, p z, or D~ ~z . It turns out that in

all cases of interest the answer is negative. For the first
two cases there is only one isospin operator —both tree
and penguin diagrams are purely AI =0 (OKs) or
/JI=

&
(D+D ). ' For Ksn, the tree and penguin

operators have diff'erent isospin structures as in the zz
case, so that one can do an isospin analysis. However,
here there are four amplitudes, so that one obtains a
quadrilateral relation instead of a triangle relation. Un-

fortunately, knowledge of the length of all sides of a qua-
drilateral gives no information about the angles, so that
the correction due to penguin diagrams cannot be ex-
tracted. A similar situation occurs in the case of the

p x final state, except that here five amplitudes are in-

volved. The case D~ 2x is peculiar in that there are no

penguin diagrams involved —rather, there are two tree-
level diagrams with diAerent CKM factors. Neverthe-
less, an isospin analysis can still be done. Unfortunately,

as in the p z" case, the description here too is in terms of
five amplitudes, from which no useful information can be
obtained. It may be, however, that it is possible to dis-
tinguish the two tree contributions by looking separately
at the final states D z, D z, and D~ 2z . This will be
discussed in a separate paper. "

In conclusion, we have shown that one can use isospin
to eliminate the theoretical uncertainty due to penguin
diagrams in the CP asymmetries in Bd z+z and
Bd z z . In general, one obtains a single value for
sin2a, which is free of hadronic final-state uncertainties.
In very special cases one retains a twofold ambiguity in

the value derived for sin2a. This is achieved by noting
that the amplitudes for Bd z+~, Bd z n, and
B„+ a+z satisfy a triangle relation, as do their
charge-conjugated processes. The magnitudes of the
neutral-8 decay amplitudes can be obtained by looking
at the time dependence of their decays to z+rc and
x z . Using this information, one can calculate the
correction to the CP asymmetry due to the existence of
penguin diagrams with different CKM phase informa-
tion. Unfortunately, one cannot use a similar isospin
analysis to remove the theoretical uncertainty in the CP
asymmetries for other interesting final states.

We would like to thank Boris Kayser, Jonathan Ros-
ner, and Lincoln Wolfenstein for helpful conversations,
as well as the hospitality of the Aspen Center for Phys-
ics, where this work was done. This work was supported
in part by the Natural Sciences and Engineering
Research Council of Canada, by Fonds FCAR pour
1'Aide et le Soutien a la Recherche du Gouvernement du

Quebec, Quebec, by the U.S.-Israel Binational Science
Foundation (BSF), Jerusalem, Israel, by the Technion
VPR research fund —the Harry Werksman Research
Fund —and by the fund for Promotion of Research at
the Technion.

'A. Carter and A. I. Sanda, Phys. Rev. Lett. 45, 952 (1980);
Phys. Rev. D 23, 1567 (1981);I. I. Bigi and A. I. Sanda, Nucl.
Phys. B193, 85 (1981); B2$1, 41 (1987); I. Dunietz and J.
Rosner, Phys. Rev. D 34, 1404 (1986); Y. Azimov, V. Khoze,
and M. Uraltsev, Yad. Fiz. 45, 1412 (1987) [Sov. J. Nucl. Fiz.
45, 878 (1987)]; D. Du, I. Dunietz, and D. Wu, Phys. Rev. D

34, 3414 (1986); P. Krawczyk, D. London, R. D. Peccei, attd

H. Steger, Nucl. Phys. B307, 19 (1988); C. O. Dib, I. Dunietz,
F. J. Gilman, and Y. Nir, Phys. Rev. D 41, 1522 (1990); C. S.
Kim, 3. L. Rosner, and C. P. Yuan, Phys. Rev. D 42, 96
(1990).

2M. Gronau, Phys. Rev. Lett. 63, 1451 (1989); D. London
and R. D. Peccei, Phys. Lett. B 223, 257 (1989); B. Grinstein,
Phys. Lett. B 229, 280 (1989).

3M. K. Gaillard and B. W. Lee, Phys. Rev. Lett. 33, 108
(1974); G. Altarelli and L. Maiani, Phys. Lett. 52B, 351
(1974).

4M. A. Shifman, A. I. Vainstein, and V. I. Zakharov, Nucl.

3383



VOLUME 65, NUMBER 27 PHYSICAL REVIEW LETTERS 31 DECEMBER 1990

Phys. B120, 316 (1977).
sin order that Eq. (2) take its simple form, some Clebsch-

Gordan factors have been absorbed into the definitions of Ao
and A2.

Gronau, Ref. 2.
We thank J. Rosner for pointing this out to us.

8M. Bauer, B. Stech, and M. Wirbel, Z. Phys. C 34, 103

(1987).
See, for instance, Dib et a/. , Ref. l.

'oFor a discussion of isospin relations (in a different context)
in the decay B +K&X, see H. J. Lipkin and A. I. Sanda,
Phys. Lett. B 201, 541 (1988).

''M. Gronau and D. London, DESY Report No. DESY 90-
125, 1990 (unpublished).

3384


