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Stationary	fields	in	time	domain	correspond	to	the	solution	above	and	just	multiplied	

with	e!!"# .	 For	 non-stationary	 fields	 and	 linear	 media	 it	 can	 be	 written	 as	 a	

superposition	of	individual	solutions:	! !, ! = ! !,! e!!"#!
!! !".	

1.2	Material	properties	
Having	 exact	 information	 on	 the	 functional	 dependency	 of	! ! 	and	! ! 	is	 the	

solution	of	a	complicated	many	body	problem.	The	discussion	is	too	complicated	and	

often	 phenomenological	 models	 are	 fully	 sufficient.	 The	 functional	 dependency	

between	 cause	 (electric	 field)	 and	 action	 (induced	 polarization	 or	 current)	 is	

governed	 here	 by	 linear	 response	 theory.	 This	 assumption	 breaks	 down	 for	 larger	

field	strength.	Effects	thereof	are	subject	to	the	course	on	“Nonlinear	optics”	by	Prof.	

Koos.	The	description	of	the	functional	dependency	is	possible	in	time	or	frequency	

domain.	 We	 distinguish	 the	 terms	 response	 function	 for	 the	 time	 domain	 and	

transfer	 function	 for	 the	 frequency	 domain.	 This	 terminology	 applies	 to	 many	

situations	in	this	but	also	in	other	lectures.	

! !, ! → !"#$%! response function → ! !, ! 	

! !,! → !"#$%! transfer function → ! !,! 	

1.2.1	Basic	properties	
For	a	general	biaxial	anisotropic	material	the	response	and	the	transfer	function	read	
as	
!! !, ! = !! !!"! (!, ! − !′)!!(!, !′)!"′

!
!!

!
!!! 		 !(!, !)	-	response	function	

!! !,! = !! !!"! (!,!)!!(!,!)!
!!! 		 	 !(!)(!,!)-	susceptibility	

Response	and	transfer	function	are	linked	by	a	Fourier	transform	

!(!)(!,!) !" !(!, !)
	For	 the	 simplest	 case	of	a	 linear,	homogenous,	 isotropic	and	dispersive	media	 this	

reads	as	

! ! = 1
2! !(!) ! e!!"#

!

!!
!"

	
In	this	section	and	the	following	we	will	strictly	deal	with	these	isotropic,	dispersive	

materials.	Anisotropic	materials	are	subject	to	an	individual	section.	

To	describe	 the	properties	of	materials	on	phenomenological	grounds,	we	can	use	

physical	 insights	 and	 can	 develop	 basic	 models	 to	 express	 their	 properties.	 The	
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description!of!the!material!response!is!much!more!convenient!in!frequency!domain!

since! it! is! an!algebraic! expression.! From!previous! lectures!we!know! that! there!are!

two!basic!functional!dependencies!that!can!be!used!to!describe!phenomenologically!

the!material!response.!

We! can! distinguish! between! contributions! from! free! electrons! (that!will! lead! to! a!

Drude#model)!and!contributions! from!bound!electrons,! lattice!vibrations!or!similar!

effect! (that! will! lead! to! a! Lorentz# model).! These! models,! which! we! will! shortly!

discuss! in!the!following,! lead!to!a!permittivity!that! is!composed!of!one!Drude!term!

and!a!countable!finite!number!of!Lorentz!terms.!Each!of!these!terms!is!characterized!

by!a!few!free!parameters!only!that!have!to!be!found!suitably!for!each!material.!
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The!Drude!model! is! canonical! to!describe! the!contributions!of! free!electrons.!Such!

assumption! is! fully! justified!to!express! the!optical!properties!of!metals!and!excited!

semiIconductors.!The!free!electrons!eventually!lead!to!the!model!of!a!free!electron!
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accelerated.! Interaction! of! the! electrons! with! the! ionic! background! (that! assures!

charge!neutrality)!and!the!interaction!between!electrons!suggest!that!the!electrons!

are!not!accelerated!arbitrarily!but!some!damping!will!occur.!This!damping! is! taken!
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description	of	the	material	response	is	much	more	convenient	in	frequency	domain	
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acceleration	of	the	electrons	by	the	electric	field	that	causes	a	current.	Contrary	to	

the	 Lorentz	 model,	 there	 is	 no	 restoring	 force	 and	 the	 electrons	 are	 simply	

accelerated.	 Interaction	 of	 the	 electrons	 with	 the	 ionic	 background	 (that	 assures	

charge	neutrality)	and	the	interaction	between	electrons	suggest	that	the	electrons	

are	not	accelerated	arbitrarily	but	some	damping	will	occur.	This	damping	 is	 taken	

into	account	as	well	on	phenomenological	grounds.		

To	describe	the	equation	of	motion	of	the	charges,	we	use	the	following	Newtonian	

equation:	

!!
!!! ! !, ! + ! !

!" ! !, ! = − !
! ! !, ! 	

Please	note,	 it	will	be	 important	 further	on,	 this	corresponds	 to	a	driven	harmonic	

oscillator	without	 restoring	 force.	!	is	 here	 the	mass	 of	 the	 electrons	 that	 is	 in	 a	

semiconductor	an	effective	mass.	!	is	 the	phenomenologically	 introduced	damping	

and	! !, ! 	describes	the	displacement	of	the	electron	due	to	an	electric	field	! !, ! .	

The	induced	current	density	for	an	electron	density	of	! is	

! !, ! = −!" !!" ! !, ! 	

	 8	

!(̅!,!) = !!!!!
! − !"!!(!,!) = σ(!,!)!!(!,!)	

which	leads	to	an	expression	as		

!
!" ! !, ! + !! !, ! = !!!

! ! !, ! = !!!! !, ! = !!!!!! !, ! 	

where	the	plasma	frequency	has	been	introduced	as	

!!! = ! = 1
!!
!!!
! 	

The	solution	of	the	above	differential	equation	in	time	domain	is	best	expressed	in	

frequency	domain	by	Fourier	transforming	the	equation:	

−!"! !,! + !! !,! = !!!!!! !,! 	

This	equation	can	be	recast	to	express	the	induced	current	density	depending	on	the	

electric	field,	which	is	just	one	form	of	writing	the	constitutive	relation.	

	

	

	

Here,	the	complex	conductivity	had	been	introduced	that	collects	all	the	pre-factors.		

1.2.4	Lorentz	model	
The	 Lorentz	 model	 expresses	 the	 contribution	 of	 bound	 electrons	 and	 lattice	

vibrations.	Here,	the	starting	point	is	again	a	physically	motivated	expression	for	the	

displacement	of	 a	 specific	 kind	of	particle	but	 contrary	 to	 the	 free	electrons	 there	

will	be	now	a	restoring	force.	This	 leads	to	a	driven,	damped	harmonic	oscillator	in	

the	phenomenological	description	according	to:	

!!
!!! ! !, ! + ! !

!" ! !, ! + !!!! !, ! = !
! ! !, ! 	

Here,	!! 	is	 the	 resonance	 frequency	 of	 the	 harmonic	 oscillator	 and	 we	 have	

generalized	the	charge	to	!.	The	harmonic	oscillator	is	damped	as	well	by	a	factor	!.	
! !, ! 	is	best	understood	as	the	displacement	from	a	fix	point.	The	simplest	physical	

picture	 you	 can	 and	 should	 potentially	 use	 is	 that	 of	 a	 negative	 charge	 displaced	

from	its	ionic	core.	Displacing	the	negative	charge	from	the	positively	charged	ionic	

core	induces	an	electric	dipole	moment	

! !, ! = !! !, ! 	

Making	 the	 transition	 to	 a	 dipole	 density	 or	 electrical	 polarization,	 we	 reach	 an	

expression	that	links	the	polarization	to	the	displacement	via	
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core	induces	an	electric	dipole	moment	

! !, ! = !! !, ! 	

Making	 the	 transition	 to	 a	 dipole	 density	 or	 electrical	 polarization,	 we	 reach	 an	

expression	that	links	the	polarization	to	the	displacement	via	
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leads	to	the	final	expression	of	

	

	

	

where	the	susceptibility	had	been	introduced.	With	these	expressions,	all	materials	

can	be	described	in	terms	of	uncoupled,	driven,	damped,	harmonic	oscillators	+	one	

Drude	term.		

1.2.4	Complex	dielectric	function	
Constitutive	relations		! !,! and	! !,!  are	plugged	into	wave	equations	
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! 5!

1.2.3#KramersFKronig#dispersion#relation#
real!and!imaginary!part!of!transfer!function!are!linked!by!an!integral!!

Applies!when!the!response!function!is:!!

• time!invariant!!

• real!valued!!

• when!causality!applies.!!
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1.2.5	Kramers-Kronig	dispersion	relation	
Statement:	real	(dispersion)	and	imaginary	(absorption)	part	of	the	transfer	function	

are	linked	by	an	integral	transformation!	

Here:	dielectric	susceptibility	or	dielectric	function	

Applies	when	the	response	function	is:		

• time	invariant,		

• real	valued,		

• when	causality	applies.		

We	will	explicitly	take	advantage	of	each	of	these	properties	in	the	derivation	of	the	

Kramers-Kronig	dispersion	relation.		

Causality	 is	 a	 fundamental	 property	 and	 suggests	 that	 the	 polarization	 shall	 not	

depend	on	some	future	electric	field	

! !, ! = !! ! ! − !′ ! !, !′ !"′
!

!!
  ↔       ! !, ! = !! ! ! ! !, ! − ! !"

!

!
	

The	 response	 function	 is	 real	 valued	 as	 a	 direct	 consequence	 from	 Maxwell’s	

equations	that	are	equally	real	valued	

! ! = ! ! e!!"#
!

!!
!" = !∗ ! e!"#

!

!!
!" →   ! ! = !∗ −! 	

Causality	of	the	response	function	requires	to	write	it	as		

! ! = ! ! ! !    with   ! ! =
1 for ! > 0
1 2 for ! = 0
0 for ! < 0

		Heaviside	distribution	

Now	we	have:	

! ! = 1
2! ! ! e!"#

!

!!
!" = 1

2! ! ! ! ! e!"#
!

!!
!" = ! ! − ! ! !

!

!!
!!	

since	a	product	in	time	space	is	a	convolution	in	frequency	space	(and	vice	versa).	

What	 is	 the	 Fourier	 transform	 of	 the	 Heaviside	 distribution?	 Details	 on	 the	

mathematics	of	 the	Fourier	 transform	of	 the	Heaviside	distribution	will	be	given	 in	
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! ! = 1
2! !" ! ! !!"#

!

!!
= − 1

2! !" ! ! !!!"#
!

!!
= −!∗ ! 	

Therefore,	we	 can	 conclude	 that	 the	 complex	 conjugate	 from	 the	 susceptibility	 as	

discussed	above	reads	as	

!∗ ! = 1
2! ! !!  ! ! !

! − !
!

!!
− ! !

2 	

We	perform	the	same	procedure	as	before	and	compute	the	real	and	the	imaginary	

part	of	the	susceptibility:	

	! ! − !∗ ! = !
!! ! !!  ! ! !

!!!
!
!! + ! !

! − !
!! ! !!  ! ! !

!!!
!
!! + ! !

! = ! ! 			(a)	

! ! + !∗ ! = ⋯ = !
! ! !!  ! ! !

!!!
!
!! 																																																																											(b)	

By	inserting	(a)	into	the	lhs	of	(b)	we	obtain	the	second	Kramers-Kronig	relation:	

By	using	the	following	previously	discussed	functional	dependencies		

! ! = !∗ −! 						→	 !′ ! = !′ −! 						and			!!! ! = −!′′ −! 	

and	

! ! = ! ! − 1 = !! ! − 1 + !"′′ ! 	

it	follows	for	the	two	Kramers-Kronig	relations	for	the	permittivity	that	

!′ ! = 1
! ! !!  !′′ !! − !

!

!!
= 1
! ! !!  !′′ !! − !

!

!!
+ 1
! ! !!  !′′ !! − !

!

!
	

ℜ[!(!)] = 1
! !! !!!  ℑ[!(!!)]!! − !

!

!!
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Delta	distribution:		

δ ! − !! ! ! !ω =
!

!!
! !! 	

Cauchy	principal	value:	

! !ω
!

!!

!
! ! ! = lim

!→!
!ω !

! ! !
!!

!!
+ !ω !

! ! !
!

!
	

Using	 these	 two	 definitions	 we	 can	 explicitly	 calculate	 the	 susceptibility	 by	

performing	the	convolution	for	the	two	individual	terms	with	the	function		

! ! = 1
2! ! !!  ! ! !

! − !
!

!!
+ ! !

2        (∗)	

Now	 we	 exploit	 the	 fact	 that	 the	 function	! ! 	can	 be	 chosen	 freely	 at	 negative	

times	 without	 affecting	 the	 susceptibility.	 Therefore	 we	 chose,	 for	 example,	 the	

function	to	be	either	an	even	or	an	odd	function.	

(1)	 ! −! = ! ! 		 even	function	

(2)	 ! −! = −! ! 	 odd	function.	

Now	let	us	discuss	the	consequences	on	its	Fourier	transform!	

(1) Considering	the	function	! ! 	to	be	an	even	function	

! ! = 1
2! !" ! ! !!"#

!

!!
= 1
2! !" ! ! !!!"#

!

!!
= !∗ ! 	

Then	! ! 	is	 real	 valued	 as	 well.	 Therefore,	 we	 can	 conclude	 that	 the	 complex	

conjugate	from	the	susceptibility	as	discussed	above	reads	as	

!∗ ! = − 1
2! ! !!  ! ! !

! − !
!

!!
+ ! !

2 	

Based	on	 these	 two	 expressions	we	 can	 compute	 now	 the	 real	 and	 the	 imaginary	

part	of	the	susceptibility:	

	! ! + !∗ ! = !
!! ! !!  ! ! !

!!!
!
!! + ! !

! − !
!! ! !!  ! ! !

!!!
!
!! + ! !

! = ! ! 			(a)	

! ! − !∗ ! = ⋯ = !
! ! !!  ! ! !

!!!
!
!! 																																																																											(b)	

Now	 by	 inserting	 (a)	 into	 the	 right	 hand	 side	 of	 (b)	we	 eventually	 obtain	 the	 first	

Kramers-Kronig	relation:	

ℑ[!(!)] = − 1! !! !!!  ℜ[!(!!)]!! − !
!

!!
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! 6!

(2)! ! −! = −! ! ! odd!function.!

(1) Even!function!

! ! = !"!! ! !!"#
!

!!
= !"!! ! !!!"#

!

!!
= !∗ ! !

! ! !real!valued!

!∗ ! = − 1
2! ! !! !!!! !

! − !
!

!!
+ ! !

2 !

!

!! ! + !∗ ! = !
!! ! !! ! !!! !

!!!
!
!! + ! !

! − !
!! ! !! ! !!! !

!!!
!
!! + ! !

! = ! ! !!!(a)!

! ! − !∗ ! = ⋯ = !
! ! !! ! !!! !

!!!
!
!! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(b)!

!inserting!(a)!into!the!left!hand!side!of!(b)!!

!

ℑ ! ! = − 1! ! !! !ℜ ! !
! − !

!

!!
!

!

(2) Odd!function!!

! ! = !"!! ! !!"#
!

!!
= − !"!! ! !!!"#

!

!!
= −!∗ ! !

!

!∗ ! = 1
2! ! !! !!!! !

! − !
!

!!
− ! !

2 !

! ! − !∗ ! = ⋯ = ! ! !!! !! ! (a)!

! ! + !∗ ! = ⋯ = !
! ! !! ! !!! !

!!!
!
!! !!!!!!!!!! (b)!

!

ℜ ! ! = 1
! ! !! !ℑ ! !

! − !
!

!!
!

Using!!

! ! = !∗ −! !!!!!!→! !′ ! = !′ −! !!!!!!and!!!!!! ! = −!′ −! !

and!

! ! = ! ! − 1 = !′ ! − 1 + !"′′ ! !

it!follows!for!the!two!Kramers@Kronig!relations!for!the!permittivity!that!

!! ! − 1 = 2
! ! !! !!!

!! !
!! − !!

!

!
!

! 7!

!!! ! = − 2!!" !! ! !
! ! − 1
!! − !!

!

!
!

!

Example:!absorption!line!at!a!discrete!frequency.!!!

!!! ! ~! ! − !! .!!

Contribution!to!the!integral!! = !!.!!
Real!part!!! ! − 1~ !!

!!!!!!
!.!!

Lorentzian!line!!

1.3#Wave#propagation#(here#for#pulses)#
!

!"#!!"#!! !, ! = −!!!"#
!! !, !
!" = −!!

!
!" ! !, ! + !! !, !

!" + !!
!! !, !
!" #

Harmonic!ansatz!in!time!and!space:!!! !∙!!!" !!
!
!"

!" −!"!

∆! !,! + !
!

!!!
! ! ! !,! = 0!

Spatial!Fourier!transformation!!

!
!"

!" !!! !

! !,! −!! + !
!

!!!
! ! = 0!

Dispersion!relation:!!! = !!
!!!
! ! !

Propagation!of!a!pulsed!beam!(finite!transverse!width!and!finite!duration):!

! !, ! = ! !,! !! ! ! ∙!!!" !!!"#
!

!!
!

Simplification:!1D!and!fixed!polarization!@>!scalar!expression!

! !, ! = ! !,! !! ! ! !!!" !"!#
!

!!
!

Pulse!envelopes!of!10
@13
!s!(100fs)!≤!T0!≤!10@10!s!(100ps)!

Spectrum!of!the!Gaussian!pulse:!

! 7!

!!! ! = − 2!!" !! ! !
! ! − 1
!! − !!

!

!
!

!

Example:!absorption!line!at!a!discrete!frequency.!!!

!!! ! ~! ! − !! .!!

Contribution!to!the!integral!! = !!.!!
Real!part!!! ! − 1~ !!

!!!!!!
!.!!

Lorentzian!line!!

1.3#Wave#propagation#(here#for#pulses)#
!

!"#!!"#!! !, ! = −!!!"#
!! !, !
!" = −!!

!
!" ! !, ! + !! !, !

!" + !!
!! !, !
!" #

Harmonic!ansatz!in!time!and!space:!!! !∙!!!" !!
!
!"

!" −!"!

∆! !,! + !
!

!!!
! ! ! !,! = 0!

Spatial!Fourier!transformation!!

!
!"

!" !!! !

! !,! −!! + !
!

!!!
! ! = 0!

Dispersion!relation:!!! = !!
!!!
! ! !

Propagation!of!a!pulsed!beam!(finite!transverse!width!and!finite!duration):!

! !, ! = ! !,! !! ! ! ∙!!!" !!!"#
!

!!
!

Simplification:!1D!and!fixed!polarization!@>!scalar!expression!

! !, ! = ! !,! !! ! ! !!!" !"!#
!

!!
!

Pulse!envelopes!of!10
@13
!s!(100fs)!≤!T0!≤!10@10!s!(100ps)!

Spectrum!of!the!Gaussian!pulse:!
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Please	note,	in	the	last	step	the	arguments	of	the	denominator	where	interchanged	

to	adhere	to	a	usual	notation.	The	equations	tells	us	that	once	we	know	the	real	part	

of	the	susceptibility,	that	tells	us	something	on	the	dispersion,	we	can	compute	the	

imaginary	 part	 of	 the	 susceptibility,	 that	 tells	 us	 something	 on	 the	 absorption.		

However,	it	has	to	be	stressed	that	for	an	exact	analysis	the	dispersion	needs	to	be	

known	across	the	entire	frequency	domain,	which	is	technically	difficult,	if	not	to	say	

impossible	 to	 obtain.	 However,	 the	 integrand	 sufficiently	 decays	 such	 that	 the	

expression	can	be	often	used	in	an	approximate	sense.		

(2) In	a	second	step	we	consider	the	function	! ! 	to	be	an	odd	function	and	discuss	

the	consequences	on	how	the	function	! ! 	and	its	conjugate	are	interlinked.	

! ! = 1
2! !" ! ! !!"#

!

!!
= − 1

2! !" ! ! !!!"#
!

!!
= −!∗ ! 	

Therefore,	we	 can	 conclude	 that	 the	 complex	 conjugate	 from	 the	 susceptibility	 as	

discussed	above	reads	as	

!∗ ! = 1
2! ! !!  ! ! !

! − !
!

!!
− ! !

2 	

We	perform	the	same	procedure	as	before	and	compute	the	real	and	the	imaginary	

part	of	the	susceptibility:	

	! ! − !∗ ! = !
!! ! !!  ! ! !

!!!
!
!! + ! !

! − !
!! ! !!  ! ! !

!!!
!
!! + ! !

! = ! ! 			(a)	

! ! + !∗ ! = ⋯ = !
! ! !!  ! ! !

!!!
!
!! 																																																																											(b)	

By	inserting	(a)	into	the	lhs	of	(b)	we	obtain	the	second	Kramers-Kronig	relation:	

By	using	the	following	previously	discussed	functional	dependencies		

! ! = !∗ −! 						→	 !′ ! = !′ −! 						and			!!! ! = −!′′ −! 	

and	

! ! = ! ! − 1 = !! ! − 1 + !"′′ ! 	

it	follows	for	the	two	Kramers-Kronig	relations	for	the	permittivity	that	

!′ ! = 1
! ! !!  !′′ !! − !

!

!!
= 1
! ! !!  !′′ !! − !

!

!!
+ 1
! ! !!  !′′ !! − !

!

!
	

ℜ[!(!)] = 1
! !! !!!  ℑ[!(!!)]!! − !

!

!!
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