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Summary
Relativistic quantum mechanics incorporates relativistic energy-
momentum relation:

                                                   or

Most important equations of motion:

Spin-0 particles (scalars): Klein-Gordon

Spin-1/2 particles:              Dirac

Spin-1 particles (vectors): Proca

 

From canonical operator replacement:

                                                               or

for completeness
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Discrete symmetries
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Observables from spinors
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Helicity and chirality
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Lagrange formalism
Classical mechanics

All information of a physical system is contained in the action

 

Equations of motion from principle of stationary action, dS = 0:

 

generalised coordinates

Lagrange function L:

Euler-Lagrange equations
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Lagrange formalism
Relativistic quantum mechanics

All information is contained in the action integral

 

Equations of motion from principle of stationary action, dS = 0:

 

Field           here scalar:
Separate coordinate at each x
(generalisation of canonical coords.)

Lagrange density 
(‘Lagrangian’) :

Euler-Lagrange equations
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Lagrangian: Examples
Lagrange densities for various fields of particles with mass m

     has dimension GeV-1

     is a Lorentz scalar: Lorentz-invariant without ‘free’ indices μ
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Symmetries
Global and local symmetries

Global: same everywhere

Local: varies with x

Example: quantum-mechanical phase

Global: physics unchanged for 

Local: physics unchanged for 

Connection to group theory

Continuous transformations                        form Abelian group U(1) 
under multiplication: Group of unitary transformations

Abelian group: U commute, i.e. 
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Global phase transformations
Lagrangians of fermions and bosons are invariant

Global: The phase α = const is the same for any space-time point x

Example: Lagrangian of free fermions

Proof 
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Time out
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Local phase transformations
Let’s allow different phases at each point in space-time … α = α(x)?

→ physics still should stay invariant!
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Local phase transformations
But: Lagrangian is NOT invariant under local phase transformations 
α = α(x)!

Proof:
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Covariant derivative
Invariance can be restored at the cost of introducing artificially the 
covariant derivative                                          and an additional  
gauge field A

μ
 with transformation behaviour: 

Proof:
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The “artificial” gauge field
Covariant derivative introduces gauge field A

μ

Allows arbitrary phase α(x) of ψ(x)

Gauge field transports phase information from x to x’                             
(no instantaneous information exchange)

A
μ 
couples to property q of spinor field ψ(x)

q can be identified with electric charge

A
μ 
can be identified with photon field

Dynamics of A
μ 
given by                                                                            

                                   →  Proca equation for massless vector boson

free fermion interaction photon
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Lagrange density of QED
Postulation of local U(1) gauge symmetry → Lagrangian of QED

Euler-Lagrange eq. for     : 

Dirac equation for interacting fermion

free fermion interaction photon gauge field
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Lagrange density of QED
Postulation of local U(1) gauge symmetry → Lagrangian of QED

Euler-Lagrange eq. for     : 

Proca equation for massless vector boson

free fermion interaction photon gauge field

Lorenz gauge
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Lagrange density of QED
Postulation of local U(1) gauge symmetry → Lagrangian of QED

Electromagnetic interaction derived as a consequence of local 
gauge invariance

Lagrangian must not have boson mass term  

massive gauge bosons break local gauge invariance

free fermion interaction photon gauge field



Klaus Rabbertz Karlsruhe, 25.11.2020 Teilchenphysik I 19

Lagrange density → Observable?
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Perturbative series
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Feynman rules
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Summary
Symmetries are a basic principle of physics

Principle of local gauge invariance

Postulate of local gauge invariance of the Lagrange density                       
→ leads to interaction terms with gauge bosons as mediators

QED: Symmetry under U(1) gauge transformation → photon 
exchange

Cross section from Lagrange density

Fermi’s golden rule:                                                                                
 matrix element squared X phase space → cross section

Feynman rules:

set of rules how to calculate matrix elements

can be read off Lagrange density (at leading order …)

represented by Feynman graphs
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Time out
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The standard model so far
Postulation of local U(1) gauge symmetry → Lagrangian of QED

We have fermions and (massless) vector bosons

We have a conserved quantum number q identifiable with the 
electric charge

We have electromagnetic interactions

free fermion interaction photon gauge field

→ Quantum version of Maxwell’s unified theory
of electricity and magnetism
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Fermi's four-fermion coupling

Fermi, Z. Phys., 1934, 88, 16; Nuovo Cim., 1934, 11, 1

μ-

point-interactionβ-decay μ-decay
Wikipedia

e-

ν
μ

ν
e
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Fermi, Z. Phys., 1934, 88, 16; Nuovo Cim., 1934, 11, 1

μ-

First publikation declined by “Nature” as too speculative
→ Appeared first in German and Italian!

Wikipedia

e-

ν
μ

ν
e

Fermi's four-fermion coupling
β-decay μ-decay point-interaction
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Fermi, Z. Phys., 1934, 88, 16; Nuovo Cim., 1934, 11, 1

μ-

e-

ν
μ

ν
e

W-propagator
Wikipedia

W-

Fermi's four-fermion coupling
β-decay μ-decay

First publikation declined by “Nature” as too speculative
→ Appeared first in German and Italian!


	Title
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27

