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Lagrange formalism
Classical mechanics

All information of a physical system is contained in the action

 

Equations of motion from principle of stationary action, dS = 0:

 

generalised coordinates

Lagrange function L:

Euler-Lagrange equations
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Lagrange formalism
Relativistic quantum mechanics

All information is contained in the action integral

 

Equations of motion from principle of stationary action, dS = 0:

 

Field           here scalar:
Separate coordinate at each x
(generalisation of canonical coords.)

Lagrange density 
(‘Lagrangian’) :

Euler-Lagrange equations
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Lagrangian: Examples
Lagrange densities for various fields of particles with mass m

     has dimension GeV-1

     is a Lorentz scalar: Lorentz-invariant without ‘free’ indices μ
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Symmetries
Global and local symmetries

Global: same everywhere

Local: varies with x

Example: quantum-mechanical phase

Global: physics unchanged for 

Local: physics unchanged for 

Connection to group theory

Continuous transformations                        form Abelian group U(1) 
under multiplication: Group of unitary transformations

Abelian group: U commute, i.e. 
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Global phase transformations
Lagrangians of fermions and bosons are invariant

Global: The phase α = const is the same for any space-time point x

Example: Lagrangian of free fermions

Proof 
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Local phase transformations
Let’s allow different phases at each point in space-time … α = α(x)?

→ physics still should stay invariant!
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Local phase transformations
But: Lagrangian is NOT invariant under local phase transformations 
α = α(x)!

Proof:
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Covariant derivative
Invariance can be restored at the cost of introducing artificially the 
covariant derivative                                          and an additional  
gauge field A

μ
 with transformation behaviour: 

Proof:
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The “artificial” gauge field
Covariant derivative introduces gauge field A

μ

Allows arbitrary phase α(x) of ψ(x)

Gauge field transports phase information from x to x’                             
(no instantaneous information exchange)

A
μ 
couples to property q of spinor field ψ(x)

q can be identified with electric charge

A
μ 
can be identified with photon field

Dynamics of A
μ 
given by                                                                            

                                   →  Proca equation for massless vector boson

free fermion interaction photon
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Lagrange density of QED
Postulation of local U(1) gauge symmetry → Lagrangian of QED

Euler-Lagrange eq. for     : 

Dirac equation for interacting fermion

free fermion interaction photon gauge field
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Lagrange density of QED
Postulation of local U(1) gauge symmetry → Lagrangian of QED

Euler-Lagrange eq. for     : 

Proca equation for massless vector boson

free fermion interaction photon gauge field

Lorenz gauge
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Lagrange density of QED
Postulation of local U(1) gauge symmetry → Lagrangian of QED

Electromagnetic interaction derived as a consequence of local 
gauge invariance

Lagrangian must not have boson mass term  

massive gauge bosons break local gauge invariance

free fermion interaction photon gauge field
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Lagrange density → Observable?
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Perturbative series
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Feynman rules
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Summary
Symmetries are a basic principle of physics

Principle of local gauge invariance

Postulate of local gauge invariance of the Lagrange density                       
→ leads to interaction terms with gauge bosons as mediators

QED: Symmetry under U(1) gauge transformation → photon 
exchange

Cross section from Lagrange density

Fermi’s golden rule:                                                                                
 matrix element squared X phase space → cross section

Feynman rules:

set of rules how to calculate matrix elements

can be read off Lagrange density (at leading order …)

represented by Feynman graphs
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Fermi, Z. Phys., 1934, 88, 16; Nuovo Cim., 1934, 11, 1

μ-

e-

ν
μ

ν
e

W-propagator
Wikipedia

W-

Fermi's four-fermion coupling
β-decay μ-decay

Modern interpretation as weak decays!
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Weak interaction divergencies
Divergence #1: From Fermi’s 4-fermion point-coupling  

Coupling constant GF has dimensions of 1/GeV2

Predicted cross section grows as

Violation of Froissart bound
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Weak interaction divergencies
Divergence #1: From Fermi’s 4-fermion point-coupling

Coupling constant GF has dimensions of 1/GeV2

Predicted cross section grows as

Violation of Froissart bound

Solution: Exchange of massive vector bosons

 

eν scattering as
contact interaction

eν scattering with
W propagator
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Weak interaction divergencies
Divergence #1: From Fermi’s 4-fermion point-coupling

Coupling constant GF has dimensions of 1/GeV2

Predicted cross section grows as

Violation of Froissart bound

Solution: Exchange of massive vector bosons

 

eν scattering as
contact interaction

eν scattering with
W propagator

Attention: weak
neutral currents!
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Weak interaction divergencies
Divergence #2: WW pair production in V-A theory

Again predicted cross section grows too fast

Violation of unitarity (more WW produced than incoming ee flux)

t-channel ν exchange
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Weak interaction divergencies
Divergence #2: WW pair production in V-A theory

Again predicted cross section grows too fast

Violation of unitarity (more WW produced than incoming ee flux)

Solution 1: Trilinear coupling among W+, W-, and photon γ

Triple gauge coupling (TGC) γW+W-

But not sufficient!

t-channel ν exchange s-channel γWW TGC
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Weak interaction divergencies
Divergence #2: WW pair production in V-A theory

Again predicted cross section grows too fast

Violation of unitarity (more WW produced than incoming ee flux)

Solution 1: Trilinear coupling among W+, W-, and photon γ

Triple gauge coupling (TGC) γW+W-

But not sufficient!

Solution 2: Trilinear coupling also with neutral massive boson Z

Triple gauge coupling ZW+W-

Again weak neutral currents!

t-channel ν exchange s-channel γWW TGC s-channel ZWW TGC
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Weak interaction divergencies
Divergence #3: Longitudinal scattering WLWL → WLWL 

Again cross section grows too fast ...

WW quartic and triple gauge boson couplings
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Weak interaction divergencies
Divergence #3: Longitudinal scattering WLWL → WLWL 

Again cross section grows too fast ...

Solution: Additional scattering amplitudes with SCALAR boson

Indirect hint to existence of Higgs boson

WW quartic and triple gauge boson couplings Scalar boson exchanges
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Search for neutral currents (NC)
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Search for neutral currents (NC)
Historical perspective nicely described in article to celebrate the 
50th anniversary of CERN

Theory developments until 1972: Great theory candidate for electroweak 
interactions → weak neutral currents (NC) must exist!

Previous ν experiments → no weak neutral currents!

Two ν experiments active but unprepared for NC:

Gargamelle at CERN (7 european labs incl. Aachen)

HPWF at Fermilab   

Major challenge: Not designed for NC, events to be found in “background” 
category B of original measurement plan

Upstream ν reactions create neutrons entering chamber

Versus ν entering directly creating NC reaction

Discovery reported in 1973

HPWF: Disappearance of their signal after changing setup 

Months of hard work to prove n background estimation ...
D. Haidt in CERN Courier Vol. 44 no. 8, October 2004.
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Gargamelle bubble chamber
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NC “background” in background

D. Haidt in CERN Courier Vol. 44 no. 8, October 2004.

Background modeling of neutron-initiated hadronic 
cascade tested with incident proton beam
→ proton-initiated hadronic cascades
→ established overshoot of NC events
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Discovery of neutral currents
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νe neutral currents
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No Nobel prize for experiment

[nobelprize.org]

S. Weinberg

But for theory: 1979

S. Glashow A. Salam

"for their contributions to the theory of the unified weak and
electromagnetic interaction between elementary particles,
 including, inter alia, the prediction of the weak neutral current" 
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W and Z boson production
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SppS collider at CERN
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SppS collider at CERN
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Discovery of the W boson (1983)
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Discovery of the W boson (1983)
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Discovery of the W boson (1983)
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40th anniversary of W discovery

L. Di Lella in CERN Courier Vol. 63 no. 1, Jan/Feb 2023.

Again nice nistorical perspective in article to celebrate this year 
the 40th anniversary of W discovery at CERN 

Must find charged and neutral weak bosons

C. Rubbia initiated SppS with second “p” really an anti-proton!

Two experiments: UA1 and UA2; January 1983: 4 and 6 candidates

No imaginable background
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Discovery of the Z boson (1983)
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Candidate event with e+e-

Before selection cuts
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Candidate event with e+e-

After selection cuts
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Nobel prize 1984
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Summary
The predicted neutral weak currents have been found in myon-
neutrino scattering on electrons in the Gargamelle bubble chamber 
at CERN (1973)

The discovery of the weak bosons W± and Z at the SppS proton-
antiproton collider at CERN by the UA1 and UA2 experiments has 
been crowned with a Nobel prize for S. van der Meer and C. Rubbia

Their masses still need to be explained …
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