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sometimes used in optical communications

144 

b) Dispersion der Gruppengeschwindigkeit (GVD) (manchmal einfach 

Dispersion)→   verantwortlich für Änderung der Pulsform bei der Ausbreitung 

 

 

0

2 2

2

kD Dω
ω

⎡ ⎤∂
= = ⎢ ⎥∂ω ⎣ ⎦

ps
km

 

 

manchmal auch (optische Kommunikation): 

 

2
1 2D cD
vλ ω

⎛ ⎞
−

∂ π
= =⎜ ⎟⎜ ⎟∂λ λ⎝ ⎠g

    
⎡ ⎤
⎢ ⎥⎣ ⎦

ps
nm*km

 → Achtung Vorzeichen! 

 

 

 

 

 

Ende der 10. Vorlesung_ss05 

change in sign!

144 

b) Dispersion der Gruppengeschwindigkeit (GVD) (manchmal einfach 

Dispersion)→   verantwortlich für Änderung der Pulsform bei der Ausbreitung 

 

 

0

2 2

2

kD Dω
ω

⎡ ⎤∂
= = ⎢ ⎥∂ω ⎣ ⎦

ps
km

 

 

manchmal auch (optische Kommunikation): 

 

2
1 2D cD
vλ ω

⎛ ⎞
−

∂ π
= =⎜ ⎟⎜ ⎟∂λ λ⎝ ⎠g

    
⎡ ⎤
⎢ ⎥⎣ ⎦

ps
nm*km

 → Achtung Vorzeichen! 

 

 

 

 

 

Ende der 10. Vorlesung_ss05 

158 

entscheidende Größe → Dispersionsparameter  
2
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z
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1)  0z z<< :  keine Effekte 

 

 

2)  0z z� :  wie bei Bündel 

 

für 0z z�  mit 
2
0

0 2
T

z
D

=  

0
0

2
( ) ( ) / / .

D
T z T T z z T z cons

z
t

z T
≈ → = = =0 0

0

 

 

2
( )

D
T zz

T
≈

0
 

 

 

 

 

3)  0D≶   spielt nur bei chirp eine Rolle, da sonst quadratisch. 
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! 16!

The!rightIhandIside!of!the!equation!above!represents!the!negative!of!the!divergence!of!the!

momentum!current!density.!The!momentum!current!density!tensor!therefore!is!

! !, ! = − ! !, ! ! !, ! + ! !, ! ! !, ! − 12 ! ! !, ! ∙ ! !, ! + ! !, ! ∙ ! !, ! !

and!the!Minkowksi!stress!tensor!!!is!defined!as!the!negative!of!this!

The!force!per!area!is!then!defined!as!!

! !, ! ∙ !!#
In!the!case!of!vacuum!this!reduces!to!!

! !, ! = !!! !, ! ! !, ! + 1
!!
! !, ! ! !, ! − 12 ! !!! !, ! ∙ ! !, ! + 1

!!
! !, ! ∙ ! !, ! !

The!components!!!" !of!the!stress!tensor!have!the!following!meaning:!It!is!the!force!per!unit!

area!in!direction!!!!acting!on!the!surface!being!normal!in!direction!!!.!Thus,!!!!!are!pressures!
(forces! normal! to! surfaces),!whereas!!!"!with!! ≠ !!are! shears! (forces! parallel! to! surfaces).!
Note! that!only! the! total! fields!enter! in! the!equations,!which!contain!all! information!about!

the!charge!distributions,!on!which!the!forces!act.!

A! more! convenient! analysis! is! usually! done! in! frequency! domain.! Considering! the! time!

average!of!the!electromagnetic!force!and!calculating!the!total!force!by!integration!across!the!

entire!surface!of!a!particle,!we!obtain:!

! ! = ! !,! ∙ ! d!

= !0! !
2 ℜ ! !,! ∙ ! !∗ !,! − !0! !4 ! !,! ∙ !∗ !,! !

!

+
!0! !
2 ℜ ! !,! ∙ ! !∗ !,! −

!0! !
4 ! !,! ∙ !∗ !,! ! !"′!

where!!"′!is!the!length!of!a!line!segment!of!the!surface.!

The!net!radiation!torque!on!the!particle!is!calculated!by!!

! ! = !!×! ! !,! ∙ ! d! .!

1.4#Poynting#vector#and#energy#balance##

1.4.1#Time#averaged#Poynting#vector#
One!of! the! last! things!we!wish!to!discuss!here!on!the!base!of!Maxwell’s!equations!

concerns!the!Poynting!vector!and!its!conservation/dissipation.!Generally,!the!flow!of!

!(!, !) = !(!, !)!(!, !) + !(!, !)!(!, !) − 1
2 ![!(!, !) ∙ !(!, !) + !(!, !) ∙ !(!, !)]!
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energy! is!expressed!using!the!Poynting!vector!! !, ! .!Particularly,! in!the!context!of!

discussing!the!measurement!of!an!optical!signal,!the!energy!flux!through!a!plane!in!

normal! direction!! !, ! ∙ ! !is! important.!! !is! here! a! vector! pointing! in! normal!

direction! to! the! interface.! This! corresponds! to! the! situation! of! a! detector.! The!

instantaneous!energy!flux!is!expressed!as!

! !, ! = !! !, ! ×!! !, ! !

Please!note,!contrary!to!many!other!situations!where!the!analysis!with!the!electric!

and!magnetic!field!as!a!complex!quantity!is!fully!sufficient,!here!we!explicitly!have!to!

consider!the!real!part!of!the!fields!only.!They!are!abbreviated!with!the!r!as!subscript.!

In!the!measurement!process!we!have!to!distinguish!different!time!scales:!

• the!fast!oscillation!period!of!the!electromagnetic!field!→ !! = !!
!!
< 10!!"!!

• the!duration!of!a!possibly!slowly!varying!field,!i.e.!the!temporal!duration!of!a!

pulse!(see!next!section)!→ !!!where!is!usually!holds!!! ≫ !!!
• and!the!duration!of! the!measurement!→ !!!where! is!usually!holds!!! ≫ !!!

but!!! ≥ !!.!
Generally,! a!detector! cannot!measure! the! fast!oscillation!but! it! only!measures! the!

temporal!average.!Under!the!assumption!that!the!field!can!be!written!as!a!product!

of!a!slowly!varying!envelope!! !, ! !and!a!fast!oscillation!!!!!!!!

!! !, ! = 1
2 ! !, ! !!!!!! + !. !. !

we!can!express!the!instantaneous!Poynting!vector!as!

! !, ! = !! !, ! ×!! !, ! !!

############= !
! ! !, ! ×!∗ !, ! + !∗ !, ! ×! !, ! !!

################+ !
! ! !, ! ×! !, ! !!!!!!! + !∗ !, ! ×!∗ !, ! !!!!!! ##

###########= !
!ℜ ! !, ! ×!∗ !, ! + !

!ℜ ! !, ! ×! !, ! cos2!!!!!

!!!!!!!!!!!!!!+ !
!ℑ !∗ !, ! ×!∗ !, ! sin 2!!!!!

The!actual!measured!signal!corresponds!to!the!time!average!of!! !, ! !

! !, ! = 1
2 ! !, !′ !"′

!!!!

!!!!
!

This! integration! causes! a! vanishing! of! the! fastly! oscillating! terms! and! the! only!

remaining!expression!corresponsd!to!

measurement (detector):
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possible pulse duration        it holds
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! !, ! = 1
2
1
2 ℜ ! !, !′ ×!∗ !, !′ !"′

!!!!

!!!!
!

For!the!special!case!of!a!stationary,!i.e.!monochromatic!field!where!the!electric!field!

can!be!expressed!as!! !, !′ = ! !,!! !and!the!magnetic! field!can!be!expressed!as!

! !, !′ = ! !,!! ,!the!time!averaged!Poynting!vector!reads!as!

! !, ! = 1
2ℜ ! !,!! ×!∗ !,!! #

This!corresponds!to!the!intensity!! = ! !, ! .#

1.4.2#Energy#balance#
What!we!are!looking!for!at!the!moment!is!an!expression!for!the!dissipation!(consider!

here!only!passive!optical!media)!of!electromagnetic!energy!density!as!a!function!of!

the!absorption! (imaginary!part!of! the!permittivity)!and! the!magnitude!of! the! field.!

For!practical!purposes!this!is!important,!e.g.!if!you!wish!to!calculate!the!absorption!in!

a!solar!cell.!Then,!you!need!to!know!how!much!energy!is!dissipated,!i.e.!absorbed,!in!

the! spatial! domain! occupied! by! the! active!material! of! a! solar! cell,! e.g.! the! silicon!

material.!This!Poynting’s!theorem!as!it!is!also!called,!is!usually!derived!in!lectures!on!

electrodynamics!but!it!is!contained!here!both!because!of!its!importance!and!because!

it’s!a!nice!demonstration!on!how!to!derive!an!expression!for!an!observable!quantity!

directly! from!Maxwell’s! equations.! Starting! from!Maxwell’s! equation! in! space! and!

time!domain!and!multiplying!to!the!curl!equation!for!the!electric!field!the!magnetic!

field!and!to!the!curl!equation!for!the!magnetic!field!the!electric!field!provides!

##! !, ! ∙ !"#!! !, ! + !!! !, ! ∙ !!"! !, ! = 0!!

−ε!! !, ! ∙ !!" ! !, ! + ! !, ! ∙ !"#!! !, ! = ! !, ! ! !, ! + !
!" ! !, ! !!

Since! we! can! write!!"# ! !, ! ×! !, ! = ! !, ! ∙ !"#!! !, ! − ! !, ! ∙ !"#!! !, ! !we!

can!subtract!both!above!expressions!to!obtain!(dropping!from!now!on!the!space!and!

time!arguments)!

1
2 ε!

!
!" !

! + 12 !!
!
!"!

! + !"# !×! = −! !+ !
!" ! !

Eventually,! we! wish! to! emphasize! that! this! expression! holds! for! the! real! valued!

fields,!so!it!needs!to!be!written!as!

1
2 ε!

!
!" !!

! + 12 !!
!
!"!!

! + !"# !!×!! = −!! !! +
!
!" !! !
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• the	duration	of	a	possibly	slowly	varying	field,	i.e.	the	temporal	duration	of	a	

pulse	(see	next	section)	→ !!	where	is	usually	holds	!! ≫ !!	
• and	the	duration	of	 the	measurement	→ !!	where	 is	usually	holds	!! ≫ !!	

but	!! ≥ !!.	
Generally,	 a	detector	 cannot	measure	 the	 fast	oscillation	but	 it	 only	measures	 the	

temporal	average.	Under	the	assumption	that	the	field	can	be	written	as	a	product	

of	a	slowly	varying	envelope	! !, ! 	and	a	fast	oscillation	!!!!!!	

!! !, ! = 1
2 ! !, ! !!!!!! + !. !. 	

we	can	express	the	instantaneous	Poynting	vector	as	

! !, ! = !! !, ! ×!! !, ! 		

												= !
! ! !, ! ×!∗ !, ! + !∗ !, ! ×! !, ! 		

																+ !
! ! !, ! ×! !, ! !!!!!!! + !∗ !, ! ×!∗ !, ! !!!!!! 		

											= !
!ℜ ! !, ! ×!∗ !, ! + !

!ℜ ! !, ! ×! !, ! cos2!!!		

														+ !
!ℑ !∗ !, ! ×!∗ !, ! sin 2!!!		

The	actual	measured	signal	corresponds	to	the	time	average	of	! !, ! 	

! !, ! = 1
2!!

! !, !′ !"′
!!!!

!!!!
	

This	 integration	 causes	 a	 vanishing	 of	 the	 fastly	 oscillating	 terms	 and	 the	 only	

remaining	expression	corresponsd	to	

! !, ! = 1
2
1
2!!

ℜ ! !, !′ ×!∗ !, !′ !"′
!!!!

!!!!
	

For	the	special	case	of	a	stationary,	i.e.	monochromatic	field	where	the	electric	field	

can	be	expressed	as	! !, !′ = ! !,!! 	and	the	magnetic	 field	can	be	expressed	as	

! !, !′ = ! !,!! ,	the	time	averaged	Poynting	vector	reads	as	

! !, ! = 1
2ℜ ! !,!! ×!∗ !,!! 	

This	corresponds	to	the	intensity	! = ! !, ! .	

1.4.2	Energy	balance	
What	we	are	looking	for	at	the	moment	is	an	expression	for	the	dissipation	(consider	

here	only	passive	optical	media)	of	electromagnetic	energy	density	as	a	function	of	

the	absorption	 (imaginary	part	of	 the	permittivity)	and	 the	magnitude	of	 the	 field.	
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expression for dissipation of em-energy density depending on 
absorption and field magnitude

photovoltaics, LEDs

/ Poynting theorem

starting from Maxwell’s curl equations and multiplying fields 
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For!the!special!case!of!a!stationary,!i.e.!monochromatic!field!where!the!electric!field!

can!be!expressed!as!! !, !′ = ! !,!! !and!the!magnetic! field!can!be!expressed!as!

! !, !′ = ! !,!! ,!the!time!averaged!Poynting!vector!reads!as!

! !, ! = 1
2ℜ ! !,!! ×!∗ !,!! #

This!corresponds!to!the!intensity!! = ! !, ! .#

1.4.2#Energy#balance#
What!we!are!looking!for!at!the!moment!is!an!expression!for!the!dissipation!(consider!

here!only!passive!optical!media)!of!electromagnetic!energy!density!as!a!function!of!

the!absorption! (imaginary!part!of! the!permittivity)!and! the!magnitude!of! the! field.!

For!practical!purposes!this!is!important,!e.g.!if!you!wish!to!calculate!the!absorption!in!

a!solar!cell.!Then,!you!need!to!know!how!much!energy!is!dissipated,!i.e.!absorbed,!in!

the! spatial! domain! occupied! by! the! active!material! of! a! solar! cell,! e.g.! the! silicon!

material.!This!Poynting’s!theorem!as!it!is!also!called,!is!usually!derived!in!lectures!on!

electrodynamics!but!it!is!contained!here!both!because!of!its!importance!and!because!

it’s!a!nice!demonstration!on!how!to!derive!an!expression!for!an!observable!quantity!

directly! from!Maxwell’s! equations.! Starting! from!Maxwell’s! equation! in! space! and!

time!domain!and!multiplying!to!the!curl!equation!for!the!electric!field!the!magnetic!

field!and!to!the!curl!equation!for!the!magnetic!field!the!electric!field!provides!

##! !, ! ∙ !"#!! !, ! + !!! !, ! ∙ !!"! !, ! = 0!!

−ε!! !, ! ∙ !!" ! !, ! + ! !, ! ∙ !"#!! !, ! = ! !, ! ! !, ! + !
!" ! !, ! !!

Since! we! can! write!!"# ! !, ! ×! !, ! = ! !, ! ∙ !"#!! !, ! − ! !, ! ∙ !"#!! !, ! !we!

can!subtract!both!above!expressions!to!obtain!(dropping!from!now!on!the!space!and!

time!arguments)!

1
2 ε!

!
!" !

! + 12 !!
!
!"!

! + !"# !×! = −! !+ !
!" ! !

Eventually,! we! wish! to! emphasize! that! this! expression! holds! for! the! real! valued!

fields,!so!it!needs!to!be!written!as!

1
2 ε!

!
!" !!

! + 12 !!
!
!"!!

! + !"# !!×!! = −!! !! +
!
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real quantities only as products of fields are taken

electrical energy density                   and magnetic energy density   
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This!expression!is!a!balance!equation.!The!temporal!change!of!the!electrical!energy!

density!!! ε!!!
! ,! the! magnetic! energy! density!!! !!!!

! !and! the! source/sink! of! the!

Poynting!vector!are!linked!to!the!source!terms!on!the!right!hand!side!of!this!equation.!

For! a! stationary! field!!! !, ! = !
! ! !,!! !!!!!! + !. !. !the! time! average! of! the!

left!hand!side!of!the!equation!gives!

1
2 ε!

!
!" !!

! + 12 !!
!
!"!!

! + !"# !!×!! = 1
2!"# ℜ ! !,!! ×!∗ !,!! = !"#! ! !, ! !

This! corresponds! to! the! source/sink! of! the! timeIaveraged! energy! density.! For! the!

right!hand!side!of!the!equation!we!obtain!

− !! + !
!"!! !! ##

= − !
! ! !! !!!!!!! − !!!ε0! !! !!!!!!! + !. !. ! !,!! !!!!!! + !. !. !!

= − !
! −!!!ε0 ! !! + ! ! !!

!!ε0
!!!!!!! + !. !. ! !,!! !!!!!! + !. !. !!

= !
! !!!ε0 ! !! − 1 !!∗ + !. !.= !

! !!!ε0 !′ !! − 1+ !!′′ !! !!∗ + !. !.!!

= − !
!!!ε0!′′ !! !!

∗##

Taking!both!sides!of!the!equation!together!we!obtain!

!"#! ! !, ! = −12!0ε!!′′ !0 !!
∗#

There!are!sinks!in!the!energy!flow!whenever!the!imaginary!part!of!the!permittivity!is!

nonzero! (with! the! sign! convention! chosen! here! the! imaginary! part! is! always!
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For	practical	purposes	this	is	important,	e.g.	if	you	wish	to	calculate	the	absorption	in	

a	solar	cell.	Then,	you	need	to	know	how	much	energy	is	dissipated,	i.e.	absorbed,	in	

the	 spatial	 domain	 occupied	 by	 the	 active	material	 of	 a	 solar	 cell,	 e.g.	 the	 silicon	

material.	This	Poynting’s	theorem	as	it	is	also	called,	is	usually	derived	in	lectures	on	

electrodynamics	but	it	is	contained	here	both	because	of	its	importance	and	because	

it’s	a	nice	demonstration	on	how	to	derive	an	expression	for	an	observable	quantity	

directly	 from	Maxwell’s	 equations.	 Starting	 from	Maxwell’s	 equation	 in	 space	 and	

time	domain	and	multiplying	to	the	curl	equation	for	the	electric	field	the	magnetic	

field	and	to	the	curl	equation	for	the	magnetic	field	the	electric	field	provides	

		! !, ! ∙ !"# ! !, ! + !!! !, ! ∙ !!"! !, ! = 0		

−ε!! !, ! ∙ !!" ! !, ! + ! !, ! ∙ !"# ! !, ! = ! !, ! ! !, ! + !
!" ! !, ! 		

Since	 we	 can	 write !"# ! !, ! ×! !, ! = ! !, ! ∙ !"# ! !, ! − ! !, ! ∙ !"# ! !, ! 	we	

can	subtract	both	above	expressions	to	obtain	(dropping	from	now	on	the	space	and	

time	arguments)	

1
2 ε!

!
!" !

! + 12 !!
!
!"!

! + !"# !×! = −! !+ !
!" ! 	

Eventually,	 we	 wish	 to	 emphasize	 that	 this	 expression	 holds	 for	 the	 real	 valued	

fields,	so	it	needs	to	be	written	as	

1
2 ε!

!
!" !!

! + 12 !!
!
!"!!

! + !"# !!×!! = −!! !! +
!
!" !! 	

This	expression	is	a	balance	equation.	The	temporal	change	of	the	electrical	energy	

density	!! ε!!!
! ,	 the	 magnetic	 energy	 density	!! !!!!

! 	and	 the	 source/sink	 of	 the	

Poynting	vector	are	linked	to	the	source	terms	on	the	right	hand	side	of	this	equation.	

For	 a	 stationary	 field	 !! !, ! = !
! ! !,!! !!!!!! + !. !. 	and	

!! !, ! = !
! ! !,!! !!!!!! + !. !. 	the	 time	 average	 of	 the	 left	 hand	 side	 of	 the	

equation	gives	

1
2 ε!

!
!" !!

! + 12 !!
!
!"!!

! + !"# !!×!! = 1
2!"# ℜ ! !,!! ×!∗ !,!! = !"# ! !, ! 	

This	 corresponds	 to	 the	 source/sink	 of	 the	 time-averaged	 energy	 density.	 For	 the	

right	hand	side	of	the	equation	we	obtain	

− !! + !
!"!! !! 		
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energy! is!expressed!using!the!Poynting!vector!! !, ! .!Particularly,! in!the!context!of!

discussing!the!measurement!of!an!optical!signal,!the!energy!flux!through!a!plane!in!

normal! direction!! !, ! ∙ ! !is! important.!! !is! here! a! vector! pointing! in! normal!

direction! to! the! interface.! This! corresponds! to! the! situation! of! a! detector.! The!

instantaneous!energy!flux!is!expressed!as!

! !, ! = !! !, ! ×!! !, ! !

Please!note,!contrary!to!many!other!situations!where!the!analysis!with!the!electric!

and!magnetic!field!as!a!complex!quantity!is!fully!sufficient,!here!we!explicitly!have!to!

consider!the!real!part!of!the!fields!only.!They!are!abbreviated!with!the!r!as!subscript.!

In!the!measurement!process!we!have!to!distinguish!different!time!scales:!

• the!fast!oscillation!period!of!the!electromagnetic!field!→ !! = !!
!!
< 10!!"!!

• the!duration!of!a!possibly!slowly!varying!field,!i.e.!the!temporal!duration!of!a!

pulse!(see!next!section)!→ !!!where!is!usually!holds!!! ≫ !!!
• and!the!duration!of! the!measurement!→ !!!where! is!usually!holds!!! ≫ !!!

but!!! ≥ !!.!
Generally,! a!detector! cannot!measure! the! fast!oscillation!but! it! only!measures! the!

temporal!average.!Under!the!assumption!that!the!field!can!be!written!as!a!product!

of!a!slowly!varying!envelope!! !, ! !and!a!fast!oscillation!!!!!!!!

!! !, ! = 1
2 ! !, ! !!!!!! + !. !. !

we!can!express!the!instantaneous!Poynting!vector!as!

! !, ! = !! !, ! ×!! !, ! !!

############= !
! ! !, ! ×!∗ !, ! + !∗ !, ! ×! !, ! !!

################+ !
! ! !, ! ×! !, ! !!!!!!! + !∗ !, ! ×!∗ !, ! !!!!!! ##

###########= !
!ℜ ! !, ! ×!∗ !, ! + !

!ℜ ! !, ! ×! !, ! cos 2!!!!!

!!!!!!!!!!!!!!+ !
!ℑ !∗ !, ! ×!∗ !, ! sin 2!!!!!

The!actual!measured!signal!corresponds!to!the!time!average!of!! !, ! !

! !, ! = 1
2 ! !, !′ !"′

!!!!

!!!!
!

This! integration! causes! a! vanishing! of! the! fastly! oscillating! terms! and! the! only!

remaining!expression!corresponsd!to!

non-stationary fields:
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stationary terms 
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