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Ray-optical explanation
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Dipole approximation

intensity

radius

Force on one charge:

(Lorentz force)

(one charge)
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F=qgE+qgvxB




Dipole approximation

Dipole moment of two charges: p = ga
(opposite sign)
+q @ ® <
<

>
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Dipole moment of a dipole: p = lim ga

a—0
q—>oo

Force on two such charges:

F =g (El(r) — Ey(r) A d(rldt_ £2) o B)

=g (E1(r) +((r1 —r2)- V)E — Eq(r) A d(rld; = § B)
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Introducing the dp

F=(p-V)E+ — xB

dipole moment dt
dE
with p = oE :a[(E-V)E+ExB]
1
using: (E-V)EzV(EEz) —E x (V x E)
0B
VXE=———
_ ot
F=a%VE2—E><(VxE)+%xB]
(1o dB dE
—a_EVE Ex( dt)+dt xB]
(1., d
—a_ZVE -I-dt(ExB)]




Starting from the
expression of the force

IN component notation:

last term vanishes
when time-averaged:

complex notation:

(underlined: complex amplitudes)

linear response:

E(F,t)=Re{E(F)e ™|
B(F,t)=Re{B(F)e |

p(t)= Re{ée'iwt}
p=0o(w)E(%)



force based on complex amplitudes

— 1 * ]. - ] % —_
<F>= izxz,;',zERe{p_iVEi}z izxz,;"ZERe{a(a))E,- (F)d'E; (r)}
for a principle
propagation direction:

(F)=Eo (7)e*”

len ]

- 1 -2 1= - 12 1 . -
(F)=- Re{a(@)}V|E| +_Hm{a(@)}|E| - im{a(@)}m{E VE]

4
gradient absorption-plus-scattering vanishing term when field
force longitudinal component of the force  amplitude or polarisability

(loss/transfer of momentum from the incident

light to the particle) are real-valued
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specification to small particles
o (@) op(w) = a’(e—1)/(e + 2)
—(2/3)ik’ 0 () €= &/€m

o(w)= "

Gradient force: take the real part of polarisability:

- e-1\1 m:—-1)1 m*—1)\1
E,. =47t8ma3( )—VE2=47mfn8 a’ —VE; =4nn’e,a’ ~VI(7
(P e+2)2 @ miaz )2 o T HmE | L )R V)

m = n,/Ny (E*(7,1)) =1/2| E(7) '= 1/2I(F)

Scattering force: take the imaginary part of polarisability:
- |2 .

k
%(Gabs + Gscan)_

—_—

Elbs+scatt —

-1 1/°

1
C=0,,+0C... =47ka Im{g } O k4l
3 E+2

E+2

absorption losses radiation losses »



Dielectric particles: no absorption Oups = 0

scattering force: result of the difference between the momentum of the
input beam (in the direction of propagation) and the secondary photons
scattered by the induced oscillating dipole (in all directions)

— scatt §P F!
<Fscatt(7)>=o- < ( t)>

C/npy

ﬁ(nm /c)crscattI(F)
plugging expression for radiative scattering losses

(Fou (7)) =2 8; (ka)’ aZ("‘Z n 1) I(F)

m’+2
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Gradient force:
(time average)

1 2 3 21
F=_qVE? = 0% (m ) VI(r)

2 c m2 + 2

Scattering force:

(conservation of momentum)
k*o? 8mngk*a® (mz - 1)2
F..:(r) = I(r)z = I(r)z
cat (F) 6men; €2 (x) 3¢ m? + 2 (x)

Balance of these two forces dictates the
spatial location of the stable position!
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Maxwell’s stress tensor

. ~ i dp(r,t
Continuity equation for eléctnc p(r,t) +V-j(rt) =0
charge and current density: dt
charge = conserved quantity jir,t) = p(r,t)v(r,t)

charges move along closed lines
similar conservation equation for momentum

What momentum can be transferred from an electromagnetic
field to a charge or charge distribution?

goal: ar; mech _ (1) = ] / / £(r, £)dV

external fields exert force acting on the charge

— moves to new position
charge acquired momentum that flowed from the fields into the charge 16



Maxwell Stress Tensor

force per volume acting on free charges and currents in the presence of em fields

Lorentz force f = pE + pvXB = pE + jXB

goal: express everything in terms of fields

oD

with: VD=p and VXH (’)t:j
dD

f =E|V:-D|—BXxVxH Y XB
ith: a[D B]—a—DB Da—B
with: a X _6tx+xat
B 0

f =E|V-D| —BxVXH + DX Y IDxB]

ot
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ot

)
f =E|V-D| —BXVXH —-—DXx VXE —a[DxB]

Inserting a zero div B(r, t) = 0 for a highly symmetric expression

0
f=E|V-D|+H|V:-B] —BXVXH — DX VxE—a[DxB]

derive in the following the Minkowski Stress tensor

historically Maxwell stress tensor but Maxwell
derived it only for vacuum

assuming linear relation between electric
field and displacement field 18



Simplification (proof in excercise)

0 1 1
E[V'D]—DXVXE— {E Dﬁ——5BED} V'{ED——I[E'D]}
tensor product
between ED,
also @

H[V-B]—BxVxH=V-{HB—%l[H-B]}

1 p
f=V-{ED+HB—§I[E-D+H-B]}—a—t[DxB]

Since f = 3—:, with p(r, t) the momentum density of the free charges we obtain

Z_P ai[DXB] V.{_(ED+HB—%I[E-D+H-B])}
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5P+ at [DXB] —V'{_ (ED+HB—11[E'D+H'B])}

at 0 2
change of change of momentum negative of the divergence of the
momentum of density of

o momentum current density
free charges electromagnetic field

momentum stored in the field per volume

gMinkowski — DxB

1
momentum current density: J=— (ED + HB — EI[E D+ H- B])
Minkowski stress tensor defined 1
as the negative momentum T =ED + HB — EI[E D + H - B]
current density:
1 1 1
vacuum: T=£OEE+—BB——l[£0E'E+—B'B]
Ho 2 Ho

20



: 1 1 1
component notation: |Tij =< (EEJ = iéijEz) oo (Bz-Bj - 5@-32)

Components 17; of the stress tensor have the following meaning:

force per unit area in direction €; acting on the surface being normal in direction €

— 1 pressures (forces normal to surfaces)
— 1% with © # 7 shears (forces parallel to surfaces)

tensor is symmetric: Tij — L4

equation is a
continuity equation

Ptotal = Pmech + gMinkowski

8pmech 8 gMinkowski
| = VT inkowski
8t at M kO Sk
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total force:

F = /fd3r = / V- ?—EOMOBS d°r
Y, %

ot
:/?°da—€()/l,()2/5d3r
s ot Jy

Comments: ® momentum of propagating em-wave increases upon entering a dielectric
medium proportional to refractive index n (no absorption nor dispersion)

® definition of momentum no'iobvious

® Abraham: 8Abraham = C_ZE x H

® momentum reduces in media proportional to n

® different stress tensor in nonlinear media / same in linear media
® Abraham-Minkovski controversy is a splitting problem

reformulating equation above but with the purpose to end up with

1 1
DxB=ExB=FExB=—5——ExH=-n’ExH

2
H CMedium c 22




T = 2 (Peen + D x B 5 2 x H
T = a (pmech+ X ) — & (pmech+_n X )

0 1 O [
za ﬁmech+—2(n2—1)EXH+—2EXH
Ut wf
g’M_g‘A g*A
0 . 0G4
= Z-Pmech T fA + g_
ot ot
%ﬁﬁzech - Iy "
additional Abraham force density assigned to medium : fA = —Laat _ _Laat

force acting on medium

) o L oM 97" oM o [ 9
F t=/ﬂdvz VT dV—/—de/ T dA—/—dV
A (1) s Ot . . Ot - , Ot

Abraham force tensor:

Ty = 5 (EiD; + E;D;) + 5 (H;B; + H;B;) — 5 (E D+H- E) 2 23



Symmetric: T'= (T)

linear medium identical to Minkowski: D; = €E; und B; = pH,
1 1 1 /2 = =~ =
T} = 5 (E:D; + E;Di) + E(H,-B,-+HjBi)—5(E D+H- B)(sz-j
1 1 1 /% = =~ =
= > (BiBje + E;Eie) + 5 (HiH;p + HHip) — 5 (E- D+ H - )5,3
1 /o = o o=
=E,-Dj+H,-Bj—% E”-13+ﬁ-[3’)5,~j
M
_Tij

In frequency domain: (F(w)) = (f('f‘(r, ) - n)dA)

o()

- f {Eogz(w)ml(ﬁ(nw) ‘n)E*(r,w)] - (E(r,w) - E*(r,w))n
S

Hot(w)
T

where dl’ is the length of a line segment of the surface.

uou( w)

R[(H(r,w) - n)H*(r, w)] -

(H(r w) * H*(r, a)))n} dl’

The net radiation torque on the particle is calculated by

(t(w)) = (f rx (T(r,w) - n)dA). o4
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