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accomplishing this task is intetferometry; that is, a second wavefront, mutually coherent 
with the first and of known amplitude and phase, is added to the unknown wavefront, 
as shown in Fig. 9.1. The intensity of the sum of two complex fields then depends on 
both the amplitude and phase of the unknown field. Thus if 

represents the wavefront to be detected and reconstructed, and if 

represents the "reference" wave with which a(x, y) interferes, the intensity of the sum 
is given by 

Y) = IA(x, y)I2 + la(x, y)I2 + 2 / 4 4  y)lla(x, y)l cos[+(x, y) - +(x, y)]. (9-3) 
While the first two terms of this expression depend only on the intensities of the individ- 
ual waves, the third depends on their relative phases. Thus information about both the 
amplitude and phase of a(x, y) has been recorded. The issue as to whether it is sufficient 
information to reconstruct the original wavefront remains to be dealt with. At this point 
we have not specified any detailed character of the reference wave A(x, y). Properties 
that the reference wave must satisfy in order to enable reconstruction of a(x, y) will be- 
come evident as the discussion progresses. The recording of the pattern of interference 
between an "object" wave and a "reference" wave may be regarded as a hologram. 

9.2.2 The Recording Medium 

The material used to record the pattern of interference described above will be assumed 
to provide a linear mapping of intensity incident during the detection process into am- 
plitude transmitted by or reflected from the material during the reconstruction process. 
Usually both light detection and wavefront modulation are performed by photographic 

object wave

reference wave

coordinate of recording medium
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2.9#Basics#of#holography#
As!we!have!seen!in!the!previous!chapters,!the!full!visual!information!concerning!an!

object! is!encoded!in!the!field!distribution!in!a!given!plane!(assuming!that!the!wave!

satisfies! suitable! radiation! boundary! condition).! This! requires! information! on! the!

field!concerns!both!amplitude!and!the!phase.!This!complex!field!propagates!in!space!

and!evolves!and!eventually!can!be!perceived!by!an!external!observer,!e.g.!by!forming!

an!image!with!an!eye.!The!idea!of!holography!is!to!record!the!field!emanating!from!

an!object!and!to!reconstruct!at!a!later!stage!for!other!purposes.!In!modern!times,!we!

also!use!computerIgenerated!holograms!to!express!wave!fields!from!objects!that!do!

not! exist! in! reality.! The!method! has! been! used! to! cause!many! interesting! artistic!

effects!but!there!are!also!many!industrial!applications.!Examples!are!the!metrology!

of! complicated! lenses! whose! generated! wave! fronts! are! interferometrically!

compared!to!wave!fronts!from!perfect! lenses!that!have!been!either!generated!in!a!

computer! or! that! were! recorded! once! from! a! perfect! device.! The! challenge! in!

holography! is! the! reconstruction! of! the! phase! of! the! field! emanated! from! such!

objects.! In! 1948! Dennis! Gabor! developed! a! method! that! allows! recording! the!

information!on!the!wave!field!using!a!coherent!reference!wave!in!a!medium!that!is!

in!turn!only!responsive!to!the!intensity.!The!method!was!such!ground!breaking!that!

Dennis!Gabor!was!awarded!the!Nobel!prize!in!physics!in!1971.!Holography!in!general!

is!a!twoIstep!process.!First,!a!recording!takes!place.!Second,!a!reconstruction!takes!

place.!

2.8.1#Reconstruction#of#a#hologram#
To! start! with,! we! consider! a! monochromatic! scalar! field! (also! called! the! primary!

field)!! ! ,!which!is!emanated!by!an!object.!Please!don’t!think!too!mysterious!here.!

You! simply! use! a! coherent! light! source,! illuminate! the! object! of! interest,! and! the!

scattered! field! from! the!object!will! contain! all! the! information! from! it.! Eventually,!

this!is!just!the!way!we!perceive!our!surrounding.!In!addition!we!consider!a!reference!

wave!that!is!for!simplicity!here!a!plane!wave!!! ! = !!!!!!∙!.!Now!we!define!as!!!
the!coordinates!along!some!surface!(for!simplicity!a!plane)!in!which!we!wish!to!place!

later!our!responsive!recording!material.!The! intensity! in!this!plane!results!from!the!

superposition!of!the!object!and!the!reference!plane!
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Recording and reconstruction

intensity in recording plane
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! ! = ! ! + !! ! ! = !! ! + !!∗! ! !!!!!∙! + !!!∗ ! !!!!∙! + ! ! !	

Under	the	assumption	that	the	intensity	of	the	reference	wave	is	much	larger	than	

the	wave	emanated	 from	the	object,	 the	 last	 term	 in	 the	expression	above	can	be	

neglected	for	simplicity.	By	placing	a	traditional	recoding	media	made	of	a	thin	film	

that	 blackens	 proportional	 to	 the	 local	 intensity	 into	 the	 considered	 plane	 and	

developing	 afterwards	 the	 film,	 we	 obtain	 a	 filter	 that	 has	 a	 local	 transmission	

function	corresponding	to	the	recorded	intensity	

! ! = 1− !" ! 	
where	!	is	here	some	sort	of	contrast	function	that	is	obviously	depends	on	the	
used	 material	 and	 on	 the	 recording	 conditions.	 Illuminating	 this	 filter	 with	 a	
reconstruction	 wave	!! ! = !!!!!!∙! 	that	 corresponds	 to	 the	 reference	 wave	
used	 for	 the	 recording	 (albeit	 with	 an	 arbitrary	 amplitude	 and	 propagation	
direction	at	this	moment),	the	field	behind	the	filter	is	given	by	

! ! = ! ! !! ! 	
= !! 1− ! !! ! !!!!∙! − !!!!!∗! ! !! !!!!! ∙! − !!!!!!∗ ! !! !!!!! ∙! 	

These	 are	 obviously	 three	 different	 terms	 that	 can	 be	 best	 understood,	 while	
setting	!! = !!.	

• The	 first	 terms	 corresponds	 to	 a	 plane	 wave	 that	 propagates	 into	 the	
direction	of	 the	 reconstruction	wave.	This	wave	 is	a	 consequence	of	 the	
possible	 imperfect	modulation	of	the	recorded	hologram,	 i.e.	!	is	smaller	
than	unity.	 This	 contribution	 can	be	 engineered	 to	 be	 sufficiently	 small,	
e.g.	by	a	suitable	engineering	of	the	hologram	or	actually	by	Fourier	filter	
techniques.	

• The	 second	 term	 corresponds	 up	 to	 a	 constant	 factor	 to	 the	 field	
emanated	 by	 the	 considered	 object	! ! .	 This	 is	 the	 field	 one	 is	 usually	
interested.	

• The	 third	 term	 is	 the	 complex	 conjugate	 of	 the	 object	 field	! ! 	and	 it	
propagates	into	the	direction	!!!!!∙! 	

	

	 	

intensity of reference much larger, last term drops
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blackening proportional to local intensity

filter has local transmission function
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contrast function

illumination the filter with reconstruction wave:

field behind filter:
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!

! !

discussion of terms on following slide
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propagates into direction 
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1st term

2nd term

3rd term

application in phase conjugation
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Design of holograms

Gerchberg-Saxton / Ping-Pong / Iterative Fourier Transform 
Algorithm / Method of Generalizd Projection / …..

Digital  Holography
➢ Digital holography extends Gabor’s
holography.

➢ Generate desired fields instead of reading
out previously recorded information.

➢ Doesn’t require static holographic films.

➢ Programmable spatial light modulators are
used to dynamically emulate phase
distributions.

➢ Synthesize the desired optical fields through
interference and diffraction.

18/02/2019 COMPUTATIONAL PHOTONICS 5

Bañas, Andrew, and Jesper Glückstad. "Light Shaping with 
Holography, GPC and Holo-GPC." Optical Data Processing and 
Storage 3.1 (2017): 20-40.

propagation into the far-field 
corresponds to a Fourier 

transformation
Flowchart

18/02/2019 COMPUTATIONAL PHOTONICS 11

𝑒𝑖𝜙 𝑥 𝐴(𝑥)𝑒𝑖𝜓 𝑥

𝐴𝐷(𝑥)𝑒𝑖𝜓 𝑥𝑇(𝑥) 𝑒𝑖𝜙 𝑥

FFT

IFFT

Amplitude
adjustment𝑇(𝑥) = 1

Input
random
phase

Object plane Image plane

Desired
intensity
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Example fan-out elementFan-out element
➢ Splits a single laser beam into an array of quasi plane
waves that can be focused by a lens to generate an
array of equally intense light spots.

➢ Applications in optical-computing and parallel-
processing systems.

➢ Study on phase structures have increased the
diffraction efficiency.

➢ Desired field distribution:

18/02/2019 COMPUTATIONAL PHOTONICS 15

Gale, Michael T., et al. "Continuous-relief diffractive optical
elements for two-dimensional array generation." Applied
optics32.14 (1993): 2526-2533.

𝑈 𝑥, 𝑦 = 
𝑚−1

𝑁

𝐴𝑚 exp 𝑖𝜙𝑚 𝛿(𝑥 − 𝑥𝑚, 𝑦)
Fan-out element

18/02/2019 COMPUTATIONAL PHOTONICS 16
18/02/2019 COMPUTATIONAL PHOTONICS 17

Fan-out element

18/02/2019 COMPUTATIONAL PHOTONICS 16desired image hologram actual image
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Basics of holography

Prof. Carsten Rockstuhl
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Optics in anisotropic media: 
susceptibility and permittivity tensor

Prof. Carsten Rockstuhl
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Susceptibility and permittivity tensor

isotropic materials: properties independent on light propagation direction 
so far

now
anisotropic materials: properties depend on light propagation direction 

polarisability of atoms depends on the orientation of the electric field

! 23!

3.!Optics!in#anisotropic#materials!

3.1.#Susceptibility#and#permittivity#tensor#
isotropic!materials:!properties!independent!on!the!light!propagation!direction!!

anisotropic!materials:!induced!polarization!depends!on!electric!field!orientation!

Lithiumniobate!(LiNbO3)!! →!electro@optical!material!

Quartz!! ! ! →!polarizers!

Liquid!crystals!! ! →!display!elements,!nonlinear!optics!

Multiple!quantum!wells! →!optoelectronics!

Assumptions:!

• monochromatic!field!and!plane!wave!

• no!absorption!!

isotropic!material:!normal!modes!elliptically!polarized,!plane,!monochromatic!waves!!

! !,! = !!! ! ! !,! !

! !,! = !!! ! ! !,! !

Anisotropic!materials:!

!! !,! = !! !!" !
!

!!!
!! !,! ≝ !!!!" ! !! !,! !

2
nd
!rank!tensor!! ! !and!!!" ! !!

• ! ∦ !!!
• susceptibility!tensor!reflects!the!crystal!symmetry!

!! !,! = !!!!" ! !! !,! !

! !,! = !!! ! ! !,! !

• ! ∦ !!!
• ! = !!" !permittivity!tensor!

Last!inverse!permittivity!tensor!! = ! !! = !!" ,!!

@>!!!!" ! !! !,! = !!!! !,! .!

Properties:!

!!" , !!" !!! →!real!valued!in!transparency!region!!

! →!tensors!are!symmetric!!

→!six!independent!components!!!" = !!" !and!!!" = !!" !!

examples
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(one temporal frequency and one spatial frequency) 
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Assumptions:

Isotropic materials: normal modes are elliptically polarized, monochromatic waves
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Anisotropic materials:

task: need to find normal modes in anisotropic materials

material property:
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→!matrices!are!Hermitian!(ε!"! = ε!"∗ )!
For!such!tensors!transformation!into!a!principle!coordinate!system!is!possible!

→!tensors!are!diagonal!

→!Example!of!the!inverse!permittivity!tensor!

→!only!in!this!coordinate!system!! ∥ !!!!
→!Mathematically!this!can!be!expressed!in!terms!of!an!eigenvalue!equation!

!!!! = !!"!! ≐ !!! !
Non@trivial!solution:!vanishing!determinant!

det !!" − !!!" = 0!
Equation!of!3rd!order!with!three!roots!as!solutions!→!called!!(!)!!!
→!associated!eigenvectors!!

!!"!!(!) = !(!)!!(!)!
Eigenvectors!are!orthogonal:!!

!!"!!(!) = !(!)!!(!)!and!!!"!!(!) = !(!)!!(!)!
Multiply!both!equations!with!the!respective!other!eigenvector!and!subtract!both!

!!(!)!!"!!(!) − !!(!)!!"!!(!) = !(!) − !(!) !!(!)!!(!)!

!!(!)!!"!!(!) − !!(!)!!!!!(!) = 0!
because!!!" = !!".!!

→!!!!(!)!!(!) = 0!for!all!!(!) ≠ !(!).!
Principle!axes!reflect!the!crystal!symmetry:!

!!" = !!!!",!!!!" = !!!!" = !
!!
!!".!

!!" =
!! ! 0 0
0 !! ! 0
0 0 !! !

!

anisotropic!material!fully!described!using!three!different!dielectric!functions!!

3.2#Optical#classification#of#crystals#
a) Isotropic!

• Three!crystallographic!identical!and!perpendicular!axes!

• Cubic!crystals!(diamond,!silicon)!

Properties of tensors:

Proof of hermiticity: Maxwell equations in Fourier space
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Beweis:  

Maxwell-Gleichungen im Fourierraum → 

( ) ( ) 0

∗∗ ∗ ∗ ∗⎛ ⎞× ω ε ⋅ − µ ⋅ + ⋅⎜ ⎟
⎝ ⎠0div E H E E H H j E 0�+i ε =  

 verlustfreies Medium (j = 0) →  div S  ( )1
2 0∗⎡ ⎤= ℜ × =⎣ ⎦div E H    

→  ( ) ( ) 0
∗ ∗∗ ∗⎛ ⎞ ⎛ ⎞ℜ ⋅ = −ℑ ⋅ =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
E E E E� �i ε ε  

→ für beliebiges  E  -Feld,  

a)  also auch 0E ≠x    

( ) ( )2 0E E E∗ ∗ ∗⎡ ⎤ℑ ε = ℑ ε =⎣ ⎦x xx x x xx  

analog für εyy  und ,εzz → alle Diagonalelemente des Tensors reell  

b) übrige Komponenten 

→ 

( ) ( )
( )

0

yE E E E E E

E E

E E∗ ∗ ∗ ∗∗ ∗ ∗

∗∗

ℑ ε + = ℑ ε −

⎡ ⎤

ε ε

ε= ℑ ε −⎣ ⎦
=

xy x yx y x yy xy x y

y yx

x x

x xy  

 → .∗ε = εxy yx  

→ auf alle  ijε   verallgemeinern 

→  Tensor hermitisch  → für  ijχ   und  ijσ     

von jetzt ab alle Elemente der Tensoren reell 

(nichtreelle Außerdiagonalelemente z.B. bei Magnetooptik) 

 
• Transformation auf Hauptachsen durch Drehungen möglich →   hier für  

ijσ   zeigen, Richtungen gesucht, wo  D E<    

lossless medium: 
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has to hold for an arbitrary electric field
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consider a field where
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transformation into principal coordinate system possible

! 24!

→!matrices!are!Hermitian!(ε!"! = ε!"∗ )!
For!such!tensors!transformation!into!a!principle!coordinate!system!is!possible!

→!tensors!are!diagonal!

→!Example!of!the!inverse!permittivity!tensor!

→!only!in!this!coordinate!system!! ∥ !!!!
→!Mathematically!this!can!be!expressed!in!terms!of!an!eigenvalue!equation!

!!!! = !!"!! ≐ !!! !
Non@trivial!solution:!vanishing!determinant!

det !!" − !!!" = 0!
Equation!of!3rd!order!with!three!roots!as!solutions!→!called!!(!)!!!
→!associated!eigenvectors!!

!!"!!(!) = !(!)!!(!)!
Eigenvectors!are!orthogonal:!!

!!"!!(!) = !(!)!!(!)!and!!!"!!(!) = !(!)!!(!)!
Multiply!both!equations!with!the!respective!other!eigenvector!and!subtract!both!

!!(!)!!"!!(!) − !!(!)!!"!!(!) = !(!) − !(!) !!(!)!!(!)!

!!(!)!!"!!(!) − !!(!)!!!!!(!) = 0!
because!!!" = !!".!!

→!!!!(!)!!(!) = 0!for!all!!(!) ≠ !(!).!
Principle!axes!reflect!the!crystal!symmetry:!

!!" = !!!!",!!!!" = !!!!" = !
!!
!!".!

!!" =
!! ! 0 0
0 !! ! 0
0 0 !! !

!

anisotropic!material!fully!described!using!three!different!dielectric!functions!!

3.2#Optical#classification#of#crystals#
a) Isotropic!

• Three!crystallographic!identical!and!perpendicular!axes!

• Cubic!crystals!(diamond,!silicon)!

example

mathematically

equation

non-trivial
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eigenvectors are orthogonal
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 z   anisotropes Medium wird i.a. durch drei verschiedene dielektrische 

Funktionen charakterisiert (im Hauptachsensystem).  

In der Regel rechnet man im Hauptachsen- (Kristall-) System und führt  zum 

Schluss die Transformation ins Laborsystem durch. 
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principal axes reflect crystal symmetry:

! 24!

→!matrices!are!Hermitian!(ε!"! = ε!"∗ )!
For!such!tensors!transformation!into!a!principle!coordinate!system!is!possible!

→!tensors!are!diagonal!

→!Example!of!the!inverse!permittivity!tensor!

→!only!in!this!coordinate!system!! ∥ !!!!
→!Mathematically!this!can!be!expressed!in!terms!of!an!eigenvalue!equation!

!!!! = !!"!! ≐ !!! !
Non@trivial!solution:!vanishing!determinant!

det !!" − !!!" = 0!
Equation!of!3rd!order!with!three!roots!as!solutions!→!called!!(!)!!!
→!associated!eigenvectors!!

!!"!!(!) = !(!)!!(!)!
Eigenvectors!are!orthogonal:!!

!!"!!(!) = !(!)!!(!)!and!!!"!!(!) = !(!)!!(!)!
Multiply!both!equations!with!the!respective!other!eigenvector!and!subtract!both!

!!(!)!!"!!(!) − !!(!)!!"!!(!) = !(!) − !(!) !!(!)!!(!)!

!!(!)!!"!!(!) − !!(!)!!!!!(!) = 0!
because!!!" = !!".!!

→!!!!(!)!!(!) = 0!for!all!!(!) ≠ !(!).!
Principle!axes!reflect!the!crystal!symmetry:!

!!" = !!!!",!!!!" = !!!!" = !
!!
!!".!

!!" =
!! ! 0 0
0 !! ! 0
0 0 !! !

!

anisotropic!material!fully!described!using!three!different!dielectric!functions!!

3.2#Optical#classification#of#crystals#
a) Isotropic!

• Three!crystallographic!identical!and!perpendicular!axes!

• Cubic!crystals!(diamond,!silicon)!
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For!such!tensors!transformation!into!a!principle!coordinate!system!is!possible!

→!tensors!are!diagonal!

→!Example!of!the!inverse!permittivity!tensor!
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→!Mathematically!this!can!be!expressed!in!terms!of!an!eigenvalue!equation!
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!
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3.2#Optical#classification#of#crystals#
a) Isotropic!

• Three!crystallographic!identical!and!perpendicular!axes!

• Cubic!crystals!(diamond,!silicon)!

anisotropic material fully 
described using three different 

dielectric functions

calculations mostly done in principal coordinate system and 
results are transferred later to the lab coordinate system



Theoretical Optics

20

Optics in anisotropic media: 
susceptibility and permittivity tensor

Prof. Carsten Rockstuhl


