Script for the lecture on

Theoretical Optics

Institute of Theoretical Solid State Physics
Institute of Nanotechnology
Karlsruhe Institute of Technology

Prof. Dr. Carsten Rockstuhl
Carsten.Rockstuhl@kit.edu
http://www.tfp.kit.edu

Please note, this is a pre-release version and is likely incomplete. Feedback
and suggestions on what to improve are highly welcomed.

Version: 4. April 2022

| would like to mention that the script and the course are partially based on
lectures on theoretical optics that have been given by Prof. F. Lederer at the
Friedrich-Schiller-Universitat Jena. Parts of the present script, i.e. those that
deal with quantum optics, have been typed by Erik Hebestreit based on a
script | have developed for a lecture on “Quantum Optics”.

Suggested literature:

“Principles of Optics” by E. Wolf (referential but sometimes too complete)
“Fundamentals of Photonics” by B. E. A. Saleh and M. C. Teich (excellent
overview over the basics)

"Classical Electrodynamics" by J. D. Jackson

"Theoretical Optics: An Introduction" by H. Romer

"Introduction to Fourier Optics" by J. W. Goodman (chapter on diffraction)
"Introduction to the Theory of Coherence and Polarization of Light" by E.
Wolf (chapter on coherence properties of light)

"The Quantum Theory of Light" by R. Loudon (chapter on quantum optics)



1. Review of Electromagnetism

1.1 Maxwell’s equations

1.1.1 Maxwell’s equations in optics
The starting point for all our future considerations are Maxwell’s equations in all

their beauty. They provide the theoretical foundation for our lecture on theoretical
optics. Details are discussed in previous courses such as “Fundamentals of Optics and

Photonics” from Prof. Kalt and “Electromagnetics and Numerical Calculation of

Fields” from Prof. Déssel. Maxwell’s equations in time and space domain read as

The quantities whose functional dependencies are governed by those equations are
the electric field E(r, t) given in units of V/m, the magnetic field B(r, t) given in
units of Vs/m? or Tesla. In addition we have the free charge density pey (T, t) in units
of As/m® and the macroscopic current density jpacr(r,t) in units of A/m?.
Furthermore we have two auxiliary fields commonly known as the (electric)
displacement field D(r, t) given in units of As/m? and the magnetizing or the H-field
H(r, t) given in units of A/m. To solve those equations, we have to define the

functional dependency that links the electric and the magnetic field to their

respective auxiliary fields. These functional dependencies are known as the

constitutive relations:
Here, the polarization P(r, t) is in units of As/m? and the magnetization M(r, t) is in
units of Vs/m?. They reflect the impact of matter. The two natural constants, which

appear in these equations, are the electric constant (vacuum permittivity) that is



given by gy = ”1 ~ 8.854 X 107'2As/Vm and the magnetic constant (vacuum

oc?
permeability) that is given by py, = 4w X 1077Vs/Am. The polarization and the
magnetization, in principle, are functions that depend on the electric and magnetic
field. These dependencies are called constitutive relations. While neglecting effects
due to electro-magnetic coupling that would suggest that an electric field can induce
a magnetization and vice versa, we can write the constitutive relations generically as
P(r,t) = f[E(r,t)] and M(r, t) = f[B(r,t)]

In optics, we usually deal with media that does not have a magnetic response.

Therefore, we can safely assume that M(r, t) = 0 holds.

Sources of electromagnetic radiation:
e free charge density pey (T, t)
e macroscopic current density: jmakr (5, t) = jeona (T, t) + Jeonv (1, 1)
e conductive current density: jeong(r,t) = fIE(r, t)]
e convective current density: joony (I, £) = Pexc (I, )V

In optics we do, generally, not have free charges:

Pext(Tt) =0 2 jeony(r,t) =0 — jcond(r’t) = j(l',t)

Maxwell’s equations in the field of optics in the time domain therefore read as




1.1.2 Temporal dependencies of the fields
A) The simplest situation concerns monochromatic, stationary fields.

e They have a time harmonic dependency according to e !“of—sfixed phase
relation, perfect coherence, infinite extent of the wave train
E(r,t) = E(r, wy)et@ot
e Please note, this is an artificial assumption since an infinite wave will carry
infinite energy that is not feasible, the assumption, however, works very well
in most situations that are important to us.
B) Polychromatic, non-stationary fields
e They are described as a fully coherent finite or an infinite number of different
frequencies contribute to form the signal.
e To treat such systems, we perform a Fourier decomposition of an arbitrary
field that allows a description in terms of infinite time harmonic wave trains.
E(r,t) = ffooo E(r,w)e ®t dw
Er,w) = if_o; E(r,t)e!t dt
Please note, if you look into the literature you may find different definitions
for the Fourier transform. This concerns the way the pre-factor occurs in the
equations but also the sign for the exponential function is chosen differently
(a different sign convention often coincides with the use of j as the imaginary
unit).
Finally, we deal in this part of the course with perfectly coherent light, i.e. it can be
described in all its properties (amplitude, phase, frequency for each spectral
component) precisely. Many sources of light do not obey these requirements but
require a partially coherent or an incoherent treatment. This will be reflected in a

devoted section in this course.

1.1.3 Maxwell’s equations in frequency space
The transition from time to frequency domain is done by Fourier transforming the

equations and herewith all quantities of interest. The partial derivative that occur in

Maxwell’s equations turn out to be algebraic expressions:

ifjooo dt%E(r, t)el®t = if_oow dt {% [E(r, t)el®t] — E(r, t) %eiwt}



_ 1 iwt 1 iwt
= E(r, t)e Bl J_ dtE(r, t)e

t=—
= —iwE(r, w)
Therefore, in Maxwell’s equations the transition from time to frequency domain is

made by the following replacement:

Please note the subtle but important difference in the notation. Quantities in

frequency domain are highlighted here by a bar across the quantity. At some point

of the course | will drop this to make the expressions more light.

1.1.4 Wave equation
A) Time domain

OH(rt) il

—_ P AP(r,t) OE(r,t)
rotrot E(r,t) = —porot—-= —y— [](r, £) + ==+ e

at

div[ g,E(r,t) + P(r,t)] =0

magnetic field:

JH(r, t 1
(—) = ——rotE(r,t)
at Ho

B) Frequency domain
and

div[ £,E(r,w) + P(r,w)] = 0
magnetic field:

i _
H(r,w) = ———rotE(r,w)
How



Stationary fields in time domain correspond to the solution above and just multiplied

with e™it. For non-stationary fields and linear media it can be written as a

superposition of individual solutions: E(r, t) = f_oooo E(r,w)e ®t dw.

1.2 Material properties

Having exact information on the functional dependency of P(E) and j(E) is the
solution of a complicated many body problem. The discussion is too complicated and
often phenomenological models are fully sufficient. The functional dependency
between cause (electric field) and action (induced polarization or current) is
governed here by linear response theory. This assumption breaks down for larger
field strength. Effects thereof are subject to the course on “Nonlinear optics” by Prof.
Koos. The description of the functional dependency is possible in time or frequency
domain. We distinguish the terms response function for the time domain and
transfer function for the frequency domain. This terminology applies to many
situations in this but also in other lectures.

E(r,t) - medium (response function) - P(r, t)

E(r, w) » medium (transfer function) - P(r, w)
1.2.1 Basic properties

For a general biaxial anisotropic material the response and the transfer function read
as

P(r,t) = g9 X34 f_too Ri(jl) (r,t —t)E;(r,t")dt’  R(r, 1) - response function
P,(r,w) = & Zle)(i(jl) (r, w)E;(r, w) x D (r, )- susceptibility
Response and transfer function are linked by a Fourier transform

¥ (x,w) © R(x,7)
For the simplest case of a linear, homogenous, isotropic and dispersive media this

reads as

R(t) =] YD (w)e @t dw

In this section and the following we will strictly deal with these isotropic, dispersive
materials. Anisotropic materials are subject to an individual section.
To describe the properties of materials on phenomenological grounds, we can use

physical insights and can develop basic models to express their properties. The



description of the material response is much more convenient in frequency domain
since it is an algebraic expression. From previous lectures we know that there are
two basic functional dependencies that can be used to describe phenomenologically
the material response.

We can distinguish between contributions from free electrons (that will lead to a
Drude model) and contributions from bound electrons, lattice vibrations or similar
effect (that will lead to a Lorentz model). These models, which we will shortly
discuss in the following, lead to a permittivity that is composed of one Drude term
and a countable finite number of Lorentz terms. Each of these terms is characterized

by a few free parameters only that have to be found suitably for each material.

1.2.2 Drude model
The Drude model is canonical to describe the contributions of free electrons. Such

assumption is fully justified to express the optical properties of metals and excited
semi-conductors. The free electrons eventually lead to the model of a free electron
gas, which we develop in the following. The main feature of the Drude model is the
acceleration of the electrons by the electric field that causes a current. Contrary to
the Lorentz model, there is no restoring force and the electrons are simply
accelerated. Interaction of the electrons with the ionic background (that assures
charge neutrality) and the interaction between electrons suggest that the electrons
are not accelerated arbitrarily but some damping will occur. This damping is taken
into account as well on phenomenological grounds.

To describe the equation of motion of the charges, we use the following Newtonian

equation:

2

) d e
ﬁs(r, t) + gaS(r, t) = _EE(F’ t)

Please note, it will be important further on, this corresponds to a driven harmonic
oscillator without restoring force. m is here the mass of the electrons that is in a
semiconductor an effective mass. g is the phenomenologically introduced damping
and s(T, t) describes the displacement of the electron due to an electric field E(r, t).

The induced current density for an electron density of N is

_ 9
](rl t) - _Neas(r’ t)



which leads to an expression as

%j(r, t) + gj(r,t) = QZTNE(r, t) = &fE(r, t) = gowE(r, t)
where the plasma frequency has been introduced as
X 1 e%N
wy, =f= 57
The solution of the above differential equation in time domain is best expressed in
frequency domain by Fourier transforming the equation:

—iw)(r, ) + gj(r, w) = gwiE(r, )

This equation can be recast to express the induced current density depending on the

electric field, which is just one form of writing the constitutive relation.

2
EoWy

j(r,w) = —E(r,w) = o(r,w)E(r,w)

Here, the complex conductivity had been introduced that collects all the pre-factors.

1.2.4 Lorentz model
The Lorentz model expresses the contribution of bound electrons and lattice

vibrations. Here, the starting point is again a physically motivated expression for the
displacement of a specific kind of particle but contrary to the free electrons there
will be now a restoring force. This leads to a driven, damped harmonic oscillator in

the phenomenological description according to:

2

d q
_— —_ 2 = —
72 s(r,t) +g 5% s(r, t) + w§s(r, t) E(r,t)

Here, wg is the resonance frequency of the harmonic oscillator and we have
generalized the charge to q. The harmonic oscillator is damped as well by a factor g.
s(r,t) is best understood as the displacement from a fix point. The simplest physical
picture you can and should potentially use is that of a negative charge displaced
from its ionic core. Displacing the negative charge from the positively charged ionic
core induces an electric dipole moment
p(r,t) = gs(r,t)
Making the transition to a dipole density or electrical polarization, we reach an

expression that links the polarization to the displacement via



P(r,t) = Np(r,t) = Ngs(r,t)
Plugging this expression into the equation of motion we obtain a differential

equation for the polarization that reads as

9 bt + g2 P + WP ) = L E(r, £) = 20 fE(r, 0)
52 P 95 P, woP(r,t) = ——E(r, = & fE(r,
where the oscillator strength has been introduced according to
1 g%N
f=am

Solving the equation in frequency space

—w?P(r,w) — igwP(r,w) + wiP(r,w) = & fE(, w)

leads to the final expression of

where the susceptibility had been introduced. With these expressions, all materials
can be described in terms of uncoupled, driven, damped, harmonic oscillators + one

Drude term.

1.2.4 Complex dielectric function
Constitutive relations J(r, w)and P(r, ) are plugged into wave equations
_ w? _ _
rotrot E(r,w) — 2 E(r,w) = w?uy P(r, w) + iouyjr, )
0
= [togow®x (@) + iwpyo(r, w)]E(r, )
_ w? i _
rotrot E(r, @) = 5 {1+ x(0) + ——o(r, )| E(r, )
s wE,
w? =
= — &(w)E(r, )

€o

leading to the generalized complex dielectric function

e(w) =1+ y(w) + wi%o(r,w) = &'(0) + i (w)

N

Please note, this is what is usually called the relative permittivity of the medium. The
entire permittivity requires a multiplication with the vacuum permittivity.



1.2.5 Kramers-Kronig dispersion relation
Statement: real (dispersion) and imaginary (absorption) part of the transfer function

are linked by an integral transformation!
Here: dielectric susceptibility or dielectric function
Applies when the response function is:
e time invariant,
e realvalued,
e when causality applies.
We will explicitly take advantage of each of these properties in the derivation of the
Kramers-Kronig dispersion relation.
Causality is a fundamental property and suggests that the polarization shall not

depend on some future electric field
t o)
P(r,t) = EOJ R(t —tHE(r, thdt' & P(r,t) = soj R(T)E(r,t —1)dt
o 0

The response function is real valued as a direct consequence from Maxwell’s

equations that are equally real valued

R =[x do= [ y@ev do - x(@) =x'(-w)

Causality of the response function requires to write it as
1 fort>0

R(t) = 6(7)y(r) with 8(7) = 1/2 for T = 0 Heaviside distribution
0 fort<O

Now we have:

1 r® . 1 r® . © _
y(w) = %j R(D)e!®* dt = %j 0(t)y(r)e'“Tdr = j O(w— w)y(w)dw

since a product in time space is a convolution in frequency space (and vice versa).
What is the Fourier transform of the Heaviside distribution? Details on the
mathematics of the Fourier transform of the Heaviside distribution will be given in

the tutorial but the final result will read as

2ml(w) = j 0(t)e“tdt = lim = Pé + 6 (w)

e->0w + i€
The latter two terms are only defined in terms of integrals. Eventually, the Fourier

transform consists of two parts that are defined:

10



Delta distribution:

j 8(w — wo)f (@)do = f (wp)

Cauchy principal value:
© . _a . © .
i ] i i
P deaf(w)—(lll_r)r(l)\j doowf(w)+jdu)wf(a))]
—00 —o0 a

Using these two definitions we can explicitly calculate the susceptibility by

performing the convolution for the two individual terms with the function

2(@) __PJ 4 - i y(@) y(w) )

a) 2

Now we exploit the fact that the function y(7) can be chosen freely at negative
times without affecting the susceptibility. Therefore we chose, for example, the
function to be either an even or an odd function.

(1) y(—1) = y(1) even function

(2) y(—1) = —y(1) odd function.

Now let us discuss the consequences on its Fourier transform!

(1) Considering the function y(7) to be an even function

1 r® . 1 r® )
@) =5 [ dry@er =5 [ dry@e et =5 @)

Then y(w) is real valued as well. Therefore, we can conclude that the complex

conjugate from the susceptibility as discussed above reads as

x(w)———Pj Q5 ly(w_) y(w)

- 2

Based on these two expressions we can compute now the real and the imaginary

part of the susceptibility:

X((U) +x (w) = —Pf do ly(f:) +y(w) f do ly(w)+y(w) y(w) (a)
() = oo = Lp (@ g T@)
x(@) =y (W)= ==P [ do=— (b)

Now by inserting (a) into the right hand side of (b) we eventually obtain the first

Kramers-Kronig relation:

11



Please note, in the last step the arguments of the denominator where interchanged
to adhere to a usual notation. The equations tells us that once we know the real part
of the susceptibility, that tells us something on the dispersion, we can compute the
imaginary part of the susceptibility, that tells us something on the absorption.
However, it has to be stressed that for an exact analysis the dispersion needs to be
known across the entire frequency domain, which is technically difficult, if not to say
impossible to obtain. However, the integrand sufficiently decays such that the
expression can be often used in an approximate sense.

(2) In a second step we consider the function y(7) to be an odd function and discuss

the consequences on how the function y(w) and its conjugate are interlinked.

1 r® ] 1 [ .
}_}((l)) = %j dT y(T)ele — _ﬁj dT y(T)e—le — _3_/*(0))

Therefore, we can conclude that the complex conjugate from the susceptibility as

discussed above reads as

xwo——wj w.w@ﬂ y(w)

)] 2

We perform the same procedure as before and compute the real and the imaginary

part of the susceptibility:

X(@) =y (W) = =P [7 dis T4 XD L p [ g5 KDL = 5(w) (a)
x(@) + x" (@) = =P [ do X2 (b)

By inserting (a) into the lhs of (b) we obtain the second Kramers-Kronig relation:

By using the following previously discussed functional dependencies

X(w)=x(-w) - ¥()=x(-w) and x"(0) =—-x"(-w)
and
() = e(w) — 1 =[e'"(w) — 1] + ie"(w)
it follows for the two Kramers-Kronig relations for the permittivity that

)((a))——Pj io X"(“’) ‘Pf s X@ 1 ijda’ﬁ”@
0

Ww—w T w—w

12



=_PJ d_ —W—w TL' J dw X”(wa))

=__PJ d_ "(w)(w w) +1PJ°°d_ 1'(@) (o — w)
0

—0)(@ - w) (@~ w)(-0 — w)

‘__PJ d_x”(w)(w w) PJ 4z X @6 — )
0 T Jo

s w? — @? W2 — o2

1 J°° i5 wy'(w) — wy" (@) — wy" (@) —wy' ()
w
0

0)2—52

In a last step we have only plugged in the real and imaginary part of the
susceptibility in terms of the permittivity. The second equation can be derived in an
analogous manner.

An example for the immediate application of the Kramers-Kronig relation is that of
an arbitrary narrow absorption line at a discrete frequency. This absorption line can
be written using a delta-distribution according to &' (w)~8(w — wy). It follows from

the equation above that only a contribution to the integral is made at the frequency

@ = w,. The real part can be evaluated according to ¢ (cu)—1~ . This

corresponds to a Lorentzian line with an arbitrary narrow Absorption line.
More details and a good source for a reference is the following book: V. Lucarini J.J.
Saarinen, K.-E. Peiponen E.M. Vartiainen 'Kramers—Kronig Relations in Optical

Materials Research' Springer 2004.

13



1.3 Maxwell’s stress tensor
From Maxwell’s equations it follows straight that electric charge and electric current

density are related by a continuity equation. This reads as
dp(r,t)

at
It suggests that the rate of decrease of the charge density p(r,t) is equal to the

+V-j(r,t)=0

divergence of the current density. Charge is a conserved quantity that cannot vanish
at one point and instantly appear somewhere else in space. Instead, charges have to
move continuously along a path in space where they can create a current. We can
therefore also think of the current density as being given by j(r,t) = p(r, t)v(r,t).
To define basic terminology, we can use an analogy to mechanics.

The same type of continuity holds for momentum that can be written as

PED 1 V- Ju(r,£) = 0

where p(r, t) is the momentum density and Jy (1, t) is the momentum density
tensor. It can be understood as the outer product of the momentum density
and velocity, i.e. Jy (1, t) = p(r,t)v(r, t). The rate of change of momentum

per volume is the force per volume

f(r,t) = 250 = v Jy (r, 1)

The total force acting on the body needs to be integrated across the volume
such that

F(t) = [f(r,t)dV = = [V-Jy(r,t) dV = — [Ju(r,t) - dA

The last expression in the integral, i.e. —Ju(r,t) - dAis the force per area

which defines the stress T(r, t) tensor as T(r,t) = —Jy(r, t).

Now we proceed with the electromagnetic problem and discuss the force per
volume acting on free charges in the presence of electromagnetic fields. This will
lead to the derivation of the Maxwell Stress Tensor (or actually the Minkowski Stress
Tensor since Maxwell only considered free space).
The force acting on a charge density is given by the Lorentz force that reads as

f(r,t) = p(r,)E(r,t) + p(r, t)v(r,t) X B(r,t) = p(r, t)E(r,t) +j(r,t) X B(r, t)
Now using Maxwell’s equations

V-D(r,t) =p(r,t)

14



and

V X H(r, t) —¥= j(r,t)

we obtain

oD(r, t)

f(r,t) = E(r,t)[V-D(r,t)] — B(r, t) Xx VX H(r, t) — P

X B(r, t)

By keeping in mind that

aD(r, t) 0B(r, t)
ot

0
T [D(r,t) x B(r,t)] = P X B(r,t) + D(r, t) X

we obtain

0B(r,t) 0
% 9t [D(r, t) X B(r, t)]

Substituting for the second last time derivative VX E(r,t) = — % gives

f(r,t) = E(r, t)[V-D(r,t)] — B(r,t) Xx VX H(r,t) — D(r,t) x V x E(r,t)

f(r,t) = E(r,t)[V-D(r,t)] — B(r,t) x VX H(r, t) + D(r, t) X

— % [D(r,t) x B(r, t)]

By taking advantage that V- B(r,t) = 0, we can insert a suitable zero into the
expression to obtain a highly symmetric expression that reads as
f(r,t) = E(r,t)[V-D(r,t)] + H(r, t)[V-B(r,t)] — B(r,t) x VX H(r,t) — D(r,t) X Vx E(r,t)
d
— - [D(,0) x B(r, 1)]
This expression now needs to be simplified. Please note that for the tensor that mediates

the response between electric field and displacement it can be shown (in the tutorial) that

E(r,t)[V-D(r,t)] = D(r,t) X Vx E(r,t) = %{Eauﬁ - %6aﬁEyDy}
= V- {E(r, )D(r,£) - 21[E(r, £) - D(r, )]}
Please note that in this expression the nabla operator V operates on D(r,t) and I is the

idendity matrix. The same holds for the expression that contains the magnetic fields.
1
H(r, t)[V-B(r,t)] — B(r,t) x Vx H(r,t) =V- {H(r, t)B(r, t) — EI[H(r, t) - B(r, t)]}
This simplifies the expression for the force to be

f(r,t)=V" {E(r, t)D(r,t) + H(r, t)B(r, t) —%I[E(r, t) - D(r,t) + H(r, t) - B(r, t)]}

d
~ 5% [D(r,t) x B(r,t)]
ap(r,t)

Now, by being reminded that f(r, t) = ot

, where p(r, t) is here the momentum density

of the free charges, we can write the expression above as

15



ap(r,t) 0
5t + 7t [D(r, t) X B(r, t)]

- v {— (E(r, )D(r, £) + H(r, )BT, £) — %I[E(r, £) - D(r, ) + H(r, t) - B(r, t)])}
Now, there is a clear physical interpretation of the individual terms. The first term on the
left-hand-side is the rate of change of momentum of the free charges. The second term on
the left-hand-side is the rate of change of momentum density of the electromagnetic field.
The momentum of the electro-magnetic field here is introduced as D(r,t) X B(r, t). The
total momentum of a propagating electromagnetic wave therefore increases upon entering
a dielectric medium proportional to the refractive index n of the medium. Please note, this is
discussed in a simplified situation where we neglect dispersion and consider only an
isotropic non-absorbing medium. This definition for the momentum of the electro-magnetic
field is not obvious and was questioned in the course of time. Apparently, it drew criticism
since it seems to be incompatible with the conservation of angular momentum. Therefore,

other expressions for the electromagnetic wave momentum where suggested, e.g. by
Abraham it was suggested that the momentum should be defined asc—12(E(r, t) x H(r, t)).

The momentum of an electromagnetic wave entering a dielectric medium then falls
proportional to the refractive index n. Under the Abraham tensor, a photon therefore
carries less momentum within a medium than in the Minkowski case. This led to quite a
controversial discussion, which is, interesting enough, not yet settled. There are regular
suggestions for experiments that shall be able to decide what is the change of the
momentum in a medium, but so far there is no conclusion. No observable could be thus far
perceived for which different predictions exist in the context of the Minkowski or the
Abraham picture. For more details you may take a look into review article “Colloquium:
Momentum of an electromagnetic wave in dielectric media” from Pfeifer et al. in Rev. Mod.
Phys. Vol 79, 1197 (2007),

The right-hand-side of the equation above represents the negative of the divergence of the

momentum current density. The momentum current density tensor therefore is
1
J(r,t) = — (E(r, OD(r,¢) + H(r, )B(r, ¢) — S1[E(r, ¢) - D(r, ¢) + H(r, 1) - B(r, t)])

and the Minkowksi stress tensor T is defined as the negative of this

1

T(r,t) = E(r,t)D(r,t) + H(r, t)B(r,t) — =I[E(r, t) - D(r,t) + H(r,t) - B(r,t)]

The force per area is then defined as

T(r,t) - dA

16



In the case of vacuum this reduces to
1 1 1

T(r,t) = goE(r, t)E(r, t) + #—B(r, t)B(r, t) — EI gE(r, t) -E(r,t) + M—B(r, t)-B(r,t)
0 0

The components T;; of the stress tensor have the following meaning: It is the force per unit
area in direction ; acting on the surface being normal in direction &;. Thus, T;; are pressures
(forces normal to surfaces), whereas T;; with i # j are shears (forces parallel to surfaces).
Note that only the total fields enter in the equations, which contain all information about
the charge distributions, on which the forces act.

A more convenient analysis is usually done in frequency domain. Considering the time
average of the electromagnetic force and calculating the total force by integration across the

entire surface of a particle, we obtain:

(F(w)) = (jg('f(r, w) -n)dA)

= f {8082(0)) m[(ﬁ(r, w) " n)E*(I', w)] _ EOSiw) (E(r, w) - E*(l‘, w))n
S
* %(a))m[(ﬁ(r' w) - mH"(r, )] - ,Lloli}(“)) (H(r,w) - H*(r, w))n} dl’

where dl is the length of a line segment of the surface.

The net radiation torque on the particle is calculated by

(t(w)) = (jgr x (T(r,w) - n)dA).

1.4 Poynting vector and energy balance

1.4.1 Time averaged Poynting vector
One of the last things we wish to discuss here on the base of Maxwell’s equations

concerns the Poynting vector and its conservation/dissipation. Generally, the flow of
energy is expressed using the Poynting vector S(r, t). Particularly, in the context of
discussing the measurement of an optical signal, the energy flux through a plane in
normal direction S(r,t) *nis important. nis here a vector pointing in normal
direction to the interface. This corresponds to the situation of a detector. The
instantaneous energy flux is expressed as
S(r,t) = E.(r,t) X H.(r, t)
Please note, contrary to many other situations where the analysis with the electric

and magnetic field as a complex quantity is fully sufficient, here we explicitly have to
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consider the real part of the fields only. They are abbreviated with the r as subscript.

In the measurement process we have to distinguish different time scales:

e the fast oscillation period of the electromagnetic field -» T, = i—n < 107 s
0

e the duration of a possibly slowly varying field, i.e. the temporal duration of a
pulse (see next section) = Tp where is usually holds Tp > T,
e and the duration of the measurement = T, where is usually holds T,,, > T
but T, =2 T,,.
Generally, a detector cannot measure the fast oscillation but it only measures the
temporal average. Under the assumption that the field can be written as a product

of a slowly varying envelope E(r, t) and a fast oscillation e @0t

1,.- ot
E.(rt) = 3 [E(r, t)e '@ol 4+ ¢, c.]

we can express the instantaneous Poynting vector as
S(r,t) = E.(r,t) X H.(r, t)

= 2 [E(r, ) x B*(r,t) + E*(r, £) x H(r, 0]

+i[ﬁ(r, t) x H(r, t)e=2iwot + E*(r,t) x H*(r, t)e?@ot]
= %ER[E(I‘, t) x H(r,t)] + %iR[E(r, t) x H(r, t)] cos 2wt
+%S[E*(r, t) x H*(r, t)] sin 2wyt

The actual measured signal corresponds to the time average of S(r, t)

t+Tm

(S, 0)) = S(r, t"dt’

mJt-T,
This integration causes a vanishing of the fastly oscillating terms and the only

remaining expression corresponsd to

t+Tp

(S(r, b)) = %f R[E(r, t') x H*(r, t)]dt’

For the special case of a stationary, i.e. monochromatic field where the electric field
can be expressed as E(r,t") = E(r, w,) and the magnetic field can be expressed as

H(r,t") = H(r, ,), the time averaged Poynting vector reads as

(S(r, ) = 3 RECr w0) X A (5, 00)]

This corresponds to the intensity I = (S(r, t)).
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1.4.2 Energy balance
What we are looking for at the moment is an expression for the dissipation (consider

here only passive optical media) of electromagnetic energy density as a function of
the absorption (imaginary part of the permittivity) and the magnitude of the field.
For practical purposes this is important, e.g. if you wish to calculate the absorption in
a solar cell. Then, you need to know how much energy is dissipated, i.e. absorbed, in
the spatial domain occupied by the active material of a solar cell, e.g. the silicon
material. This Poynting’s theorem as it is also called, is usually derived in lectures on
electrodynamics but it is contained here both because of its importance and because
it's a nice demonstration on how to derive an expression for an observable quantity
directly from Maxwell’s equations. Starting from Maxwell’s equation in space and
time domain and multiplying to the curl equation for the electric field the magnetic

field and to the curl equation for the magnetic field the electric field provides

H(r, t) -rot E(r,t) + puoH(r, t) -%H(r, t)=0
—eoE(r,0) ZE(r,6) + E(r, ) - rot H(r, ) = E(r, ) (j(r, 0+ 2P, t))

Since we can write div(E(r, t) X H(r,t)) = H(r, t) - rot E(r, t) — E(r, t) - rot H(r, t) we
can subtract both above expressions to obtain (dropping from now on the space and

time arguments)

L +1 aH2+d'(1~: H) = E<'+6P)
2805 ToHg; WEXH) = =2 U T 5

Eventually, we wish to emphasize that this expression holds for the real valued

fields, so it needs to be written as

L2 +1 aH+d (E, xH,) = <'+6P)

—s iv(E, X =— —

0 at Ho a r ]1‘ at r

This expression is a balance equation. The temporal change of the electrical energy
density%soEf, the magnetic energy density %/,LOH,% and the source/sink of the
Poynting vector are linked to the source terms on the right hand side of this equation.
For a stationary field E.(r,t) = %[E(r, wo)e twot 4 c.c.] the time average of the

left hand side of the equation gives

1 0 1 0 _ _
( €0 = 5% EZ + = Hoa—HZ + div(E, x H,)) = —div(iR[E(r, wg) X H*(r, wg)])

= div (S(r, t))
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This corresponds to the source/sink of the time-averaged energy density. For the

right hand side of the equation we obtain
. d
- ((]r + apr) Er)

= —l([a(wo)ﬁe‘i‘”ot — iwgegx(wo)Ee™i@0t + ¢.c. |[E(r, wy)e @0t + c.c.])

——([—lwoso ()((wo) LC 0)) Ee @t 4+ ¢, c. ] [E(r, wg)e™i@ot +c.c.])
= Ziwoso [e(wy) — 1]EE* + c.c.= Ziwoso [¢'(wy) — 1 + ie"(wo)]EE* + c.c.

= — % wosogll(wo)ﬁﬁ*

Taking both sides of the equation together we obtain

1 e
div (S(r,t)) = — Ewosos”(wo)EE

There are sinks in the energy flow whenever the imaginary part of the permittivity is
nonzero (with the sign convention chosen here the imaginary part is always
positive). This occurs to a notable extent whenever there is a resonance in the
permittivity. Then, the resonances are intimately linked to absorption.

For non-stationary fields, i.e. the slowly varying fields as assumed before E.(r,t) =
%[E(r, t)eiwot + ¢, c.], the material dispersion has to be taken explicitly into

account and the Poynting theorem reads as (without derivation)

10 { dwye'(r, wg)]

~ 2 ~ 1
19t €0 0, |E(r, t)| + u0|H(r, t)| }+d1v (S(r,t)) = ——wosos (w0)|E(r t)|

1.5 Wave propagation (here for pulses)

1.5.1 Fourier expansion of an arbitrary field
Starting point shall be the wave equation in time domain.
OH(r, t) J0P(r, t) OE(r, t)

trotE(r,t) = —y,rot———= = — t
rotrot E(r,t) = —uyro 5% .an j(r, o) + 5t 5%

Using a harmonic Ansatz function in both time and spatial, i.e. looking for solutions
where all fields oscillate according to e!®T=%t)  assuming a homogenous, isotropic,
local, dispersive material that can be described with the generalized dielectric
function e(w) as introduced before, and taking advantage that divergence vanishes
such that rotrot A = grad (div A) — AA we obtain the following set of algebraic

equations using the Fourier transform pairs:
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0 FT

% - —iw
_ w? _
AE(r,w) + — e(w)E(r,w) =0
Co

Further Fourier transformation (corresponding to an expansion into plane waves)

with respect to the spatial coordinates provides

— >

i
oa @

Co

E(k w) (—kz + w—je(w)) =0

This leads to a very important equation, known as the dispersion relation for the

eigensolutions propagating in the medium mentioned above. This dispersion relation

reads as

A large class of problems in the context of theoretical optics can be described as
finding eigensolutions (normalmodes) and the associated eigenvalues (dispersion
relations) for more complicated distributions of materials in space. We solve this
problem in a later section in the context of anisotropic materials, but similar
extensions can be made towards materials with a magnetic dispersions (as relevant
in the context of metamaterials) or for material distributions in space that are
inhomogeneous. This holds for example for photonic crystals or waveguides.
Whereas for photonic crystals the eigensolutions are Bloch periodic modes, for
waveguides the eigensolutions are guided modes. So the procedure above looks
simple but is quite canonical. Appreciating its implications puts you in the position to
discuss optics and photonics in many situations.

The propagation of a pulsed beam with a finite transverse width and of finite
duration can be analytically described using the inverse Fourier transform of its

spectrum.

E(r,t) =j E(k w)eik@r-0) g3k qe,
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Here, a pulsed beam is a continuous superposition of stationary plane waves (normal

modes) with different frequencies and different propagation directions.

1.5.2 Taylor expansion of the dispersion relation
Restricting for the moment the considerations to a problem where the field

propagates only in one-dimension and considering a fixed polarization, a scalar
expression can be used. The scalar quantity u(x, t) represents here the respective

coefficient of the electric field.
u(x, t) = J u(k, w)elk@x-wt) gl qe,

This is an exact and rigorous solution. However, in many situations such integral
solution is not necessary since the Fourier spectrum will be narrow. Look into a
typical application (spectroscopy, nonlinear optics, telecommunication, material
processing) for which we need to consider propagation of pulses. In this situation,
we have typically pulse envelopes of 10%'3 s (100 fs) < To < 10%'° s (100 ps). Let us

compute the spectrum of the (Gaussian) pulse:

£2
f(t) = e~iwoto Tg

_(0)—000)2

F(w)~e 475

Therefore, the spectral width is in the order of w? = 4/T¢.

For the example above this gives 4R10°Hz < wg <4@10'3Hz. This is small when
compared to a (visible) center frequency w, that is in the order of 4 B10*° Hz. In this

situation, it can be helpful to replace the complicated dispersion relation by a Taylor

e

expansion at w = w,. In general, a parabolic (or cubic) approximation will be
sufficient.
The individual terms are commonly used in literature and have the following physical
meaning:

(A) k(wg) =ky — 1 ko 1@ 4o called the phase velocity and describes
Vph Wo Co

the propagation speed of wave fronts in space with a constant phase
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(B)

(€)

1

vg wly,

of the pulse. With the functional dependency of

g 0
The group velocity therefore is defined as
Co Co
v, =
g
on
[n(a)o) +wozs

Wo
The group index is defined here as

on
ng(wo) = n(wo) + wo P

One usually distinguishes between:

wWo

_ G
l ng(wO) phng(wo)

k| . . . .
— = —] s called the group velocity. It describes the velocity of the center

; l
wo

1 0
k(w) = ;"—On«») - == [nmo) + g -

. . on

normal dispersion: ™ " >0 »>ng>n-vy; <vpy
. . on
anomalous dispersion: ™ " <0 ->ng<n-y; > vy,
9%k . . . . .
D, = Soz| s called the group velocity dispersion (GVD or simply
Wo

dispersion).

Alternatively it can be expressed (especially

telecommunications) as

D ad (1 B 27 D
* T oA\y,) T T aE0re
Jd (1 1 dvy,
Dwza— —_ =——2—
w \Vy Vg Jw

The group velocity dispersion can be:

D, >0 avg<0
_)_
@ dw

D, <0 avg>0
_)_
@ dw

in

the

context

of

The entire complicated system is reduced to three parameters only that characterize

the material and/or the geometry along which light propagates. The latter is obvious

since the dispersion relation can be calculated for an arbitrary system, e.g. an optical

fiber, a plasmonic waveguide or even a metamaterial. It is only important that the

functional dependency of k(w) is known.
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2. Diffraction theory

2.1 Scalar approximation
Starting point will be the Helmholtz equation as used in the previous chapter

2
w _
—Ze(w)E(r, (1)) =0
Co

AE(r, w) +

The scalar approximation now consists in approximating the vector with a single

scalar quantity that corresponds to a particular component of the electric field
E(r,w) = E, (r,w)e, - E, (r,w) - u(r, o)

Please note this scalar treatment is:

o exact for one-dimensional bundles with a linear polarization, so the field
structure is invariant into a second dimension and propagates into the third
dimension

o an approximation in the two-dimensional case (exact conditions can be
derived later)

In scalar approximation with fixed frequency we have

w2
Au(r,w) + C—zs(a))u(r, w) =0

The equation is known as the scalar Helmholtz equation. Please note, for
convenience we often drop the frequency dependency in the argument since it is
implicitly assumed. For some quantities for which it is important to be reminded on

that dependency we will maintain it.

2.2 Angular spectrum
It is an exact solution and valid in the realm of the scalar approximation. Since it can

be very easily and highly efficient formulated on a computer, it often constitutes the
method of choice while propagating fields numerically; but it also serves as an
excellent starting point for further considerations and simplifications.

The method can be applied if the task is to find the field distribution in the half-space

z > 0 on the base of the field in an initial plane at, e.g., z = 0.
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N L/

—\J

u(z,y,0) = uo(z,y) u(z,y, 2)

In general, a Fourier transform would provide
u(r,w) = J Uk, w)e®@T g3k

The field is written as a superposition of normal modes (elementary plane wave
solutions) with different propagation direction and length of the wave vector.
However, such description is too simplistic since it does not reflect the fact that only
specific wave vectors are allowed with a specific length. The pairs of allowed values

for a given frequency are given by the dispersion relation:

2
K*(w) = kZ + ki +kZ = (:—ze(w)
0

Choosing two components in this equation necessarily fixes the third. For a principal

propagation direction of z the natural choice is to fix k, and k,. The third

component then is usually understood as the propagation constant.

Now, in the context of diffraction theory it is more convenient to introduce Greek

letters for the components of the wave vector. No new physics is introduced
ky=ak,=p,andk, =y

A 2D Fourier transform eventually is written as

o

U(a, B; z)e @+BY) dadp
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In analogy to temporal frequencies a and 8 are called spatial frequencies. The semi-
colon here denotes U(a, ; z) depends parametrically on z. Plugging this Ansatz into
the scalar Helmholtz equation leads to

Au(r,w) + k2 (w)u(r,w) =0

<;—ZZZ+ k?(w) — a? —,82> Ula,B;2) =0

d2
(E;+y%mﬁmn>mmﬂz>=o

The solution to this differential equation reads as (dropping the frequency

argument now)

There are two different types of solution:

a) y2(w) >0 - a?+ p? < k*(w) This suggests that the wave vector is
real valued which leads to homogenous propagating waves.

b) ¥%(w) <0 - a?+ B% > k?(w) This suggests that the wave vector is
complex valued and in particular the propagation constant is imaginary
valued, which leads to evanescent waves.

The second term in the solution above (~e~%¥{®)?) causes obviously unphysical
solutions since it may exponentially grow, therefore we suppress this solution by
requiring that U,(a,f) = 0 independent on the angular frequencies. Indeed,
eventually these solutions correspond to backward propagating plane waves
(= —z) emerging from a plane at z = oo. Therefore

Ua, B;2) = Uy(a, B)e™ @)z

U(a, B; 2) = Uy (a, B; 0)er@P)2

U(a, B; 2) = Uy(at, B)e @)z
with the boundary condition U(a, 8;0) = U,(a, B). The total field in the half

space of relevance would be
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From that equation it is most notably to see that the cause for diffraction (the
broadening of the bundle in space) is the different phase accumulation in the
propagation direction of the different spatial frequency components characterized
by a and £5.

The initial angular spectrum that serves as the boundary condition in the equation is

taken from a Fourier transform of the field in the referential plane uy(x,y) =

u(x,y,0)

1\? ([® .
Uo(a,ﬁ) = (%) jj uo(x’ y)e—L(ax+[?3’)dxdy

An algorithmic description for the propagation would require at first information on
the field in the initial plane uy(x, y). For the moment it is not known where does this
field comes from but we wish to assume it as given. Fourier transform provides the
angular spectrum of the initial field Uy(a, B). The propagation itself is described as a
multiplication with e’¥(@A)Z to provide a new spectra that is exact in the plane of
interest. Inverse Fourier transforming the spectra allows to obtain the field in the
plane / point of interest.

It is worth to mention that once the eigenmodes and the associated dispersion
relations of a particular space are known, the procedure can be applied to arbitrarily

more complicated systems, e.g. photonic crystals.

2.3 Integral Theorem of Helmholtz and Kirchhoff

In the previous section it was shown how any component of the electromagnetic
field (or a scalar field) in a source-free half-space z > 0 can be expressed in its values
in a referential plane at z = 0. This at the end requires two double integrations but
the general approach of course is very versatile and exact. At first, the initial field
needs to be Fourier transformed (first double integration). Then the amplitude of
each Fourier component is evolved analytically into the plane of interest. And
eventually an inverse Fourier transform (second double integration) is made to
express the field in real space. One can, however, also express the field components
in their values at z = 0 by means of only one surface integral. For this purpose, one
can use the so-called integral theorem of Helmholtz and Kirchhoff. This expresses

the field at an arbitrary point in space in terms of an integral across a surface
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surrounding the space of interest. For a specific choice of the Green’s function that
emerges this will further reduce to the Rayleigh-Sommerfeld diffraction formula. The
Green’s function here is an important concept and provides the field everywhere in
space depending on the point-wise excitation somewhere else in space. The
Rayleigh-Sommerfeld diffraction formula can also be derived from the angular
spectrum approach, providing a unique link between the two approaches.

Please note: details on Green’s function and Green’s second identify that serves as
the starting point will be given in the tutorials.

We require that u(r) and G(r) are complex valued functions with single-valued and
continuous first and second derivatives. V denotes a volume that is bound by the
closed surface S. Green’s second identity says that (please note that it is written

here on purpose for a Green’s function but of course it holds for arbitrary functions)

jﬂ (u(@NAG(r, ") — G(r,r)Au(r)) d*r'
4
/ ,

= ﬂs (u(r') % - G(r, 1) a%—?) d?r’
where the derivative is done with respect to the outward normal direction. Please
note, this is a convention, which often causes trouble and inconsistencies in the
equations. The choice of the outward normal is done, e.g. by Goodman in the book
“Introduction to Fourier Optics”; the inward normal is chosen in the book by Born &
Wolf “Principles of Optics”. If consistently done of course no deviation should occur.
We require that the field u(r) we are eventually looking for is a solution to the
Helmholtz equation for a homogenous isotropic medium characterized (here for
convenience) by a specific refractive index.

(A+ kin®)u(r) =0

The associated Green’s function that solves the problem

(A+ kin®)G(r,x") =60 —r)
is given by

eikonlrr—rl

T =TT

Now apply this to the specific situation
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where we consider instead of the original volume a slightly modified volume that
excludes a small sphere of radius € around the pointrthat is the point of our
observation. We want to calculate the field in this point. Please note, it is necessary
to exclude a tiny volume around the point of singularity r (where G has a pole) since
otherwise we could not apply Green’s second identity. At the end we will consider
the limit of this vanishing volume going to zero and arrive at an expression for the
field valid everywhere in the volume.

This allows to write (A + k2n?)G(r,r") = 0 which eventually suggests that the left

hand side of the Green’s second identify vanishes and only the left hand side holds

Separating the integral into the two surfaces for the outer boundary and the inner

boundary leads to

L 0G(r,1') N ou)y
_ﬂse <u(r)—6n —G(r, 1) o )d T

L 0G(r, 1) u(r)y .,
=ﬂs <u(r)a—n—G(r,r) )d

ikgn|r/—r|

e

———into these
Ier—r|

Now we can plug in the Green’s function we know G(r,r') =

expressions. On the outer surface we have

0G(r,r")
on

ikon|r/—r|

, ] 1 e
= cos(4(n, ¥’ — 1)) (Lkon e l‘|)

Ir" —r]
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The cos(L(n, r — r)) here represents the cosine of the angle between the outward
normal and ther’ —r
For the inner surface we can take advantage of the spherical shape of S, that has a

constant radius € = |r' —r|.

eikone
G(r,r) =
and for the derivative we get with cos(z(n,r' — 1)) = —1
aG(r, rl) _ (1 " )eikone
an  \e¢ ‘o™

Together we obtain

~OG(r,1") n Ou(r’) ,
JJSG (‘U(I')T— G(I‘,I‘)T> d?r

1 ikgne 9 N pikgne
= ﬂ (u(r') (— - ikon) ¢ _qur)e ) d*r'
s, € € on €

Now, by choosing € increasingly small, the integrals over these functions essentially

become the area of a sphere x u(r) and the area of sphere x a:—flr) by the first mean

value theorem for integration. Therefore, we obtain

. 0G(r,1") . ou() )
JJSE (u(r)T— G(I',I')T>d27”

on €

~ 4me? [ u(r) (1 — ik n) etfone - qur) etore
N € 0 €

Here, only the first term survives in the limit of € = 0. Hence:
. 0G(r,1") Nou)Y o
ﬂse (u(r)T— G(r,r)T d*r' = 4mu(r)

All together this finally gives the theorem of Helmholtz and Kirchhoff

i eikonlrl—rl au(r’) 9 eikonlrl—rl

which is just the desired result.
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2.4 Kirchhoff formulation

Now what we would like to do in the following is to approach towards a concise
connection between the different approaches presented before; the angular
spectrum method that requires information on the field in an initial plane and the
Helmholtz and Kirchhoff formulation, which requires information on the field and its

derivative on a surface enclosing the point of interest.

This is done in the following by separating the solution above to a sum of two
integrals reflecting the following geometrical situation. The first is an integration
across the screen, the second is an integration across a half sphere for which
essentially we consider the limit of R » co. The basic idea now consists in
considering the sphere with an infinite large radius for which its surface area is in the
order of R2. Now, in the integrand we can then neglect those contributions that
decay faster than R~2 since their contribution will be vanishing. For the modulus of

the Green’s function we have
ikon|r/—r|

Ir" —r]

1
Ir' —r|

1

60| = =

From a physical point of view (and it can be proven on a more solid base as well) it is
reasonable to assume that the field u(r) equally decays comparable to a spherical
wave. Therefore, we will make a Taylor expansion of the outward normal derivatives
that appear in the expression and only retain those terms that decay as R~1. Other

terms will not contribute to the integral. This suggests that

9 eikonlrl—rl

1 eikonR R—
R)

- - _ . _ - — i 1 -2 f":"\ . );
an 7 —1| (lkon B ikonG(r,r') + O(R™%) = ikynG(r, 1)
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Inserting this expression into the integral for only the semi-spherical surface we

obtain

u(r) = j J (G( ”( ) — u()ikonG(r, r')> a2y
Sy

by expressing the integral in terms of a solid angle

4
R_)—>0° u(r) = j dQR( r) ikonu(r')>

The integral vanishes if we require that

u(r) = ij dQG(r, r )( (1:) ikonu(r’)> R?
Sz

ou(r’)

— ikynu(r’)

which is known as the Sommerfeld radiation condition. It is also known as the
outgoing wave condition since outward propagating fields have to obey this
conditions. Please note, this is a condition which not every field satisfies but which
we would like to enforce while discussing possible solutions to the wave equations.

With that assumption the field eventually reads as

1 eikonlrl—rl au(rl) 0 eikonlrl—rl
—_ _ Nn__-_ - 2.7
u(r)—4nﬂ51 ( Ir'—r| on ”(r)an Ir' —r| )d r

Now Kirchhoff made two further assumptions. While considering the field behind

finite apertures inside otherwise opaque screens, he assumes at first that the field
behind the aperture (indicated by the area X) is the same as the incident field
(propagating from z = —oo into the positive direction) in the absence of the screen.
Moreover, outside the geometrical area of the aperture the field and its derivative
are exactly equal to zero.

Please note, this corresponds to what people would call a thin element
approximation. There, the field behind an object is given by the field before the
object just multiplied with a transmission function. The transmission function can be
complex valued (e.g. for objects as lenses only the phase is affected) but might also

real valued (for gray filters affecting the amplitude only). It might be also be binary
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with values being either zero or one, while considering amplitude masks or;

apertures in screens.

1 eikonlrl—rl au(rl) 0 eikonlrl—rl
—_ _ Nn__ - 2.7
u(r)—4nﬂ)E ( u(r)an | )dr

Ir'—r| on r—rj

Or in a more general term leaving the choice of the Green’s function open

ou(r’) _ dG(r, ")

G(r,r") u(r’)

The only requirements for this equation to hold are the applicability of scalar theory,
the requirement that u(r) and G(r, r’) satisfy the homogeneous wave scalar wave

equation, the satisfaction of the Sommerfeld radiation condition.

2.5 Rayleigh-Sommerfeld

The Kirchhoff theory provides remarkably accurate results and is widely used.
However, it also has mathematical inconsistencies. The difficulty is linked to the fact
that it is required to know both the field and its normal derivative on the boundary
of the screen. Particularly they are set to be zero outside the aperture of interest.
Now, in the context of potential theory in mathematics it is known that if a two-
dimensional potential function and its normal derivative vanish together along any
finite curve segment, then that potential function must vanish over the entire plane.
Similarly, if a solution of the three-dimensional wave equation vanishes on any finite
surface element, it must vanish everywhere in space. Starting from the equation
above we can ask ourselves how to mitigate this problem?
, ,
u(r) = %ﬂz (G(r, r) aua_(;') —u(r") %) d*r’

The obvious way is to modify the Green’s function such that the development

aG(r,rr)

leading to the above equation remains valid, but in addition either G(r,r") or o

shall vanish across the entire surface S;. This would remove the requirement on
both the field and its normal derivative. This was done by Sommerfeld. Depending
on whether the first or the second possible condition mentioned above is fulfilled,

we will approach two different Rayleigh-Sommerfeld formulations.
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We would like to assume that the Green’s function is not just generated from a point
in r but we may add a second Green’s function that is located in the same x and y
coordinate but which emerges from a spatial point at —z. This approach is motivated
by similar approaches in the context of mirror charges.

eikonlrl—rl ikon|rr—rr1|

e
Gi(r,x') =

! II|

Ir' —r| + Ir' —r

withr”" = (x,y,—z). These Green’s functions are solutions to same differential
equations in the volume of interest; hence they are valid. The response on the left
side of the screen is of no importance since this is not relevant in the present

context. The Green’s functions have the useful properties that G_(r,r") = 0 forr’ €

0G4 (r,rr)

S, and on

= 0 forr’ € S,. Using these two Green’s functions we obtain the 1

Rayleigh-Sommerfeld integral as

u1(1')———ﬂ aG (rr)

We can specify the solution by calculating the normal derivative of G_(r,1’).

0G_(r,1r")
on

ikon|r/—r|

, ] 1 e
= cos(z(n, ¥’ — 1)) (Lkon o= l‘|)

ikon|rr—rr|

Ir' —r]

1 e
—cos(£(n, 1’ —1")) <ik0n e r"|)

’ II|

Ir' —r
Now we have |r' —r| = |[r' —r"| and cos(z(n,r' — 1)) = —cos(z(n,r' —r"")).
Therefore we can combine those expressions to

0G_(r,1r")
on

ikon|r/—r|

r P 1 ¢
— 2COS(L(n1 r — l‘)) <lk0n - |r, _ l‘|) |rl _ rl
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Now, for the important approximation that the distance of the point of interest
relative to the screen is much larger than the wavelength (|r’ — r| > 1), we can drop
the second term above and obtain

9G_(r,r' oikonlrir|
6(—n) = 2ikoncos(¢(n, ¥’ — 1)) ———

Ir’ —r|
This is just twice the normal derivative of the Green’s function G(r,r") used in the

Kirchhoff formula.

This expression is known as the first Rayleigh-Sommerfeld diffraction formula. The
same procedure can be performed for the different choice of the Green’s function,

leading to the 2" Rayleigh-Sommerfeld solution as

2.6 Fresnel approximation
The equations above are useful but can be often simplified under some assumption.

Please note, the contents of the following two chapters has been already to some
extent discussed in the lecture “Fundamentals of Optics and Photonics” and the
following shall only serve as a reminder.

At first we would like to assume that x’,y’ < z and x,y « z. This suggests at first
the cosine in the equation above can be approximated as cos(L(n, r — r)) ~1.A
back of the envelope approximation says that this is correct to within 5% for angles

smaller than 20°, which is optically pretty large.
Moreover,;can be safely approximated as L~ iand it is a term that will

[r7—r| [r7—r|

largely affect the amplitude. However, how to approximate the phase term
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etkonlr'=rl3 \we will assume in the following that z’ = 0, hence putting the screen
into the center of the coordinate system. With
V' —r|? =2+ (x' —x)* + () — ¥)?

we can expand the square-root into a Taylor series of second order

! 2 Vi 2
x' —x -
kon|r' —r| = konz 1+< ) +<y y)
z z
2 2
1/x'—x 1(y' -y
() (5 )\

Plugging this into the first Rayleigh-Sommerfeld diffraction formula simplifies the

= konz

expression to

This is known as the Fresnel formula. Here, the expansion of the square root still
depend on x’,x'?,y’, and y'?

The advantage of the formula only pays of if we slightly reformulate the integral such
that it will appear as a Fourier transform of the initial field multiplied with a suitable

pre-factor. In particular we have

kon(x +y2)

v U [ k"“(x’ +y1?) e—an(ﬂx#—y

u(re 2z Aoz" Aoz )dzr’
ilyz

UFresnel (I‘) =

where — " and — are the spatial frequencies.
0

Please note in the Fourier space this approximation corresponds to assuming that

a? + B? « k? which allows to expand the square root for the propagation constant

into a Taylor series and retaining only the two lowest orders in the expansion, i.e.

This equation describes a spherical wave in paraxial approximation. Starting from the
original expression obtained in the section on the angular spectrum method for the

field in terms of its plane wave spectrum

u(r) =U Uy (a, B)e’ @z eilax+BY) dgdp
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we can express the field in Fresnel approximation as

*© . _i-ZB_(42182) .
uFresnel(x' Y, ZB) = JJ U+(C(, ,B,' ZA)elkonzBe leOn(a *h )el(““ﬁy)dadﬁ

where the Fourier spectrum behind the aperture at z, is given by U, (a, 8; z,) and

we propagate the field towards zg.

2.7 Fraunhofer approximation
The last possible approximation is the far-field approximation. This imposes a further

approximation to the square root in the equation for the Fresnel approximation

developed above by neglecting the terms that depend on x'? and y'2.

knx2+2 xx' + ! knx’2+ 2
konlr’—r|5k0nz+Lg_kn( yy)+ 0 ( y)

2 z 0 Z 2 z
kon (x? + y? xx' + yy'
- kon|r' —r| = konz+LQ—konw
2 A
ikonz+zk°n(x +y?)

ne

UFraunhofer (l‘) =

LESNN ny
U u(re zm TA07” )dz

ilyz

Now this is just the Fourier transform using

U(k; U u(rNe™ ({1 +ezy )d2

_ n(2n)?

kon(x +7?)
z

ikognz+i

Here, it is just important to memory that the field in the far-field corresponds to the
Fourier transform of the transmission function. Applications will be discussed in the

seminar.

2.8 Method of stationary phase

The method of stationary phases is in general a method to calculate integrals that

read as

I= J J 90, Qe PDdpdq

in an approximate manner whenever k > 1 and if g(p, q) varies slowly. As we will

argue below, these approximations hold in specific regimes for the Fresnel integral
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which lead to the Fraunhofer expressions if the method of stationary phases is
applied.

The idea for the application of the method of stationary phase is the following. If
K > 1the exponent in the integral oscillates rapidly even if there is only a small
change in the variation of f(p, q). It is simply the product of the two that counts. If
on the scales where the exponent varies rapidly the function g(p, q) varies only
slowly, the different contribution in the integral compensate each other. There is
however one exception. At the stationary points characterized by the coordinates

pm and q,, for which it holds that

af
% - fplpmlqm -
Pm.d9m
and simultaneously
af
% - fqlpm'qm -
Pmd9m

the integral will not vanish. Instead, the integral can be approximated as a sum

across the stationary points

M
2T 1

iK = 1.,
m= fpp(m)qu(m) - prq(m)

The exact derivation of this expression shall be of no concern here and can be done

I ®m, qm) ™S Pmodm)

in the exercises. Now we wish to apply the method of stationary phases to the
Fresnel integral using the angular spectrum representation. The integral is slightly

reformulated to simplify the identification of the link to

(a x B y)_g a® | B?
konzp " konzp) 2\kZn2 kin?

ikonZB

UFresnel (x, Y, ZB) = etkonzp ff U+ (CZ, B; Zy = O)e dadﬁ

Now we make the substitutions p = ﬁ, q= kin and k = kynzg from which we
0 0

require that k > 1. We can identify the function f(p, q) as

X

y 1
fo.@) =p- +q——§(p2 +q?%)

B Zp

This allows to write the Fresnel integral as

uFresnel(x; Y, ZB) = kgnzei" jj U+(k0np, konq;zA = O)eikf(p'q)dpdq
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The derivatives we need to calculate in the expressions above and to calculate the
stationary points are

of _x __of _y _ 9% _ 9% _ Zf _

o zz Poqg zz Tapz 9qz 7 opoq

The only stationary point is then at

x y
=—andg, = —
P1 . 01 =

and the function value f(p,, q,) itself is then

2 2
X< +y
fona) = —ZZB
Inserting this into the approximate expression for the integral

M
2T 1

T ik —~ 1,
m= fpp(m)qu(m) - prq(m)

gives exactly the expression for the field in Fraunhofer approximation

n(2m)?
idlyzg

9 (Dm, @) S Pmoam)

kon
. X y ixo (x2+y2)
— k . —
uFraunhofer(x' Y, ZB) - etonzs U+ <kz_’ k —3Zp = 0) e 2%
B

Zp
Again, we see that the amplitude distribution of the diffraction pattern corresponds
to the Fourier transform of the field behind the screen (inside the aperture). The

interpretation is such that at any spatial position (x, y) only the spatial frequency with
x y . . . x y

(a' =k=,B = k—) and its respective spectral amplitude U, (k—,k—;ZA = O)
Zp ZRB Zp ZB

contribute to the diffraction pattern. The contribution of all other plane waves
cancels out by interference.

To make this approximation applicable, we require that the ratio of aperture size
with respect to wavelength is small (the angular spectrum varies then smoothly with
the angular frequency) and the ratio of aperture to propagation distance should be
small as well (then k > 1). This condition is expressed in terms of the Fresnel

number that should be smaller than one tenths
aa

N =-—=<0.1
B Az
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2.9 Basics of holography

As we have seen in the previous chapters, the full visual information concerning an
object is encoded in the field distribution in a given plane (assuming that the wave
satisfies suitable radiation boundary condition). This requires information on the
field concerns both amplitude and the phase. This complex field propagates in space
and evolves and eventually can be perceived by an external observer, e.g. by forming
an image with an eye. The idea of holography is to record the field emanating from
an object and to reconstruct at a later stage for other purposes. In modern times, we
also use computer-generated holograms to express wave fields from objects that do
not exist in reality. The method has been used to cause many interesting artistic
effects but there are also many industrial applications. Examples are the metrology
of complicated lenses whose generated wave fronts are interferometrically
compared to wave fronts from perfect lenses that have been either generated in a
computer or that were recorded once from a perfect device. The challenge in
holography is the reconstruction of the phase of the field emanated from such
objects. In 1948 Dennis Gabor developed a method that allows recording the
information on the wave field using a coherent reference wave in a medium that is
in turn only responsive to the intensity. The method was such ground breaking that
Dennis Gabor was awarded the Nobel prize in physics in 1971. Holography in general
is a two-step process. First, a recording takes place. Second, a reconstruction takes

place.

2.9.1 Reconstruction of a hologram
To start with, we consider a monochromatic scalar field (also called the primary

field) u(r), which is emanated by an object. Please don’t think too mysterious here.
You simply use a coherent light source, illuminate the object of interest, and the
scattered field from the object will contain all the information from it. Eventually,
this is just the way we perceive our surrounding. In addition we consider a reference
wave that is for simplicity here a plane wave uy(r) = aye™ ™. Now we define as &
the coordinates along some surface (for simplicity a plane) in which we wish to place
later our responsive recording material. The intensity in this plane results from the

superposition of the object and the reference plane
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1) = [u(®) +uo (I = laol* + agu(§)e™™ ¢ + agu*(§e™ o + [u(§)|?
Under the assumption that the intensity of the reference wave is much larger than
the wave emanated from the object, the last term in the expression above can be
neglected for simplicity. By placing a traditional recording media made of a thin film
that blackens proportional to the local intensity into the considered plane and
developing afterwards the film, we obtain a filter that has a local transmission
function corresponding to the recorded intensity

t(§) =1-vyI(E)
where y is here some sort of contrast function that is obviously depends on the
used material and on the recording conditions. Illuminating this filter with a
reconstruction wave u, (r) = a,;e’*1T that corresponds to the reference wave
used for the recording (albeit with an arbitrary amplitude and propagation
direction at this moment), the field behind the filter is given by

w(§) = t(Hu.(§)

= a;(1 —ylag|De™ ¥ — yasagu(§)e'®r ks —ya,aqur(§)e!kathord

These are obviously three different terms that can be best understood, while
setting k; = K,.

e The first terms corresponds to a plane wave that propagates into the
direction of the reconstruction wave. This wave is a consequence of the
possible imperfect modulation of the recorded hologram, i.e. y is smaller
than unity. This contribution can be engineered to be sufficiently small,
e.g. by a suitable engineering of the hologram or actually by Fourier filter
techniques.

e The second term corresponds up to a constant factor to the field
emanated by the considered object u(¢). This is the field one is usually
interested.

e The third term is the complex conjugate of the object field u(¢) and it

propagates into the direction e??ko¢
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3. Optics in anisotropic materials

Thus far, we were only concerned with homogenous local, dispersive and isotropic
material. We saw eventually that the normal modes of a space filled with such
material are elliptically polarized plane waves. Understanding the subtleties of the
dispersion relation is the key to describe on a sound theoretical base the
propagation of light in such materials. Although many materials obey these
requirements of isotropy (glasses, air, water, metals), many materials are not
isotropic but anisotropic. They offer unique opportunities in the context of many
applications. To make use of them, it is therefore important to understand the light
propagation in such materials. In the following we discuss the basics of the light
propagation in such materials. Again, we are primarily concerned with the discussion
of the normal modes, i.e., their field distribution as well as the governing dispersion

relation.

Gas, liquid, amorphous solid Polycrystalline Crystalline Liquid crystal

3.1. Susceptibility and permittivity tensor

Thus far we considered isotropic materials. Their optical properties are independent
on the direction of light propagation and the direction of the electric field
polarization that is considered as illumination. In many optical materials, especially
crystals, the induced polarization, however, depends on the direction of the electric
field. Understanding the polarization for bound charges in terms of a harmonic
oscillator, it suggests that the amplitude of the displacement shall then depend on
the direction of the electric field. This eventually reflects the symmetry of the
crystals.

Examples for anisotropic materials and possible applications are

Lithiumniobate (LiNbOs) —> electro-optical material
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Quartz —> polarizers
Liquid crystals —> display elements, nonlinear optics
Multiple quantum wells —> optoelectronics
We will stick to a few assumptions in the following that shall simplify our lives:
e We will consider only a single frequency in time (monochromatic field) and
space (plane wave)
e We will consider materials to be free of absorption (otherwise expansion into
normal modes wouldn’t make sense in each case)
For an isotropic material the normal modes were elliptically polarized, plane,
monochromatic waves. The functional dependency of the polarization and the
electric displacement have been obeying the following equations:
P(r,w) = gox(w)E(r, w)
D(r,w) = gye(w)E(r, w)
In the following, we will drop the bar above the field vectors since we consider in
each case only monochromatic fields: E(r,w) = E(r,w). Now, in the case of
anisotropic materials where the induced polarization will depend on the magnitude

of the electric field in the respective direction we have

P(rw) =g )  xij(w) Ei(r,w) & gy (w)E(r, w)

Here, we implicitly assume that the sum convention according to Einstein applies
(summation over double indices). Please note, the susceptibility here is a 2" rank
tensor ¥(w) and y;;(w) are the components of the tensor in a specific coordinate
system.
Important in this equation is:
e P}t E,theinduced polarization is not anymore parallel to the electric field
e The susceptibility tensor reflects the crystal symmetry, but the light will not
probe for the actual arrangement of the atom due to largely disparate length
scales. A typical wavelength is 500 nm whereas the lattice spacing of the
crystal is rather in the order of 0.5 nm, the field therefore doesn’t probe the
properties of the periodic arrangement at the level of individual atoms; but

the field remains to be sensitive against the symmetry.
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Analog equations and considerations hold for the electric displacement field
Di (rl (U) = EOgij ((U)E'J(r, (X))
D(r,w) = £&(w)E(r, w)

o
eSS

E
o E£= (sij) is the permittivity tensor
A last important quantity, which we will use in the following occasionally, is the
inverse permittivity tensor ¢ = (§)71 = (aij) , leading to 0;j(w)D;(r,w) =
& E;(r, w).
What are the properties of the tensors? For simplicity, we drop in the following the
frequency dependency in the arguments
0ij, &ij —> real valued in the transparency region (which we are
interested in here)
—> tensors are symmetric, leaving only six independent
components g;; = 0j; and &;; = &;;, moreover the matrices are
Hermitian, suggesting that the element in the j-th row and j-th
column is equal to the complex conjugate of the element in
the j-th row and j-th column, for all indices i and j
Proof:
Considering source-free Maxwell’s equations in the Fourier space:
rotE = iwyu,H
rotH = —iwe,€E
The magnetic field can be eliminated from that equation to obtain the vector
Helmholtz equation for the electric field:
rotrotE — w?syuy €E = 0
It should be noted that, in general, the vector Helmholtz equation in anisotropic
media is not equivalent to the component-by-component scalar Helmholtz equation
even for a homogenous medium. The problem is that in the anisotropic case it does
not follow from div D = div (§E) = 0 that divE = 0.
Now, for the average over long time intervals for the divergence of the complex

Poynting vector (the dissipated energy) it follows that

1
(divs) = > div (E x H)
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1H* tE 1E tH”
=5 ro S ETO

_iw,uol 2 lweg
) 2

E-(£E")

lwe
= 2iw({w,,) — TOE - (§*E")
where we introduced (w,,) as the time average of the magnetic energy density. In
analogy to the case of an isotropic material, the second term on the right hand side

of the equation should be equal to —2iw(w,), eventually corresponding to the

electric energy density for an anisotropic material
€o frpr
(we) = 2B ('E")
On the other hand we have an expression for the time averaged electric energy

density that reads as
1
(we) = JR(E- D)
(we) = 2 R(E- @'E")
(w,) = %O[E . (8°E") + 2E - E*]
Both expressions for the electrical energy density are only equal if and only if
€E-E* =E- (§E")
Since for two complex vectors V and W it always holds that
&V-W =V -gfw~
where sg- = ¢j; it follows that the left hand side can be written as
E-¢HE* = E: (§'E")
So it can be concluded that the permittivity tensor at least is equal to its transpose.
Furthermore it can be shown that S(E . (.’CZ*E*)) =0
— this should also hold for an arbitrary electric field
a) this holds for example also for the case that all components are zero except
the x-component of the electric field E,, # 0
S(Ex - (6ED) = |E*S(e50) = 0
The same holds for €,,, and €,,, — this suggests that all diagonal components

of the tensor are real valued

b) For the other components it holds
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S(esyExEy + €52 EyEx) = S(€5yExEy — €yxESEy)

From that expression we can conclude that €5, = €,,. The derivation can be
performed for all possible of-diagonal entries of the permittivity tensor,
which shows that it is a hermitian tensor. Similar deviations can be made for
o;j and y;;.
From now we assume that all tensors are real valued. However, this suggests by no
means that of-diagonal elements are always real-valued. They are important, e.g., in
the context of magneto-optics and the materials are called gyrotropic materials.
A further important concept is the idea of a principle coordinate system in which the
tensors are diagonal. This is generally possible for all Hermitian matrices. This will be
shown in the following at the example of the inverse permittivity tensor. Only in this
coordinate system it will hold that D || E . Mathematically, this can be expressed in
terms of an eigenvalue equation. It is required that
&E; = 0;;D; = AD;
This requires a non-trivial solution to the equation, which asks for a vanishing
determinant
det[ai]- — /Uij] =0
where the identity matrix has been introduced as I;; = §;;.
This is an equation of 3™ order that has three roots as solutions, which are called in
the following A(®. The associated eigenvectors read as
o; ij(a) = A(“)Di(a)
The eigenvectors are orthogonal because

a;;D; p@ = A(“)D(a) and o;; D(m A(ﬁ)Di(ﬁ)

If we multiply both equations with the respective other eigenvector and subtract

both we obtain
D](,B)O.JLD(‘Z) Di(a)o-l]D(ﬁ) =0

because gj; = 0;;. Here it can be concluded that Dl.(a)Di(m = 0 forall A(® = A&,
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The principle axes now reflect the crystal symmetry.

1
&j = &0y, 0ij = 00y = Gy

& (w) 0 0

An anisotropic material can be in most cases fully described using three different

dielectric functions (in the principle coordinate system). In most cases the analysis is

done in the principle coordinate system; although in the end a transformation back

in the coordinate system of the laboratory is made; but the principle coordinate

system makes everything much easier.

3.2 Optical classification of crystals
a) Isotropic

Three crystallographic identical and perpendicular axes

Cubic crystals (diamond, silicon)

] '

& (w) = &(w) = &(w)

It follows in that particular case D; = gy€E;
The same type of descriptions applies for gases amorphous solid

states, liquids and polycrystalline materials with grain sizes much
smaller than the wavelength such that light on a mesoscopic scale will

not resolve the fine structure

b) Uniaxial

Two crystallographic equivalent directions

Trigonal, tetragonal, hexagonal crystals
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o &(0) = g(w) # &(w)

c) biaxial
e there are no two identical crystallographic directions

e orthorhombic, monocline, tricline

o &(w) # &(w) # &(w)

3.3. The index ellipsoid

The index ellipsoid is a geometrical representation of the inverse dielectric tensor.
The defining equation for the index ellipsoid is a surface of second order. The

advantage of the representation is its invariance against coordinate transformations.

3
Z O'ij Xin =1
i,j=1

The index ellipsoid defines a surface of constant electric energy density since it can

Its is defined as

be understood as

Z:1'3.1'=1 0y DiDj = & Y1 EiD; = 2wy,

In the principle coordinate system this index ellipsoid can be defined as
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Please note, very often the radii of the index ellipsoid are associated to the indices in
the principle coordinate system. On purpose we have not put this onto the axes of
the coordinate system since this is misleading and would contradict the philosophy
of the course. The index is a wave optical property used to describe the evolution of
a plane wave; it is not a material property as discussed up to that point.

In the degenerate case of a cubic symmetry it remains to mention that this is a
sphere; and for a uniaxial crystal this will be a rotational symmetric structure around

the z-axis with n; = n,.

3.4. Normalmodes in an anisotropic material
As a reminder | would like to stress that a normal mode is a solution to the source

free wave equation which experiences upon propagation only a spatial-temporal
phase variation, the amplitude and the polarization are preserved and constant. The
spatial-temporal phase variation is connected via the dispersion relation, which
expresses the functional dependency of the frequency on the wave vector w = w(Kk)
or the functional dependency of the wave vector on the frequency k = k(w).

For an isotropic medium the normal modes are monochromatic plane waves

E(r,t) = E,eikr-ot)
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2 w?
k*(w) = k*(w) = 5 ¢(w)
Co

with e(w) > 0andk-E, = k-D, = 0. The wave is usually elliptically polarized
and the state of polarization is preserved upon propagation. Now we are looking for
the normal modes in an anisotropic medium. The solution while propagation in the
principal coordinate system is quite easy and its consideration is insightful,

afterwards we want to generalize it to an arbitrary propagation direction.

3.4.1. Normal modes for a propagation in the principal coordinate system
The assumption is that the principal axes are in the x,y,z directions. We

furthermore require thatk-E, = k-D, = 0. We assume for the moment that
propagation is in z direction (k — k). This suggests that D,, D, # 0. The field can be
arbitrary in the x —y — plane. Finally, the electric displacement is linked to the

electric field via D; = gy¢;E; (please note, no summation here).

k

€3

Only in this particular case we have the unique situation that the two possible

polarization directions are decoupled.

2
. o w
Dy, & - DyeitaT=08 = p elb1e=i0t with ki =—¢(w)
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From that it follows that D } E. This requires to conclude that the elliptical
polarization is not a normal mode sustained by the material, since the state of
polarization would change upon propagation. However, this doesn’t hold if the
electric field is polarized along one of the principal axes. Therefore, these plane
waves linearly polarized along one of the principal axes are the normal modes of the

system.

2
, w

D@ = {p eikat-0Dle, - KkZ=—n2 - normalmodea
Co
. w?

D® = {p,eit»rr-wOle, - kZ=—ni - normalmodeb
Co

There exist two perpendicular linearly polarized eigenmodes for which D || E holds.
This is a very simplified and fortunate situation. The question is rather how do the

normal modes look like for an arbitrary propagation direction?

3.4.2. Normal modes for an arbitrary propagation direction

3.4.2.1 Geometrical construction |
For a given frequency and a given crystal the permittivity tensor is known and with

that the index ellipsoid. We furthermore define a direction of the propagation
direction we are interested in — Kk/k. Now, we need to sketch the plane that is

perpendicular to K and which goes through the origin of the index ellipsoid.

Indexellipsoid
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Now the cross-section is an ellipse, which is just the index ellipse. The principal axes

correspond to the refractive indices n, and n, of the normal modes in this
2

propagation direction. They obey the same equation as above, kﬁ’b = (g—znfl_b.The
0

directions of the two principal axes correspond to the polarization direction of D(®

(@b
and D@ E@ and E® follow from that according to Ei(a'b) =2 With that it

E0€&j
follows that D(@®) } E(@b) and, moreover, E(@P) is not perpendicular to k.
This has a direct consequence on the Poynting vector, which is no longer parallel to

the wave vector!

(S) = %ER(E X H*) - K #(S)becauseE 1 (S)

7ol

b

In the case that the index ellipse is a circle, the direction of the associated wave
vector defines the optical axis of the crystal.
3.4.2.2 Derivation of the dispersion relation
In the isotropic case | just want to remind you that the length of the wave vector was

independent on its direction. The dispersion relation was

k?(w) = k*(w) = w—zzs(w)
Co

and the normal modes where elliptically polarized plane waves according to

E(r,t) = E, eik@)T-0t)

D(r,t) = D, elk@)r-wt)
In the anisotropic case the normal mode is again a plane monochromatic wave
~elk(w)r-0t) h;t the wave number now explicitly depends on the propagation

direction, so k(w, direction). Furthermore, we make the educated guess that the
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polarization of the normal modes is not elliptically anymore. For a proper notation of
the directional dependency we introduce a component notation for the wave vector:
ky Uy
k= <k2> = k(u2> with uf +uZ +ui=1
ks Us
The goal of the following derivation, just as before, is the identification of the
functional dependency of w = w(kq, k,, k3) or w = w(k,uy, uy, uz) or the other
way around k = k(w, uy,u,,u3). Please note, eventually the latter expressions are
slightly redundant since for two given component of the vector that defines the
direction, the third is fixed by the constraint that the sum of the square of the
components is unity. There is only one equation with four unknowns that have to be
solved for.
Starting from Maxwell’'s equations in spatial Fourier domain with the ansatz
indicated above we obtain
k-D=0 KkXE=wyH
k-H=0 KkXxH=-wD
Here, we have dropped for simplicity the w in the subscript. Now we follow the usual

derivation for the wave equation

w? 1
—[kx (kxE)]=——D
Co €o
w? 1
—k(k-E)+k2E=—2—D
c5 o

In the principle coordinate system where we have

D; = &&E;
it follows in component notation that

3 5 w?
_ki . kJE] + k Ei = _zgiEi

j=1 Co

2 3

( S € k2>El = —k; kiE;

CO j=1

Please note in the special case of an isotropic material the right hand side is equal to
zero and we restore the governing equation for the eigenmodes in the isotropic
space. This equation above is an eigenvalue equation and to solve it we have to solve

the following characteristic equation
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_wz
?31 - k% - k% kik, kyks
’ w2 E; 0
kzkl _282 - k]z_ - k% k2k3 E2 =|0
(1)2
k3k1 k3k2 ?83 - k]z_ - k%
| 0 i

The only meaningful solution we have if the determinant of this linear system is zero.
Therefore, from the analysis of det[...]=0 we can obtain the dispersion relation of
w = w(k) for a given ratio of k; /k.

However, there is a simpler way to obtain this where we start from

0

k.
Ei=—Fg— . ijlkaf
C_Zgi_k
0

w? 5 3
_281' -k Ei = _ki . k]E]
C ]:1

3

Now, multiplication with k; and summation over i, and eventually a substitution
between i and j on the left hand side and we obtain

3 3 kiZ 3
j=1 l=1( kz) j=1

2 “l
Co

By exploiting the fact that the divergence of the electric field is not vanishing, i.e.

divE = Y3, k;E; # 0 it follows that

3 kiZ
2 ¢

2
Co

is the preliminary dispersion relation. In combination with

ky Uq w Uy
<k2> = k(w) <u2> = —n(w) <u2>
k4 Us €o Uz
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This is the final form of the dispersion relation. Now the actual action is such that for
a given crystal characterized by its permittivity tensor and an indication on the
directions in terms of u; and u, (u; would be redundant since the sum of the square
must be unity), we can calculate with the equation above the effective index the
normal mode will experience to be n(w, uy, u,).

However, please take care that as soon as pathological cases emerge, e.g. those for
which divE = 0 in e.g. cubical crystals, it is required to return to the explicit

expression and work with it

uf (n? - 32)(712 - 33)712 + u% (n? - 31)(712 - 33)712 + u% (n? — 31)(712 - 82)n2

This is after all a quadratic equation in n? since the terms with n® cancel out. This

. . . . w
equation has two solutions n, and n, and with this also , k, ,, = — Map-
0

The normal modes have a polarization in the electric displacement for which they
are perpendicular on each other.
In the special case of a propagation direction along one of the principal axes, as
previously discussed, for which u; = 1 it follows that
(n* — &) (n* —g)n? = (n® — &) (n* — &) (n* — &)

Multiplying this at first out and removing all the terms that depend on the six power
of the index and recollecting the terms leads to

(n? —e)(n® —g)e5 =0
which has as solutions

nZ=¢g and ni=¢,
This corresponds just to the solutions presented above while considering the
propagation along one of the principal axes.

Eventually we can also compute in a very last step the fields of the normal modes.

From above we know that
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E, = ki Eg k:E
. (w_zg,_kz) =
™

where the sum is independent on the index i. Therefore it follows that Z§=1 kiE; =

const and we can write down the ratio of the amplitudes as
kq k, ks

w? : w? : w?
<— - i) <— - i) <— - i)

In combination with D; = ¢,¢;E; we obtain

EI:EZ:E::’. =

&1k &k, &3ks

w? " (w? " (w?
<— - i) <— - i) <— ~2)

As we can see that the field components are all real values, there is no phase

Dl:DZ:D?, =

difference between the different components, which necessarily leads to a linear
polarization for the normal modes.

The last thing we can prove is the orthogonality of the modes D® and D® using
the scalar product between the electric displacement field. Please note, the electric

field won’t be perpendicular on each other.

2 2
D@ . p®) Zg i kakpui
i=1(1,2 w? 2 w?
ka - gsi kb - gei
U P f 5 e
w? (kg - kczl) “ i=1 k2 _w_z . b i=1 k2 _ W
a C2 & b CZ &
0 0

Now the terms in the sum are vanishing as can be seen while writing the dispersion

relation as

|- 23 k& pus _23
B i=1< ) L

w2
kap — 7 &i(w)
Co

(1)2

2
w

(k25 - 27 (@) + Sr @) ) u?
Co Co

2
<k121,b - (;)_zfi(w))
0

2

w 3 EiU;
=1+ — ———
i— w
Co i=1 <k2 _ _g.)
a,b 2 €
Co

Therefore, the eigenmodes are orthogonal.
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3.4.2.3 Geometrical interpretation Il: normal surfaces
In addition to the considerations above we can also plot the index of the two modes

as surfaces in the space spanned by the components of the wave vector k;. This is
providing us a centro-symmetric two-layer surface. Please note, normal surfaces are
often called iso-frequency surfaces or just iso-surfaces. Eventually they display the
functional dependency of the admissible directions (or elements of the k-vectors) for

a given frequency.

k3/ko h k3/ky
optical axis |2 optical axis |7
N nl
AN
~ n3 ne
"1 kolk, no ko/k,
le no
"3 bk,
biaxial uniaxial

ko/k,,

ki/k,

isotrop

The cross sections with the principal axes are either circles or ellipses.

Biaxial: the two surfaces intersect in four different points. The connecting
lines between the two points are the two optical axes. Please note,
the optical axis of a crystal is the direction in which the wave does not
suffer from any birefringence.

Uniaxial: It's a body of revolution made from an ellipse and a sphere. There are
two intersection points at the poles. The connecting line equally

provides information on the optical axes. If &, = €, = g, and &5 = &,.
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The subscripts or and e stands for ordinary and extraordinary optical
axes.
cubic: The structure is isotropic and the two interfaces are identical
How the figures need to be understood?
At first you need to fix the directions u; and u,. Then you have to identify the
intersections with the surfaces. The distance between the center of the coordinate
system and the intersections provides you the refractive indices of the normal
modes. Only in the special case that you are in the optical axes, the two possible
indices are identical n, = n,,.
Taking all together you may have access now to two different geometrical
interpretations:
(a) Index ellipsoid
-Direction fixed — identifying index ellipse — semi-axes provide n,
and n,, being the indices, which are experienced by the normal
modes
(b) Normal surfaces
-Direction fixed — cross section to the normal surfaces — distance to
the center provide n, and n,, optical axis is the connecting line

between the center and the cross section of the two branches

In a nutshell, in an anisotropic material there exist two normal modes. These normal

modes are linearly polarized plane monochromatic waves. They have two different

phase velocities, given bync—oand two perpendicular polarization direction. All you
a,b

need to provide is information on the material and the direction of propagation.

3.4.3 Uniaxial crystals
Uniaxial crystals have as a crystal structure to be either trigonal, tetragonal, or

hexagonal. Their index ellipsoid is rotational symmetric around the z-axes and they
are characterized by an ordinary and an extraordinary index that are derived from

€1 =6 =&, and & =&
The normal modes, in general, do not see the associated indices directly.

There are two different normal modes
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a) Ordinary waves —> index is independent on the direction
— D" polarized perpendicular to the z-axis and to
the wave vector
b) Extraordinary waves —» index is dependent on the direction
—> polarized perpendicular to the wave vector and
within the plane spanned by the wave vector and
the rotational axis, D(©) is perpendicular to D©"

According to our definitions the z-axes is the optical axis with n, = n,,.

E.D

\/Eorko V EorkO $

8 S D g K
ED k E
j@ko ko H v eeko k2

fa) Ordinary (b) Extraordinary

(o)

Now how does the dispersion relation looks like for such material? The best starting
point will be the explicit solution, which we had before.
u% (nz - gor) (nz - ge)nz + u% (nz - gor) (nz - Ee)nz + u% (nz - gor)zn2
= (nz - gor)z(nz - ge)

(nz - ge)(nz - gor)

n? =0

(nz - Eor) (u% + u%)(nz - <c"e) + u%(nz - gor) -

Obviously there are two solutions.

1. Ordinary wave
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2. Extraordinary wave

(n129 - ge)(nlza - gor)
nz

(u% + u%)(ng - ge) + u%(nlzy - gor) =

£
20,2 2 2 2 2 2 2 ecor _
ny(uy +us +ui) —np — (U + us)ee — UsEor + €0 + Eor — 7 = 0

b

ge(l _u% _u%) +gor(1 —u%) _‘Een_€2bm= 0

Now on the base of that equation we can calculate n, and n,;, for a given illumination

direction.
Geometrical representation of the normal surfaces is straightforward
1. Ordinary wave
k2 = k? + k% + k3 = ki,
2. Extraordinary wave
1 (k¥ +k3) 1 k3
——t+t——=1
A % Eor ki
This is the equation for a rotational symmetric ellipsoid. For a simplification of the
treatment but by no means as a restriction, we would like to assume in the following
that the propagation takes place in the y — z-plane, suggesting that u; = 0. Please

note that the size of the ellipsoid changes with frequency. The isosurfaces then look

like
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What eventually can be said about the fields? From the general discussion as
outlined above we know that

Eorkl . gorkz . gek3

w? (w2 (w2
(Tgfor"‘z) (geor‘kz) (afe‘kz)

For the extraordinary wave the denominators are finite and since we have k; = 0,

we also have Dl(e) = 0. Therefore, the field is polarized in the y-z-plane. Since
moreover the ordinary wave needs to be polarized perpendicular to the
extraordinary wave, the ordinary wave must be polarized in the x-direction.
Moreover, independent from that it is also known that the ordinary field is polarized
perpendicular to the plane that is given by the optical axis and the wave vector. In
the example shown below the optical axis is the z-direction. Hence, the ordinary

wave must be polarized in the x-direction.
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k3

vV Em"kO

(o)
N

fa) Ordinary (b) Extraordinary

In this case we can also perform a simple calculation of the effective index n?(®) of
the extraordinary wave depending on the angle of propagation in the y-z-plane. In
general it holds that

(u? + ul u? 1

e@ e m@ 0

For the special situation mentioned above that u; = 0 it simplifies to

u’ N u’ 1
Ee(w) gor((‘)) nlz,(w)

U, =sin® and u3; =cos0®

0

sin?® _ cos? 0 _ 1 ~0
ge(w) gor(w) n%(w,@)

e (w)eor(w)
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Optic axis Optic axis
zA

607”

n(6)

o wave e wave

Finally we would like to mention that a classification is usually used for uniaxial
optical materials. For
Eor(w) > e.(w) — negatively uniaxal

Eor(w) < g.(w) —  positively uniaxal

3.5 Derived quantities from the dispersion relation
In a final note we would like to outline a few important parameters that can be

derived from the dispersion relation and which describe the evolution of Gaussian
beams in materials. It is specified here for a uniaxial material but the general
concepts are applicable to any other material as well. This makes it such powerful.
The concept can be also applied to metamaterials, photonic crystals, coupled
waveguides etc.; all systems for which a dispersion relation needs to be known.

The first important quantity is the inclination coefficient. This eventually is given by
the tangent of the iso-frequency surface; being the normal surface for a particular

wave

ak3 ((U, kz)

2

k3

Here we assume that the principal propagation direction is along the z-axis and the
propagation takes place in the y-z-plane. The inclination coefficient is related to the
transverse shift a Gaussian beam experiences during propagation. Since there is a
difference between the direction the energy transport takes place (so basically
direction of the time averaged Poynting vector) and the normal direction of the

fronts of constant phase, a Gaussian beam will not propagate in the direction of the
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wave vector. Instead, it will propagate to the direction normal to the negative

tangent.
akZ k3 ge(w) ge(w)
- | === = tan =tan®
@)y~ Ko@) @)
T )
Direction
z of k t S

zl
2 Beam D
1 axis . E
B

o f————

‘ ~Phase front

|

6 1

X0 X1 X —>

Veeko k2

The direction of a Gaussian beam is perpendicular to the surface and agrees with the
direction of the Poynting vector. For an extraordinary wave this no longer coincides
with the direction of the wave vector. This also suggests that the direction of the
propagation of ordinary and extraordinary wave no longer agrees; a phenomena
that is called as spatial walk off. This walk off needs to be carefully considered in the
applications of birefringent effects, e.g., in the context of nonlinear optics.

From the inclination coefficient the refraction coefficient can be derived that
expresses the way refraction takes place at the interface between two media
characterized by a given inclination coefficient

A

R(k9) = ——==
SERATT)

The sign of R distinguishes between normal (R > 0) and anomalous (negative)

refraction (R<0).
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curvature determines
diffraction
K,

refraction diffraction

A further important parameter is the diffraction coefficient. It expresses how strong
the diffractive spread of a Gaussian beam will be while propagating through a

material.

0%ks(w, ky)

6k§
k3> }

- (akg(w, k)
The diffraction coefficient evaluated at k is a measure for the spreading or focusing

D(k3) =

ok,

k3

of the beam along its mean propagation direction. If D < 0 diffraction is normal,
similar to an ordinary homogeneous medium, and if D > 0 it is anomalous,
observable, for instance, in waveguide arrays and photonic crystals.

Please note, there is a strong analogy to the propagation of pulses in temporal
domain as earlier discussed. There, the dispersion relation was expanded in
temporal frequency space to evaluate the speed of propagation of the wave package
(first derivative) and the dispersive spread (second derivative). This is full analogy to
the parameters discussed here; just by replacing the temporal frequency with the
spatial frequency.

The most important thing to remember is that whenever the dispersion relation is

known, the light propagation in the medium can be theoretically understood.
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4. Coherence optics

4.1. Basics

The theory of optical coherence is a part of the field of statistical optics. These fields
of science have been pioneered by contributions from Max Born and Emil Wolf in
the fifties of the last century. It is since then of major importance and has been
further developed. Current research interest, e.g. deal with the proper description
partially coherent light in opto-electronic devices such as a solar cell.

Subject of concern: Properties of “random” light, light that has been experiencing or
was exposed to fluctuations of the properties of the source or to fluctuations of the
optical properties of the medium through which the light has been propagating.
Referential examples:

e Natural light as emitted from thermal sources such as an incandescent lamp
or the sun, sources where many independent atoms contribute to the
emission. They all emit light at slight different frequencies and phases. Light
emitted from such sources cannot be described by an infinite wave train that
is characterized by a singular frequency.

e Light that is reflected at randomly rough surfaces. Here, the frequency is
preserved but the phase of an incident planar wave suffers from fluctuations.

Properties of these light sources are discussed in the context of coherence theory.
Assumptions: scalar approximation u(r, t)
Thus far we have only considered fields that an be written as:

u(r,t) = U(r,w)e ™t + c.c.
with, for example,

U(r,w) = ek@r

Such light field is entirely determined in all its properties; it is what is called coherent
light. Please note, such ideal time-harmonic field is required to be existent forever; it
cannot therefore exist in reality. Only if the frequencies are confined to a narrow
interval the light can be considered as quasi-monochromatic. How narrow it needs

to be has to be answered in the context of a specific optical device.
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What will be considered now is a field that is a random variable; but it shall still obey
the wave equation. This type of light can be visualized either in time or in a spatial
domain (please note in time or space we plot here only the real part of the complex
variables or actually the wave front, the field itself is complex and has a real and

imaginary part):

Time
dependence
Wavefronts @ —>

(a) (b)

Light in general can be categorized according to their degree of phase correlation:

e Coherent light

e Partially coherent light

e Incoherent light
Please note, the problem we will tackle is independent from the problem of treating
a polychromatic source. There, due to superposition principle, the response of an
optical system to each frequency needs to be calculated and afterwards summed up.
Unfortunately, in most cases we do not know the precise frequencies, the
amplitudes and the phases of the harmonic components of the field emitted by a
real source. The only information we have available is a statistical model for the
distribution of frequencies, amplitudes and phases. These models carry over their
statistical features into the field emitted by the source elsewhere in space, e.g. in the
image plane of an objective lens of a microscope. Fortunately, the statistical models
turn out to be sufficient to predict the outcome of most optical experiments. These
statistical models do not need to be complete in a sense that all properties are
perfectly reflected, in most cases we will rely here on second-order averages called
coherence functions that are entirely adequate.
The theory of optical coherence eventually shall allow us to describe the deviations

of partially coherent waves from perfectly coherent waves. In the following we will
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always distinguish between time coherence, spatial coherence, and mutual

coherence.

4.2. Statistical properties of light

4.2.1 Definitions
We assume in the following that u(r, t) is a complex analytical signal

oo

u(r, t) =f U(r, w)e “tdw
0

It corresponds to an arbitrary physical component of a non-monochromatic field at
position r and time t.
a) Intensity
I(r,t) = (Ju(r,)[?).
|lu(r,t)| is a randomly fluctuating intensity and (--- ), describes here the ensemble
average. This requires a sufficient large number of measurements on a nominally
identically prepared system.

Example I: stationary statistical light source: light valve driven by a constant current

\ur, )24

I(r,t) = I(r)
Now an important statement is given that will be valid for the systems we consider:
The ergodic hypothesis that applies says that, broadly speaking, the system has the
same behavior averaged over time as averaged over the different individual

implementations of the same system. Time and ensemble average are the same.
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<'">e = ()t = ()

From the ergodic hypothesis it follows that the intensity will be

lu(r, t)|?dt

In detail, we can derive the constant intensity as described using the idea that from a
source the light is emitted by individual atoms that emit light of a specific frequency
and with an arbitrary phase. We can technically write the field as a superposition of
N monochromatic waves with equal amplitude, random phases and frequencies

randomly chosen within an interval Aw centered around some central frequency.

N
u(t) = AZ el=wnt+on)
n=1

The average over a time interval of length 2T of the intensity is

1 T
I = lim — t)|?dt
Jim — _Tlu( |
A2 (T N 2
I = lim — z el-ont+on)| gt
T-oo n=1

-T

A% T N N
[ = lim —j z Z ei((wm_wn)t"'(Pn—(Pm) dt
T 2T J_p Laapn=1 Ldm=1

If the integration time is long enough when compared to the period of a beat
associated with the frequency difference of w,, — w,, the oscillating parts of the
integral tend to cancel each other and the inter terms that persists are those with
w,, = w,. The time average intensity is then constant and proportional to A% and to
N.

Example IlI: non-stationary statistical light source: light valve driven by a time

dependent current — I(r, t)

\U(r, )24

o )

I(r, )h
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b) Temporal coherence and spectra
We will assume in the following stationary statistical process — I(r) and we only
consider the intensity at a fixed point in space — I(r) = I.
The measure for the correlation of the field at u(t) and u(t + 7) is the auto-

correlation function G (1)

The function G (1) is called the temporal coherence function. Since it is defined with
respect to it-self, it is also called a self-coherence function.

The temporal width of the function G(7) tells us something how quickly the
envelope of the function u(t) changes as a function of time. The function u(t) only
changes smoothly within a time 7. called the coherence time. Beyond this time the
function is rough, i.e. G(t) = 0 for T > 7. Of course, this is not meant in a strict

sense but shall only qualitatively express the functionality.

gt/ A
1 —

(a)

3

_>| 7, l‘_ Ig(T/!lk

uft)

b rl\'l‘i'l”l'””“lXHII Hl'|fl l'll ‘H'l 2 T

In particular it holds that

| o= ]
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Now the function G(t) unfortunately contains two different information:
information on the coherence but also on the intensity. Both effects should be
separated which asks to introduce a normalized quantity.

For that purpose we introduce the complex degree of temporal coherence g(7).
Please note, we will introduce later higher order correlation functions (related to the
intensity). Therefore this degree of coherence is often called a first-order correlation

function abbreviated with ‘(1) in the superscript. This is omitted here as long as we

face no possible confusion. The function is defined as

_G@ _w®ult+ )

g(1)

The function is bound between zero and one, i.e. 0 < |g(7)| < 1.
Example I: perfect deterministic light, i.e. coherent light

u(t) = Ae iwot

o Tl Afze w0t qe

1 ,r
57 [_p|Al?dt

g() = =e 7" 5 |g(»)| =1

Example II: general case
Allows a more rigid definition of the coherence time:

|g(t)| is a monotonously decaying function. This allows to define the coherence

time as the width at which the function |g(7)| has been decaying to |g(z.)| = 1/9.

Please note, other definitions also consider a decay to one half.
o= [ lo@rdr
lg@Dl=1 ~ 1.,->0»

Il I |
Example: g(t) =e a4 ~ 7, = Zfo e Zadi=A1-0)=4

~ lefm)A
— 7,
—
0 T

The coherence length can be calculated from the coherence time by [, = ct,.
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If all the relevant length scales of the optical system are smaller (or ideally much
smaller) than the coherence length, we may consider the system as coherent.

c) The theorem of Wiener-Khinchin
The Wiener-Khinchin-theorem is important since it expresses the dependency

between the spectrum and the temporal coherence of a source, a wave field.
Theorem: The Fourier transform of the autocorrelation function of a signal is
identical with the magnitude square of the Fourier transform of the signal. The latter

being the spectrum

Here, the theorem establishes a relation between the temporal coherence function

and the spectrum of the signal

where the signal S(w) is defined here as

S(w) = |U(w)|?
Proof: (please consider that in the following we will deal with finite times; since for
stationary process an infinite time will lead to infinite energies which are difficult to

handle)
1 T
G(z) = (W (Oult + 1)) = Jim — j w (Oult + 7)dt
T-00 2T )_;
Now for a truncated Fourier transform this reads as
1 ° iwt
UT((,U) = % _oouT(t)e dt

_ u(t) | <T
ur(t) {0 otherwise

uT(t) =J UT((A))e_iwtd(l)
1 T
G(t) = lim —J ur(Our(t + 7)dt
T—oo ZT -T T T

1 (T *© .
G(7) = Th_l)l;ﬁj ui(t) U Ur(r, w)e @D gy | dt
-T —co
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1 (T @ . .
G(1) = Tll—{gﬁj j [u;(t)e“‘”tdt] Ur(r,w)e ™ dw
—T J—o0

T
— lim — j U () [2e- % da
T—o0 T

1
N - lim — 2
S(w) = lim —— |Ur ()|
S(w)dw is the spectral intensity between w and w + dw. Since the Fourier

transform of the field does not contain negative frequencies, i.e. U(—w) = 0, it

follows that

Moreover, it holds that the coherence of a light source is given by the spectral

intensity.
K gt sw
=
uft) .
- l
0 T o 7 Yo v
ult) — T b= lgfr)| Sty
t T I %Au
. ) |
0 T 0 v vo v

It holds in general that the product between coherence time and the bandwidth is

constant. The longer the coherence time the shorter the bandwidth and vice versa.
T.Aw = const.

where the spectral width is defined as

[fOOOS(w)da)]z
w=—%
fo S2(w)dw

Therefore, spectral filters can be used to improve the coherence, but this is always

accompanied by a loss of intensity.
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A limiting example to be considered is a monochromatic wave. There, Aw — 0 and
we have maximized the temporal coherence, i.e. 7, = . If Aw K w,or T, >
tsystem, We would speak of a quasi-monochromatic field that behaves as coherent
light.
d) Mutual coherence function (spatial and temporal coherence)
The mutual coherence function G(ry, 1,, T) is given as the cross correlation function
between the scalar field at two different spatial positions and at two different
moments in time, i.e. between u(ry, t;) and u(r,, t,) with 7 =t, — t;.
G(ry, xp,7) = (u'(ry, Du(ry, t + 7))
Then, the complex degree of the degree of mutual coherence is defined accordingly

as

G(ry,r, T

The function is equally bound between

0<|g(r,r,ol<1
The complex degree of the degree of mutual coherence is a measure for the
correlation of the field between (ry, t) and (ry, t + 7).
Example: plane, monochromatic wave

lg(ry, 1y, 7)| = |eRimr2)mior| = 1
The function collapses to an expression
(a) for temporal coherenceifr; =,

(b) for spatial coherence fort =10

e) Mutual intensity — spatial coherence function
This concerns the explicit details to the special case mentioned above with T = 0.
G(ry,13,0) = (U (g, u(ry, t)) = G(ry, 1)
G(ry,ry)is called the mutual intensity. The normalized mutual intensity g(ry, )

reads as
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Comment:
If the optical path difference in an optical system is smaller than the coherence
length, spatial and temporal coherence can be separated from each other, and the
light wave is temporally coherent; just as mentioned above, this is called quasi-
monochromatic light

G(ry, 1, 7) = G(ry,rp)e 0" = G(ry, 1) G(7)
Impact of an aperture on the area of coherence (spatial domain where the spatial

degree of coherence dropped by 1/e)

\g(ry, r2)l

fa)

(b}

If the aperture images a spot that is smaller than the area of coherence, |g| = 1 and
effectively the light is coherent. On the other hand, if the spatial resolution only
allows to glimpse into an area that is larger than the are of coherence, |g| «< 1 and
the light is effectively incoherent. A thermal source of radiation, for example, has a
area of coherence that is in the order of 12, so except in high resolution systems this

light source will be perceived as incoherent.

4.3. Interference of partially coherent light

4.3.1. Interference at one point of two partially coherent waves
In the notation introduce above we consider here two random fields u, (r,t) and

u,(r,t). They have the intensity
L ={lu;(r,0)[*) and I, = (luy(r, t)]?)

at point r . They are characterized by the cross correlation function
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Gz = (Ujuy)

and the respective normalized quantity, the mutual complex degree of coherence

Please note here the difference between the quantities with and without subscript
as used thus far.
The interference between both fields gives
I(r) = (lug + uz?) = (g I?) + ([ua?) + (uiug) + (wyu3)
=L +1L+G, +G, =1+, + 2R(Gy,)

=1+ 1 + 2 1;1,R(9:2)

where ¢ = arg g4,.

Now different cases can be discussed
e |gi2| =1 — interference pattern visible just as for coherent light
e |gi2l =0 > =1, + 1, nointerference just as for incoherent light

e in general, 0 < |g,2| <1, interference pattern with some visibility or

contrast according to

for I; = I, this expression reduces to

v = g1z
4.3.2. Interference and temporal coherence
In the following we consider a signal at the same spatial location but at two different
times.
w =ult) - I =(u®?
U, =ult+1) - Iy=(ult+1)?
It is the same but just at a different time. Therefore, time averaged they have the
same intensity. With this we have

() @ @ut+1)
g1z = I = I =
0 0

g()
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The interference pattern can be calculated according to

Ir)=L+1+ 2\/ 11129{(912)

I(r) = 21011 + ERsg(f)“ = 2lo{1 + |g ()| cos ()}

The same discussion as performed above applies. Depending on |g(t)| we can

define a visibility v = |g(7)| and the cos ¢ (7) only defines the spatial position of the
interference pattern. We have perfect contrast (v = 1) fort = 0 and a vanishing
contrast (v = 0) fort > ..

A measurement can be realized, e.g., with a Michelson or Mach-Zehnder

interferometer.

0 0 = 2(dy-di)

2(dp—d4)
-

Here, T is defined as the path difference in the two arms, i.e. T =
For quasi-monochromatic light (w, > Aw)
u(t) = a(t)eiwot

g(‘[) = ga(T)e—ion = |ga(T)|e—i(wOT—(pa)

@) = (a*(t)a(t + 1))
9 = @

1(7) = 2I{1 + |94 (?)| cos(woT — ¢ (1))}

Here the term |g,(7)| dictates the contrast, w,T the period of the interference

fringes and ¢ (7) eventually describes the absolute position.

We can take advantage of these interference phenomena in specific applications,
e.g. here shown at the example of the Fourier-Transform spectroscopy.

We know from before that

I = ij(w)dw
0
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which necessarily requires that S(w) is a real valued function which we defined
before as the spectral intensity between w and w + dw. Following the Wiener-

Kintchin theorem we have

[ee]

G(r) =g, = j S(w)e @Tdw
0

I1(z) = 21, + 21, R(g(7))

=2 S(w)d 2R S —lwtg
jo (w)dw + (jo (w)e w)

=2 S d 2 S d
jo (w)dw + (jo (w) cos wt w)

=2 jooS(a))[l + cos wt]dw
0

From these expressions we can see that we can measure I(7), making an inverse
Fourier transform eventually and we can obtain the spectrum, FT1[I(7)] = S(w).

From this quantity we can also extract G (7).

4.3.3. Interference and spatial coherence
The classical example for the consideration to understand the concept is a Young

interferometer. There, interference at a double slit or circular apertures can be

observed.

u,; = u,(r, t) is the light emanating from aperture 1 and u, = u,(r,t) is the light
emanating from aperture 2. The measurement of I(r,t) done with the following

coordinates

2
r, =(—a,0,0) and r, =(a,0,0) and r=(x,0,d) and O = 761
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would provide in Fresnel approximation for the light from the first aperture

- d+ (x+a)?/2d
ul(l‘,t) =u<l‘1,t— |r Cr1|> =~ (I‘l,t— (x a) / )

c

and for the second aperture

- d+ (x—a)?/2d
uz(r,t)=u<r2,t—|r Cr2|>zu<r2,t— x—a)7/ )

c

Furthermore we assume that I; = I, = I. It was already indicated before that

I =2I{1 + |g12| cos ¢}
with

(W) (', Dun, £+ D)

which is here the mutual complex degree of coherence. In this expression we have

d+ (x+a)?/2d

t =
c
_(x+a)? (x—a)2_2ax_®x
t= 2dc 2dc dc ¢

The degree of coherence can then be determined by measuring the intensity

I = 210{1 + |g(r1,r2,r(x))| cos qb(x)}
This is a general expression. If the field is temporally coherent (r < 7.) this can be

written using

g(ry, 1, 7) = g(ry, 1)e 0"
X
I = 2I, {1 + |g(r1, r,)| cos (‘erz + ¢(r1,r2)>}

The period of the fringe pattern will be xp = %, the visibility will be v = |g(ry, )|

and the spatial position of the fringes will be given by ¢ (r;, 1,).

21
2
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