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Wave propagation (here for pulses)
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Dispersion relation: k? = —¢(w)
cs

Propagation of a pulsed beam (finite transverse width and finite duration):

E(r,t) = f E(K, w)elk@r-0t) g3 q,

continuous superposition stationary plane waves
different frequencies and propagation directions

Bundle:
(finite width, time harmonic) E(r,)= I E(k)eXp[l kr —o ¢ ]d k

=« -4\ W

Impulse:

(finite length 1 spatial E(r,t) = J E(oo)exp[l k((x))r 0N ]d(x)
and 1 temporal dimension)
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Simplification: 1D and fixed polarization -> scalar expression

u(x,t) = / i(w)etFlw)z=wt) g,

— OO

Pulse envelopes of 10" s (100fs) < T, < 10™° s (100ps)

Spectrum of the Gaussian pulse:

_ 2
0,t) = e~ "Wole Tg > u(r =0,w) xe

spectral width approximately wé = 4/T¢

> 4x10"Hz < wg <4x10"°Hz

-> small when compared to a center frequency of 4 x10" Hz
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-> Taylor expansion at w = wy

ok 1 0%k
~y — — | — — 2 L)
k(w) = k(wy) + dwl,, (W — W) A 2 Den2 (W — wy)* +

Wo



(B)

k(wg) = ko - L= Lo _ 2eo)
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phase velocity (speed of wave fronts )
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group velocity (velocity of the center of the pulse)

0
Group index: ng (wo) = n(wy) + wg ﬁ
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normal dispersion:
dw

on
—| <0 -n;,<n-v, >y,

Wo

anomalous dispersion:

0w

Discussing the implication of that first order term:

u(x,t) = / ﬂ(w)ei([k(wo)Jr%(w_wO)]x_wt)dw
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group velocity dispersion (spread of the pulse)




sometimes used in optical communications
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Poynting vector and energy balance

Time averaged Poynting vector

flow of energy expressed using Poynting vector S(r,t)

measurement (detector): S(l‘, t) "1

instantaneous energy flux: S(r,t) = E.(r, t)xXH,(r,t)

note: have to calculate with real valued quantities

time scales: ® fast oscillation of em-field T, =2n/®, <10™"s
® possible pulse duration Tp it holds Tp > T,

® duration of measurement Ty, it usually holds T > Ty

T =T,

| .
— E.(r,t) = > [E(r, t)e~t@ot + c.c. ]

/

slowly varying envelop
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S(r,t) = E.(r, t)xH.(r,t)
= ~[E(r, )xH*(r, £) + E* (r, ) xH(r, £)]

+ 1 [B(r, OXH(r, e 200t + B (r, )" (r, e
— lm[ﬁ(r, t)xH*(r, t)] + 1ER[E'(r, t)xH(r, t)] COS 2wyt

+-3[E* (r, ) xH* (r, )] sin 2w, t

t+Tp,
detector does not measure fast (S(r, t)) = ZT S(r, t")dt’
oscillation but only temporal average t=Tm
1 t+Tm B N
fast oscillating terms vanish: (S(I,t)) = 22T, R|E(r, t)xH*(r, ") |dt’
t—Ty,

time harmonic fields: E(l‘, t’) = E(l‘, (1)0) ﬁ(l‘, t’) = Fl(r, a)o)

I = (S(r, t)) — %ER[E(F, wO)Xﬁ*(r’ a)O)] 13



Energy balance / Poynting theorem

expression for dissipation of em-energy density depending on
absorption and field magnitude

—» photovoltaics, LEDs

— starting from Maxwell's curl equations and multiplying fields

H(r,t) - rot E(r, ) + poH(r, ¢) - - H(r,t) = 0
—eoE(r, 0) - ZE(r, ) + E(r, £) - rot H(r, £) = E(r, 0 (j(r, 0+ 2P, t))
consider that: div(E(r, t)xH(r, t)) = H(r,t) -rot E(r,t) — E(r,t) -rot H(r, t)
0

1
E(r,t) 'EE(F’ t) =— —E?*

subtract both equations

L aE2+1 aH2+d (ExH) E('+6P)
25009 - T2HtG; AR = U T 5t
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real quantities only as products of fields are taken

1 1 o0

2 0t 2 "0t

link between

divergence of Poynting vector

1
electrical energy density EEOE,% and magnetic energy density"

and the source/sinks of em-energy density to sources

stationary fields:
E.(r,t) = %[E(r, wg)e ot + c.c.]

H,(r, t) = - [H(r, wy)e @ + c.c.]

—g9—E% + —ug—H?2 + div(E, xH,.) = —E, (ir + —

1
2

0
ot

Ho ng

)
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time averaged quantities

1 0 1 1 _ _
Ihs.: <§ €0 EE% + E”OEH% + div(E, xH,.)) = Ediv(iR[E(r,a)O)xH*(r,wo)]) = div (S(r, t))

time derivative cancels
stationary terms

rhs.: — ((ir T %Pr) E,)

— —i(:a(wo)ﬁe_i‘“ot — iwgegx(wy)Ee @t + ¢, C.][E(l‘; wg)e 1ot + ¢, C])

— —i<:—ia)080 (X(wo) + ia(w")) Ee~t@ot 4 . c.] |E(r, wg)e™@ot + c.c.])

W€

1.
—1
4

woeole(wy) — 1]JEE* + c.c. = iiwoso [¢'(wg) — 1 + ie" (wy)]JEE* + c.c.

— % woeogn(wo)EE*

——%

wogps (wo)EE

— | div (S(1, t)) = >

. . 1, .
non-stationary fields:  E_(r,t) = 5 [E(r, t)e~iwot 4 ¢, C_]

10 0|wye (r, wg)
49t °°

] ~ 2 ~ 2 _ 1 . ~ 2
Tor [E(r, 0)|" + po|H(r, 8)| + div (S(r, 1)) = — 5 Woeoe (wo) |E(r, 1)
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