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3.4.2.2#Derivation#of#the#dispersion#relation#
Isotropic!case!
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! ! !

Normal!modes!elliptically!polarized!plane!waves!!

! !, ! = !!!! ! ! ∙!!!" !

! !, ! = !!!! ! ! ∙!!!" !

→!Anisotropic!case!normal!mode!again!a!plane!monochromatic!wave!~!! ! ! ∙!!!" !!

→!but!wave!number!explicitly!depends!on!the!propagation!direction!

→!! !, direction !

→!(educated!guess):!polarization!of!the!normal!modes!no!longer!elliptically!!
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!!with!!!!!! + !!! + !!! = 1!

→!goal:!find!! = ! !,!!,!!,!! !or!! = ! !,!!,!!,!! .!

→!Maxwell’s!equations!in!spatial!Fourier!domain!with!the!ansatz!from!above!!

! ∙ ! = 0!!!!!!!!×! = !!!!!
! ∙ ! = 0!!!!!!!!×! = −!!!

→!wave!equation!!
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→!In!principle!coordinate!system!!
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x If the index ellipse is a circle, the direction of this particular k-vector defines 
the optical axis of the crystal. 

6.4.2.2 Mathematical derivation of dispersion relation 
Let us now derive the dispersion relation for normal modes of the form 
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In the isotropic case we found the dispersion relation 
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where the absolute value of the k-vector is independent of its direction. The 
fields of the normal modes are elliptically polarized. 

In the anisotropic case the normal modes are again monochromatic plane 

waves � �^ `exp tZ Zª º¬ ¼k r� i � , but the wavenumber depends on the direction u
of propagation 

 � �,k k Z u  

and the polarization of the normal modes is not elliptic. 

In the following, we start again from Maxwell’s equations and plug in the 
plane wave ansatz. We will use the following notation for the directional 
dependence of k : 
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Our aim is to derive 1 2 3( , , )k k kZ  Z  or 1 2 3,( , , )u uk uZ  Z  or 1 2 3( , , , )k k u u u Z . 

We start from Maxwell's equations for the plane wave Ansatz:  

 00  ZPk D k E H< u  

 0  �Zk H k H D< u  

Script Fundamentals of Modern Optics, FSU Jena, Prof. T. Pertsch, FoMO_Script_2013-01-14.docx 130 

Now we follow the usual derivation of the wave equation: 
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� Here k E�  does not vanish as in the isotropic case! 

� In the principal coordinate system and with 0i i iD E H H  we find 
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Note: for isotropic media the r.h.s. of this equation vanishes (k E = 0� ).  

Thus, we have the following problem to solve:  
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The straightforward way to solve this problem is using > @det .. 0 , which gives 

the dispersion relation ( )kZ Z  for given /ik k . However, there is a more 

easy way to obtain the dispersion relation: 
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Now we multiply this equation by ik , perform a summation over the index ' i ' 
and rename i jl   on l.h.s: 
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Because div 0j j jk E¦E  z  we can divide and get the (implicit) dispersion 

relation: 
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Now we follow the usual derivation of the wave equation: 
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Note: for isotropic media the r.h.s. of this equation vanishes (k E = 0� ).  

Thus, we have the following problem to solve:  
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Now we multiply this equation by ik , perform a summation over the index ' i ' 
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Now we follow the usual derivation of the wave equation: 
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Note: for isotropic media the r.h.s. of this equation vanishes (k E = 0� ).  
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! 27!

→first!in!principal!coordinate!system.!

3.4.1.#Normal#modes#for#a#propagation#in#the#principal#coordinate#system#
→the!principal!axes!are!in!the!!,!, !!directions!!
→require!that!! ∙ !! = ! ∙ !! = 0.!!
→assume!that!!@axis!is!principal!direction!(! → !!).!T!
→!!! ,!! ≠ 0!!
→!field!can!be!arbitrary!in!the!! − ! −!plane.!!
→!electric!displacement!linked!to!electric!field!by!!! = !!!!!! !(no!summation!here).!

!
Unique!situation!that!two!possible!polarization!directions!are!decoupled!
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→!! ∦ !!→!elliptical!polarization!is!not!a!normal!mode!→!polarization!would!change!

upon!propagation.!!

→!this!doesn’t!hold!if!the!electric!field!is!polarized!along!one!of!the!principal!axes.!!

→!linearly!polarized!propgating!along!principal!axes!are!normal!modes!!

!(!) = !!!! !!∙!!!" !! !!!!→ !!!!!!!! =
!!

!!!
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→!preliminary!dispersion!relation,!with!!

!!
!!
!!

= ! !
!!
!!
!!

= !
!!
!(!)

!!
!!
!!

!

!

! 27!

→first!in!principal!coordinate!system.!

3.4.1.#Normal#modes#for#a#propagation#in#the#principal#coordinate#system#
→the!principal!axes!are!in!the!!,!, !!directions!!
→require!that!! ∙ !! = ! ∙ !! = 0.!!
→assume!that!!@axis!is!principal!direction!(! → !!).!T!
→!!! ,!! ≠ 0!!
→!field!can!be!arbitrary!in!the!! − ! −!plane.!!
→!electric!displacement!linked!to!electric!field!by!!! = !!!!!! !(no!summation!here).!

!
Unique!situation!that!two!possible!polarization!directions!are!decoupled!

!!, !! !→ !!!! !!∙!!!" = !!!!!!!!!"#!!!!with!!!!!!!! =
!!

!!!
!! ! !

!!, !! !→ !!!! !!∙!!!" = !!!!!!!!!"#!!!!with!!!!!!!! =
!!

!!!
!! ! !

!

→!! ∦ !!→!elliptical!polarization!is!not!a!normal!mode!→!polarization!would!change!

upon!propagation.!!

→!this!doesn’t!hold!if!the!electric!field!is!polarized!along!one!of!the!principal!axes.!!

→!linearly!polarized!propgating!along!principal!axes!are!normal!modes!!

!(!) = !!!! !!∙!!!" !! !!!!→ !!!!!!!! =
!!

!!!
!!! !!!!→ !!!!!normal!mode!a!
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in component notation

! 30!

!! = !!!!!! !
→!in!component!notation!!

−!! !!!!
!

!!!
+ !!!! =

!!

!!!
!!!! !

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

→!for!isotropic!material!the!right!hand!side!is!equal!to!zero!!

→!restore!ordinary!dispersion!relation!

→!eigenvalue!equation!that!asks!to!solve!the!following!characteristic!equation!

!!

!!!
!! − !!! − !!! !!!! !!!!

!!!!
!!

!!!
!! − !!! − !!! !!!!

!!!! !!!!
!!

!!!
!! − !!! − !!!

!!
!!
!!

=
0
0
0

!

→!!determinant!of!this!linear!system!is!zero!!

→!from!det[…]=0!we!obtain!dispersion!relation!! = ! ! !for!a!given!ratio!of!!!/!!
!→!simpler!way!!
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!!!
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!!!
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!! = − !!
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!! − !!

!!!!
!

!!!
!

→!multiplication!with!!!,!summation!over!!,!substitution!between!!!and!!!on!lhs!!

!!!!
!

!!!
= − !!!

!!

!!!
!! − !!

!

!!!
!!!!

!

!!!
!

→!divergence!of!the!electric!field!is!not!vanishing:!!"#!! = !!!!!
!!! ≠ 0!!

!!!

!! − !
!
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!!

!

!!!
= 1!

→!preliminary!dispersion!relation,!with!!
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!!
!!

= ! !
!!
!!
!!
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!!
!(!)

!!
!!
!!

!
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!! − !! !! = −!! !!!!
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!

→!for!isotropic!material!the!right!hand!side!is!equal!to!zero!!

→!restore!ordinary!dispersion!relation!

→!eigenvalue!equation!that!asks!to!solve!the!following!characteristic!equation!

!!

!!!
!! − !!! − !!! !!!! !!!!

!!!!
!!

!!!
!! − !!! − !!! !!!!

!!!! !!!!
!!

!!!
!! − !!! − !!!

!!
!!
!!

=
0
0
0

!

→!!determinant!of!this!linear!system!is!zero!!

→!from!det[…]=0!we!obtain!dispersion!relation!! = ! ! !for!a!given!ratio!of!!!/!!
!→!simpler!way!!

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

→!multiplication!with!!!,!summation!over!!,!substitution!between!!!and!!!on!lhs!!

!!!!
!

!!!
= − !!!

!!

!!!
!! − !!

!

!!!
!!!!

!

!!!
!

→!divergence!of!the!electric!field!is!not!vanishing:!!"#!! = !!!!!
!!! ≠ 0!!

!!!

!! − !
!

!!!
!!

!

!!!
= 1!

→!preliminary!dispersion!relation,!with!!

!!
!!
!!

= ! !
!!
!!
!!

= !
!!
!(!)

!!
!!
!!

!
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! 54!

!!

!!!
!! − !!! − !!! !!!! !!!!

!!!!
!!

!!!
!! − !!! − !!! !!!!

!!!! !!!!
!!

!!!
!! − !!! − !!!

!!
!!
!!

=
0
0
0

!

The!only!meaningful!solution!we!have!if!the!determinant!of!this!linear!system!is!zero.!

Therefore,! from! the! analysis! of! det[…]=0!we! can! obtain! the! dispersion! relation! of!

! = ! ! !for!a!given!ratio!of!!!/!.!!
However,!there!is!a!simpler!way!to!obtain!this!where!we!start!from!!

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

Now,! multiplication! with!!! !and! summation! over!!,! and! eventually! a! substitution!
between!!!and!!!on!the!left!hand!side!and!we!obtain!

!!!!
!

!!!
= − !!!

!!

!!!
!! − !!

!

!!!
!!!!

!

!!!
!

By! exploiting! the! fact! that! the!divergence!of! the!electric! field! is! not! vanishing,! i.e.!

!"#!! = !!!!!
!!! ≠ 0!it!follows!that!

!!!

!! − !
!

!!!
!!

!

!!!
= 1!

is!the!preliminary!dispersion!relation.!In!combination!with!!

!!
!!
!!

= ! !
!!
!!
!!

= !
!!
!(!)

!!
!!
!!

!

!

!!!

!! − !
!

!!!
!!(!)

!

!!!
= 1 → !!!

1− !!
!!(!)

!

!!!
= 1!

! !!!
(!!(!) − !!(!))

!

!!!
= 1
!!(!)!

! 30!

!! = !!!!!! !
→!in!component!notation!!

−!! !!!!
!

!!!
+ !!!! =

!!

!!!
!!!! !

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

→!for!isotropic!material!the!right!hand!side!is!equal!to!zero!!

→!restore!ordinary!dispersion!relation!

→!eigenvalue!equation!that!asks!to!solve!the!following!characteristic!equation!

!!

!!!
!! − !!! − !!! !!!! !!!!

!!!!
!!

!!!
!! − !!! − !!! !!!!

!!!! !!!!
!!

!!!
!! − !!! − !!!

!!
!!
!!

=
0
0
0

!

→!!determinant!of!this!linear!system!is!zero!!

→!from!det[…]=0!we!obtain!dispersion!relation!! = ! ! !for!a!given!ratio!of!!!/!!
!→!simpler!way!!
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!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!
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!! − !!

!!!!
!

!!!
!

→!multiplication!with!!!,!summation!over!!,!substitution!between!!!and!!!on!lhs!!

!!!!
!

!!!
= − !!!

!!

!!!
!! − !!

!

!!!
!!!!

!

!!!
!

→!divergence!of!the!electric!field!is!not!vanishing:!!"#!! = !!!!!
!!! ≠ 0!!

!!!

!! − !
!

!!!
!!

!

!!!
= 1!

→!preliminary!dispersion!relation,!with!!

!!
!!
!!

= ! !
!!
!!
!!

= !
!!
!(!)

!!
!!
!!

!

!

one equation with four free parameters

fix three of these parameters and compute the 
fourth parameter

problem solved
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!!!! !
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!! − !! !! = −!! !!!!
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→!for!isotropic!material!the!right!hand!side!is!equal!to!zero!!

→!restore!ordinary!dispersion!relation!

→!eigenvalue!equation!that!asks!to!solve!the!following!characteristic!equation!
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!! − !!! − !!! !!!! !!!!

!!!!
!!

!!!
!! − !!! − !!! !!!!

!!!! !!!!
!!
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!! − !!! − !!!

!!
!!
!!

=
0
0
0

!

→!!determinant!of!this!linear!system!is!zero!!

→!from!det[…]=0!we!obtain!dispersion!relation!! = ! ! !for!a!given!ratio!of!!!/!!
!→!simpler!way!!
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!
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!!
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!!!!
!
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!

→!multiplication!with!!!,!summation!over!!,!substitution!between!!!and!!!on!lhs!!

!!!!
!

!!!
= − !!!

!!

!!!
!! − !!

!

!!!
!!!!

!

!!!
!

→!divergence!of!the!electric!field!is!not!vanishing:!!"#!! = !!!!!
!!! ≠ 0!!

!!!

!! − !
!

!!!
!!

!

!!!
= 1!

→!preliminary!dispersion!relation,!with!!

!!
!!
!!

= ! !
!!
!!
!!

= !
!!
!(!)

!!
!!
!!

!

!

Derivation of the dispersion relation: 
sophisticated approach

Approach 4:

wave equation in 
principal coordinate 

system and in 
component notation
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+ !!!! =

!!
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!!!! !
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!! − !! !! = −!! !!!!
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!
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→!restore!ordinary!dispersion!relation!

→!eigenvalue!equation!that!asks!to!solve!the!following!characteristic!equation!
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!!!!
!!
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!!!! !!!!
!!
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=
0
0
0

!
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!
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!
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!
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!
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!!

!

!!!
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!!
!!
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!!
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!!
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!!
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!!
!!

!

!
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!!!! !

!!
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!! − !! !! = −!! !!!!

!

!!!
!

→!for!isotropic!material!the!right!hand!side!is!equal!to!zero!!

→!restore!ordinary!dispersion!relation!

→!eigenvalue!equation!that!asks!to!solve!the!following!characteristic!equation!
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!!
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!!
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!
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!! = − !!
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!
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!
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!!!!
!

!!!
= − !!!

!!
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!! − !!

!

!!!
!!!!

!

!!!
!

→!divergence!of!the!electric!field!is!not!vanishing:!!"#!! = !!!!!
!!! ≠ 0!!

!!!

!! − !
!

!!!
!!

!

!!!
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→!preliminary!dispersion!relation,!with!!

!!
!!
!!

= ! !
!!
!!
!!

= !
!!
!(!)

!!
!!
!!

!

!

! 30!

!! = !!!!!! !
→!in!component!notation!!

−!! !!!!
!
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+ !!!! =

!!

!!!
!!!! !

!!
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!! − !! !! = −!! !!!!

!

!!!
!

→!for!isotropic!material!the!right!hand!side!is!equal!to!zero!!

→!restore!ordinary!dispersion!relation!

→!eigenvalue!equation!that!asks!to!solve!the!following!characteristic!equation!

!!

!!!
!! − !!! − !!! !!!! !!!!

!!!!
!!

!!!
!! − !!! − !!! !!!!

!!!! !!!!
!!

!!!
!! − !!! − !!!

!!
!!
!!

=
0
0
0

!

→!!determinant!of!this!linear!system!is!zero!!

→!from!det[…]=0!we!obtain!dispersion!relation!! = ! ! !for!a!given!ratio!of!!!/!!
!→!simpler!way!!

!!
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!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!
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!! − !!
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!
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!

→!multiplication!with!!!,!summation!over!!,!substitution!between!!!and!!!on!lhs!!

!!!!
!

!!!
= − !!!

!!

!!!
!! − !!

!

!!!
!!!!

!

!!!
!

→!divergence!of!the!electric!field!is!not!vanishing:!!"#!! = !!!!!
!!! ≠ 0!!

!!!

!! − !
!

!!!
!!

!

!!!
= 1!

→!preliminary!dispersion!relation,!with!!

!!
!!
!!

= ! !
!!
!!
!!

= !
!!
!(!)

!!
!!
!!

!

!

preliminary 
dispersion relation 
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→!for!isotropic!material!the!right!hand!side!is!equal!to!zero!!

→!restore!ordinary!dispersion!relation!

→!eigenvalue!equation!that!asks!to!solve!the!following!characteristic!equation!
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!! − !!! − !!! !!!! !!!!
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!!
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!! − !!! − !!! !!!!

!!!! !!!!
!!

!!!
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=
0
0
0

!
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→!from!det[…]=0!we!obtain!dispersion!relation!! = ! ! !for!a!given!ratio!of!!!/!!
!→!simpler!way!!
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!

→!multiplication!with!!!,!summation!over!!,!substitution!between!!!and!!!on!lhs!!

!!!!
!

!!!
= − !!!
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!

!!!
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!

!!!
!

→!divergence!of!the!electric!field!is!not!vanishing:!!"#!! = !!!!!
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!
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!!

!

!!!
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→!preliminary!dispersion!relation,!with!!
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!!
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!!
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!!
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!



8

! 30!
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→!for!isotropic!material!the!right!hand!side!is!equal!to!zero!!

→!restore!ordinary!dispersion!relation!
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!

→!!determinant!of!this!linear!system!is!zero!!

→!from!det[…]=0!we!obtain!dispersion!relation!! = ! ! !for!a!given!ratio!of!!!/!!
!→!simpler!way!!
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→!multiplication!with!!!,!summation!over!!,!substitution!between!!!and!!!on!lhs!!

!!!!
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= − !!!
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!

→!divergence!of!the!electric!field!is!not!vanishing:!!"#!! = !!!!!
!!! ≠ 0!!

!!!
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→!preliminary!dispersion!relation,!with!!

!!
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!!
!!

= !
!!
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!!

!

!

by rewriting the 
wave vector as

! 31!

!!!

!! − !
!

!!!
!!(!)

!

!!!
= 1 → !!!

1− !!
!!(!)

!

!!!
= 1!

!!!
!!(!)− !!(!)

!

!!!
= 1
!!(!)!

!

!

→!final!dispersion!relation!

→!can!calculate!! !,!!,!! .!!

→!!for!pathological!cases!emerge!(e.g.!!"#!! = 0)!use!!
!!! !! − !! !! − !! !! + !!! !! − !! !! − !! !! + !!! !! − !! !! − !! !!

= !! − !! !! − !! !! − !! !

→!quadratic!equation!in!!!!(!!!terms!are!vanishing)!

→!two!solutions!!!!and!!!!and!with!this!also!,!!!,! = !
!!
!!!,!.!

→! following!equation!equivalent! if!not!a! single!component!of!!!is! zero!and! if!!!!is!
equal!neither!to!any!of!the!permittivities!

!!!
!! − !!

+ !!!
!! − !!

+ !!!
!! − !!

= 1!

!

→!normal!modes!have!a!polarization!in!the!electric!displacement!for!which!they!are!

perpendicular!on!each!other!

→!propagation!direction!along!one!of!the!principal!axes!(!! = 1)!!
!! − !! !! − !! !! = !! − !! !! − !! !! − !! !

Solutions!

!!! = !!!!!!!and!!!!!!!! = !!!
!

→!compute!the!normal!modes!
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!!!
!! − !! !! = −!! !!!!

!

!!!
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!! = − !!
!!
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!! − !!

!!!!
!

!!!
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!!!
!! − !!

+ !!!
!! − !!

+ !!!
!! − !!

= 1!

!

→!normal!modes!have!a!polarization!in!the!electric!displacement!for!which!they!are!

perpendicular!on!each!other!

→!propagation!direction!along!one!of!the!principal!axes!(!! = 1)!!
!! − !! !! − !! !! = !! − !! !! − !! !! − !! !

Solutions!

!!! = !!!!!!!and!!!!!!!! = !!!
!

→!compute!the!normal!modes!

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

→!the!sum!is!independent!on!!!!

! 31!

!!!

!! − !
!

!!!
!!(!)

!

!!!
= 1 → !!!

1− !!
!!(!)

!

!!!
= 1!

!!!
!!(!)− !!(!)

!

!!!
= 1
!!(!)!

!

!

→!final!dispersion!relation!

→!can!calculate!! !,!!,!! .!!

→!!for!pathological!cases!emerge!(e.g.!!"#!! = 0)!use!!
!!! !! − !! !! − !! !! + !!! !! − !! !! − !! !! + !!! !! − !! !! − !! !!

= !! − !! !! − !! !! − !! !

→!quadratic!equation!in!!!!(!!!terms!are!vanishing)!

→!two!solutions!!!!and!!!!and!with!this!also!,!!!,! = !
!!
!!!,!.!

→! following!equation!equivalent! if!not!a! single!component!of!!!is! zero!and! if!!!!is!
equal!neither!to!any!of!the!permittivities!

!!!
!! − !!

+ !!!
!! − !!

+ !!!
!! − !!

= 1!

!

→!normal!modes!have!a!polarization!in!the!electric!displacement!for!which!they!are!

perpendicular!on!each!other!

→!propagation!direction!along!one!of!the!principal!axes!(!! = 1)!!
!! − !! !! − !! !! = !! − !! !! − !! !! − !! !

Solutions!

!!! = !!!!!!!and!!!!!!!! = !!!
!

→!compute!the!normal!modes!

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

→!the!sum!is!independent!on!!!!

! 31!

!!!

!! − !
!

!!!
!!(!)

!

!!!
= 1 → !!!

1− !!
!!(!)

!

!!!
= 1!

!!!
!!(!)− !!(!)

!

!!!
= 1
!!(!)!

!

!

→!final!dispersion!relation!

→!can!calculate!! !,!!,!! .!!

→!!for!pathological!cases!emerge!(e.g.!!"#!! = 0)!use!!
!!! !! − !! !! − !! !! + !!! !! − !! !! − !! !! + !!! !! − !! !! − !! !!

= !! − !! !! − !! !! − !! !

→!quadratic!equation!in!!!!(!!!terms!are!vanishing)!

→!two!solutions!!!!and!!!!and!with!this!also!,!!!,! = !
!!
!!!,!.!
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!! − !! !! − !! !! = !! − !! !! − !! !! − !! !

Solutions!

!!! = !!!!!!!and!!!!!!!! = !!!
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!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

→!the!sum!is!independent!on!!!!

explicit expression

! 31!

!!!

!! − !
!

!!!
!!(!)

!

!!!
= 1 → !!!

1− !!
!!(!)

!

!!!
= 1!

!!!
!!(!)− !!(!)

!

!!!
= 1
!!(!)!

!

!

→!final!dispersion!relation!

→!can!calculate!! !,!!,!! .!!

→!!for!pathological!cases!emerge!(e.g.!!"#!! = 0)!use!!
!!! !! − !! !! − !! !! + !!! !! − !! !! − !! !! + !!! !! − !! !! − !! !!

= !! − !! !! − !! !! − !! !

→!quadratic!equation!in!!!!(!!!terms!are!vanishing)!

→!two!solutions!!!!and!!!!and!with!this!also!,!!!,! = !
!!
!!!,!.!

→! following!equation!equivalent! if!not!a! single!component!of!!!is! zero!and! if!!!!is!
equal!neither!to!any!of!the!permittivities!

!!!
!! − !!

+ !!!
!! − !!

+ !!!
!! − !!

= 1!

!

→!normal!modes!have!a!polarization!in!the!electric!displacement!for!which!they!are!

perpendicular!on!each!other!

→!propagation!direction!along!one!of!the!principal!axes!(!! = 1)!!
!! − !! !! − !! !! = !! − !! !! − !! !! − !! !

Solutions!

!!! = !!!!!!!and!!!!!!!! = !!!
!

→!compute!the!normal!modes!

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

→!the!sum!is!independent!on!!!!

normal modes have a polarisation in the electric 
displacement for which they are perpendicular on each other
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Example

! 31!

!!!

!! − !
!

!!!
!!(!)

!

!!!
= 1 → !!!

1− !!
!!(!)

!

!!!
= 1!

!!!
!!(!)− !!(!)

!

!!!
= 1
!!(!)!

!

!

→!final!dispersion!relation!

→!can!calculate!! !,!!,!! .!!

→!!for!pathological!cases!emerge!(e.g.!!"#!! = 0)!use!!
!!! !! − !! !! − !! !! + !!! !! − !! !! − !! !! + !!! !! − !! !! − !! !!

= !! − !! !! − !! !! − !! !

→!quadratic!equation!in!!!!(!!!terms!are!vanishing)!

→!two!solutions!!!!and!!!!and!with!this!also!,!!!,! = !
!!
!!!,!.!

→! following!equation!equivalent! if!not!a! single!component!of!!!is! zero!and! if!!!!is!
equal!neither!to!any!of!the!permittivities!

!!!
!! − !!

+ !!!
!! − !!

+ !!!
!! − !!

= 1!

!

→!normal!modes!have!a!polarization!in!the!electric!displacement!for!which!they!are!

perpendicular!on!each!other!

→!propagation!direction!along!one!of!the!principal!axes!(!! = 1)!!
!! − !! !! − !! !! = !! − !! !! − !! !! − !! !

Solutions!

!!! = !!!!!!!and!!!!!!!! = !!!
!

→!compute!the!normal!modes!

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

→!the!sum!is!independent!on!!!!

solutions:

! 31!

!!!

!! − !
!

!!!
!!(!)

!

!!!
= 1 → !!!

1− !!
!!(!)

!

!!!
= 1!

!!!
!!(!)− !!(!)

!

!!!
= 1
!!(!)!

!

!

→!final!dispersion!relation!

→!can!calculate!! !,!!,!! .!!

→!!for!pathological!cases!emerge!(e.g.!!"#!! = 0)!use!!
!!! !! − !! !! − !! !! + !!! !! − !! !! − !! !! + !!! !! − !! !! − !! !!

= !! − !! !! − !! !! − !! !

→!quadratic!equation!in!!!!(!!!terms!are!vanishing)!

→!two!solutions!!!!and!!!!and!with!this!also!,!!!,! = !
!!
!!!,!.!

→! following!equation!equivalent! if!not!a! single!component!of!!!is! zero!and! if!!!!is!
equal!neither!to!any!of!the!permittivities!

!!!
!! − !!

+ !!!
!! − !!

+ !!!
!! − !!

= 1!

!

→!normal!modes!have!a!polarization!in!the!electric!displacement!for!which!they!are!

perpendicular!on!each!other!

→!propagation!direction!along!one!of!the!principal!axes!(!! = 1)!!
!! − !! !! − !! !! = !! − !! !! − !! !! − !! !

Solutions!

!!! = !!!!!!!and!!!!!!!! = !!!
!

→!compute!the!normal!modes!

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

→!the!sum!is!independent!on!!!!

computing the normal modes: 
(starting point again wave equation)

! 31!

!!!

!! − !
!

!!!
!!(!)

!

!!!
= 1 → !!!

1− !!
!!(!)

!

!!!
= 1!

!!!
!!(!)− !!(!)

!

!!!
= 1
!!(!)!

!

!

→!final!dispersion!relation!

→!can!calculate!! !,!!,!! .!!

→!!for!pathological!cases!emerge!(e.g.!!"#!! = 0)!use!!
!!! !! − !! !! − !! !! + !!! !! − !! !! − !! !! + !!! !! − !! !! − !! !!

= !! − !! !! − !! !! − !! !

→!quadratic!equation!in!!!!(!!!terms!are!vanishing)!

→!two!solutions!!!!and!!!!and!with!this!also!,!!!,! = !
!!
!!!,!.!

→! following!equation!equivalent! if!not!a! single!component!of!!!is! zero!and! if!!!!is!
equal!neither!to!any!of!the!permittivities!

!!!
!! − !!

+ !!!
!! − !!

+ !!!
!! − !!

= 1!

!

→!normal!modes!have!a!polarization!in!the!electric!displacement!for!which!they!are!

perpendicular!on!each!other!

→!propagation!direction!along!one!of!the!principal!axes!(!! = 1)!!
!! − !! !! − !! !! = !! − !! !! − !! !! − !! !

Solutions!

!!! = !!!!!!!and!!!!!!!! = !!!
!

→!compute!the!normal!modes!

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

→!the!sum!is!independent!on!!!!

! 31!

!!!

!! − !
!

!!!
!!(!)

!

!!!
= 1 → !!!

1− !!
!!(!)

!

!!!
= 1!

!!!
!!(!)− !!(!)

!

!!!
= 1
!!(!)!

!

!

→!final!dispersion!relation!

→!can!calculate!! !,!!,!! .!!

→!!for!pathological!cases!emerge!(e.g.!!"#!! = 0)!use!!
!!! !! − !! !! − !! !! + !!! !! − !! !! − !! !! + !!! !! − !! !! − !! !!

= !! − !! !! − !! !! − !! !

→!quadratic!equation!in!!!!(!!!terms!are!vanishing)!

→!two!solutions!!!!and!!!!and!with!this!also!,!!!,! = !
!!
!!!,!.!

→! following!equation!equivalent! if!not!a! single!component!of!!!is! zero!and! if!!!!is!
equal!neither!to!any!of!the!permittivities!

!!!
!! − !!

+ !!!
!! − !!

+ !!!
!! − !!

= 1!

!

→!normal!modes!have!a!polarization!in!the!electric!displacement!for!which!they!are!

perpendicular!on!each!other!

→!propagation!direction!along!one!of!the!principal!axes!(!! = 1)!!
!! − !! !! − !! !! = !! − !! !! − !! !! − !! !

Solutions!

!!! = !!!!!!!and!!!!!!!! = !!!
!

→!compute!the!normal!modes!

!!

!!!
!! − !! !! = −!! !!!!

!

!!!
!

!! = − !!
!!

!!!
!! − !!

!!!!
!

!!!
!

→!the!sum!is!independent!on!!!!

! 27!

→first!in!principal!coordinate!system.!

3.4.1.#Normal#modes#for#a#propagation#in#the#principal#coordinate#system#
→the!principal!axes!are!in!the!!,!, !!directions!!
→require!that!! ∙ !! = ! ∙ !! = 0.!!
→assume!that!!@axis!is!principal!direction!(! → !!).!T!
→!!! ,!! ≠ 0!!
→!field!can!be!arbitrary!in!the!! − ! −!plane.!!
→!electric!displacement!linked!to!electric!field!by!!! = !!!!!! !(no!summation!here).!

!
Unique!situation!that!two!possible!polarization!directions!are!decoupled!

!!, !! !→ !!!! !!∙!!!" = !!!!!!!!!"#!!!!with!!!!!!!! =
!!

!!!
!! ! !

!!, !! !→ !!!! !!∙!!!" = !!!!!!!!!"#!!!!with!!!!!!!! =
!!

!!!
!! ! !

!

→!! ∦ !!→!elliptical!polarization!is!not!a!normal!mode!→!polarization!would!change!

upon!propagation.!!

→!this!doesn’t!hold!if!the!electric!field!is!polarized!along!one!of!the!principal!axes.!!

→!linearly!polarized!propgating!along!principal!axes!are!normal!modes!!

!(!) = !!!! !!∙!!!" !! !!!!→ !!!!!!!! =
!!

!!!
!!! !!!!→ !!!!!normal!mode!a!

225 

D

D

k
→

x

y

3n

2n1n

 

Tensor statt eines Skalars o Hauptachsen:  nH  i i    

Degenerierte Fälle:  

kubisch: Kugel 

einachsig: rotationssymmetrisch um  z �  Achse und  n n 1 2  

 

besser statt 

i in o H  

p
✏1 p

✏2

p
✏3

k

D2

D1

sum is independent on i

! 32!

→!from! !!!!!
!!! = !"#$%!we!can!write!down!the!ratio!of!the!amplitudes!as!

!!:!!:!! =
!!

!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

!

In!combination!with!!! = !!!!!! !we!obtain!

!!:!!:!! =
!!!!

!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

!

→!field!components!are!real!valued!!

→!no!phase!difference!between!the!different!components!

→!linear!polarization!for!the!normal!modes.!

→!prove!orthogonality!of!the!modes!!(!)!and!!(!)!!

!(!) ∙ !(!)~ !!!!!!!!!!

!!! − !
!

!!!
!! !!! − !

!

!!!
!!

!

!!!
!

= !!!
!!

!!!!
!!! − !!!

!!!
!!!!!

!!! − !
!

!!!
!!

−
!

!!!
!!!

!!!!!

!!! − !
!

!!!
!!

!

!!!
!

→!the!terms!in!the!sum!are!vanishing!since!

1 = !!,!! !!!

!!,!! − !
!

!!!
!!(!)

=
!

!!!

!!,!! − !
!

!!!
!! ! + !

!

!!!
!!(!) !!!

!!,!! − !
!

!!!
!!(!)

!

!!!

= 1+ !
!

!!!
!!!!!

!!,!! − !
!

!!!
!!

!

!!!
!

3.4.2.3#Geometrical#interpretation#II:#normal#surfaces#
→!also!called!iso@frequency!surface!or!iso@surface!

→!plot!the!index!of!the!two!modes!as!surfaces!depending!on!!! !!
→!centro@symmetric!two@layer!surface.!
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! 32!

→!from! !!!!!
!!! = !"#$%!we!can!write!down!the!ratio!of!the!amplitudes!as!

!!:!!:!! =
!!

!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

!

In!combination!with!!! = !!!!!! !we!obtain!

!!:!!:!! =
!!!!

!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

!

→!field!components!are!real!valued!!

→!no!phase!difference!between!the!different!components!

→!linear!polarization!for!the!normal!modes.!

→!prove!orthogonality!of!the!modes!!(!)!and!!(!)!!

!(!) ∙ !(!)~ !!!!!!!!!!

!!! − !
!

!!!
!! !!! − !

!

!!!
!!

!

!!!
!

= !!!
!!

!!!!
!!! − !!!

!!!
!!!!!

!!! − !
!

!!!
!!

−
!

!!!
!!!

!!!!!

!!! − !
!

!!!
!!

!

!!!
!

→!the!terms!in!the!sum!are!vanishing!since!

1 = !!,!! !!!

!!,!! − !
!

!!!
!!(!)

=
!

!!!

!!,!! − !
!

!!!
!! ! + !

!

!!!
!!(!) !!!

!!,!! − !
!

!!!
!!(!)

!

!!!

= 1+ !
!

!!!
!!!!!

!!,!! − !
!

!!!
!!

!

!!!
!

3.4.2.3#Geometrical#interpretation#II:#normal#surfaces#
→!also!called!iso@frequency!surface!or!iso@surface!

→!plot!the!index!of!the!two!modes!as!surfaces!depending!on!!! !!
→!centro@symmetric!two@layer!surface.!

! 32!

→!from! !!!!!
!!! = !"#$%!we!can!write!down!the!ratio!of!the!amplitudes!as!

!!:!!:!! =
!!

!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

!

In!combination!with!!! = !!!!!! !we!obtain!

!!:!!:!! =
!!!!

!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

!

→!field!components!are!real!valued!!

→!no!phase!difference!between!the!different!components!

→!linear!polarization!for!the!normal!modes.!

→!prove!orthogonality!of!the!modes!!(!)!and!!(!)!!

!(!) ∙ !(!)~ !!!!!!!!!!

!!! − !
!

!!!
!! !!! − !

!

!!!
!!

!

!!!
!

= !!!
!!

!!!!
!!! − !!!

!!!
!!!!!

!!! − !
!

!!!
!!

−
!

!!!
!!!

!!!!!

!!! − !
!

!!!
!!

!

!!!
!

→!the!terms!in!the!sum!are!vanishing!since!

1 = !!,!! !!!

!!,!! − !
!

!!!
!!(!)

=
!

!!!

!!,!! − !
!

!!!
!! ! + !

!

!!!
!!(!) !!!

!!,!! − !
!

!!!
!!(!)

!

!!!

= 1+ !
!

!!!
!!!!!

!!,!! − !
!

!!!
!!

!

!!!
!

3.4.2.3#Geometrical#interpretation#II:#normal#surfaces#
→!also!called!iso@frequency!surface!or!iso@surface!

→!plot!the!index!of!the!two!modes!as!surfaces!depending!on!!! !!
→!centro@symmetric!two@layer!surface.!

! 32!

→!from! !!!!!
!!! = !"#$%!we!can!write!down!the!ratio!of!the!amplitudes!as!

!!:!!:!! =
!!

!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

!

In!combination!with!!! = !!!!!! !we!obtain!

!!:!!:!! =
!!!!

!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

!

→!field!components!are!real!valued!!

→!no!phase!difference!between!the!different!components!

→!linear!polarization!for!the!normal!modes.!

→!prove!orthogonality!of!the!modes!!(!)!and!!(!)!!

!(!) ∙ !(!)~ !!!!!!!!!!

!!! − !
!

!!!
!! !!! − !

!

!!!
!!

!

!!!
!

= !!!
!!

!!!!
!!! − !!!

!!!
!!!!!

!!! − !
!

!!!
!!

−
!

!!!
!!!

!!!!!

!!! − !
!

!!!
!!

!

!!!
!

→!the!terms!in!the!sum!are!vanishing!since!

1 = !!,!! !!!

!!,!! − !
!

!!!
!!(!)

=
!

!!!

!!,!! − !
!

!!!
!! ! + !

!

!!!
!!(!) !!!

!!,!! − !
!

!!!
!!(!)

!

!!!

= 1+ !
!

!!!
!!!!!

!!,!! − !
!

!!!
!!

!

!!!
!

3.4.2.3#Geometrical#interpretation#II:#normal#surfaces#
→!also!called!iso@frequency!surface!or!iso@surface!

→!plot!the!index!of!the!two!modes!as!surfaces!depending!on!!! !!
→!centro@symmetric!two@layer!surface.!

are orthogonal

! 27!

→first!in!principal!coordinate!system.!

3.4.1.#Normal#modes#for#a#propagation#in#the#principal#coordinate#system#
→the!principal!axes!are!in!the!!,!, !!directions!!
→require!that!! ∙ !! = ! ∙ !! = 0.!!
→assume!that!!@axis!is!principal!direction!(! → !!).!T!
→!!! ,!! ≠ 0!!
→!field!can!be!arbitrary!in!the!! − ! −!plane.!!
→!electric!displacement!linked!to!electric!field!by!!! = !!!!!! !(no!summation!here).!

!
Unique!situation!that!two!possible!polarization!directions!are!decoupled!

!!, !! !→ !!!! !!∙!!!" = !!!!!!!!!"#!!!!with!!!!!!!! =
!!

!!!
!! ! !

!!, !! !→ !!!! !!∙!!!" = !!!!!!!!!"#!!!!with!!!!!!!! =
!!

!!!
!! ! !

!

→!! ∦ !!→!elliptical!polarization!is!not!a!normal!mode!→!polarization!would!change!

upon!propagation.!!

→!this!doesn’t!hold!if!the!electric!field!is!polarized!along!one!of!the!principal!axes.!!

→!linearly!polarized!propgating!along!principal!axes!are!normal!modes!!

!(!) = !!!! !!∙!!!" !! !!!!→ !!!!!!!! =
!!

!!!
!!! !!!!→ !!!!!normal!mode!a!
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D

D
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y

3n
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besser statt 

i in o H  

p
✏1 p

✏2

p
✏3

k

D2
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Normal surfaces

! 32!

→!from! !!!!!
!!! = !"#$%!we!can!write!down!the!ratio!of!the!amplitudes!as!

!!:!!:!! =
!!

!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

: !!
!!

!!!
!! − !!

!

In!combination!with!!! = !!!!!! !we!obtain!

!!:!!:!! =
!!!!

!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

: !!!!
!!

!!!
!! − !!

!

→!field!components!are!real!valued!!

→!no!phase!difference!between!the!different!components!

→!linear!polarization!for!the!normal!modes.!

→!prove!orthogonality!of!the!modes!!(!)!and!!(!)!!

!(!) ∙ !(!)~ !!!!!!!!!!

!!! − !
!

!!!
!! !!! − !

!

!!!
!!

!

!!!
!

= !!!
!!

!!!!
!!! − !!!

!!!
!!!!!

!!! − !
!

!!!
!!

−
!

!!!
!!!

!!!!!

!!! − !
!

!!!
!!

!

!!!
!

→!the!terms!in!the!sum!are!vanishing!since!

1 = !!,!! !!!

!!,!! − !
!

!!!
!!(!)

=
!

!!!

!!,!! − !
!

!!!
!! ! + !

!

!!!
!!(!) !!!

!!,!! − !
!

!!!
!!(!)

!

!!!

= 1+ !
!

!!!
!!!!!

!!,!! − !
!

!!!
!!

!

!!!
!

3.4.2.3#Geometrical#interpretation#II:#normal#surfaces#
→!also!called!iso@frequency!surface!or!iso@surface!

→!plot!the!index!of!the!two!modes!as!surfaces!depending!on!!! !!
→!centro@symmetric!two@layer!surface.!

! 27!

→first!in!principal!coordinate!system.!

3.4.1.#Normal#modes#for#a#propagation#in#the#principal#coordinate#system#
→the!principal!axes!are!in!the!!,!, !!directions!!
→require!that!! ∙ !! = ! ∙ !! = 0.!!
→assume!that!!@axis!is!principal!direction!(! → !!).!T!
→!!! ,!! ≠ 0!!
→!field!can!be!arbitrary!in!the!! − ! −!plane.!!
→!electric!displacement!linked!to!electric!field!by!!! = !!!!!! !(no!summation!here).!

!
Unique!situation!that!two!possible!polarization!directions!are!decoupled!

!!, !! !→ !!!! !!∙!!!" = !!!!!!!!!"#!!!!with!!!!!!!! =
!!

!!!
!! ! !

!!, !! !→ !!!! !!∙!!!" = !!!!!!!!!"#!!!!with!!!!!!!! =
!!

!!!
!! ! !

!

→!! ∦ !!→!elliptical!polarization!is!not!a!normal!mode!→!polarization!would!change!

upon!propagation.!!

→!this!doesn’t!hold!if!the!electric!field!is!polarized!along!one!of!the!principal!axes.!!

→!linearly!polarized!propgating!along!principal!axes!are!normal!modes!!

!(!) = !!!! !!∙!!!" !! !!!!→ !!!!!!!! =
!!

!!!
!!! !!!!→ !!!!!normal!mode!a!

225 

D
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besser statt 
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p
✏1 p

✏2

p
✏3

k
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cross sections with principal axes are either circles or ellipses
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! 33!

!
!

The!cross!sections!with!the!principal!axes!are!either!circles!or!ellipses.!

Biaxial:! →!the!two!surfaces!intersect!in!four!different!points!!

→!connecting!lines!between!the!two!points!are!the!two!optical!axes!

→! optical! axis! defined! as! direction!where! the!wave! experiences! no!

birefringence!

Uniaxial:! →!body!of!revolution!made!from!an!ellipse!and!a!sphere!!

→!two!intersection!points!at!the!poles!!

→!connecting!line!equally!provides!information!on!the!optical!axes!(z)!

→!!! = !! = !!"!and!!! = !!!!
→! subscripts! or! and!e! stands! for! ordinary! and!extraordinary!optical!

axes.!

cubic:! The!structure!is!isotropic!and!the!two!interfaces!are!identical!

→How!the!figures!need!to!be!understood?!

→!fix!the!directions!!!!and!!!!!
→!identify!the!intersections!with!the!surfaces!

Script Fundamentals of Modern Optics, FSU Jena, Prof. T. Pertsch, FoMO_Script_2013-01-14.docx 133 

 
biaxial: 4 points with n n a b  Î connecting lines define two optical axes 

uniaxial: 2 points with n n a b  in the poles Î connecting line defines the 
optical axis (for 1 2H  H  Hor , 3H  He  the z-axis is the optical axis) 

isotrop: sphere 
How to read the figure: 

� fix propagation direction ( 1 2,u u )  o  intersection with surfaces 
� distances from origin to intersections with surfaces correspond to 

refractive indices of normal modes 
� definition of optical axis  o   n n a b  

Summary: there are two geometrical constructions:  
A) index ellipsoid (visualization of dielectric tensor) 

� fix propagation direction  z   index ellipse  z   half lengths of principal 
axes give  ,n na b  (refractive indices of the normal modes) 

� optical axis o index ellipse is a circle 
� for uniaxial crystals the optical axis coincides with one principal axis 

B) normal surfaces (visualization of dispersion relation) 
� fix propagation direction  z   intersection with surfaces 
z  distances from origin give ,n na b  

� optical axis connects points with n n a b  
Conclusion: 
In anisotropic media and for a given propagation direction we find two normal 
modes, which are linearly polarized monochromatic plane waves with two 
different phase velocities c na , c nb and two orthogonal polarization directions 
( ) ( ),D D ba . 
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 Special case: uniaxial crystals 6.4.4
Let us now treat the special (simpler) case of uniaxial crystals. In biaxial 
crystals we do not find any other effects, just the description is more 
complicated. The main advantage of uniaxial crystals is that we have 
rotational symmetry in, e.g., x,y-direction and therefore all three-dimensional 
graphs (index-ellipsoid, normal surfaces) can be reduced to two dimensions, 
and we can sketch them more easily. As we have seen before, uniaxial 
crystals have trigonal, tetragonal, or hexagonal symmetry. Let us assume 
(without loss of generality) that the index ellipsoid is rotational symmetric 
around the z-axis, and we have 

 1 2 3,H  H  H H  Hor e  
which we call ordinary and extraordinary refractive indices. 
Then, we expect two normal modes: 
A) ordinary wave  Î  n   independent of propagation direction 
B) extraordinary wave Î  n   depends on propagation direction 
The z-axis is, according to definition, the optical axis with a bn n   

Î The ordinary wave ( )orD is polarized perpendicular to the z-axis and the k-
vector. 

Î The extraordinary wave ( )eD  is polarized perpendicular to the k-vector 
and ( )orD . 

Let us now derive the dispersion relation: From above we know the implicit 
form 
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For uniaxial crystals this leads to 
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Hence for a given direction iu  one gets the two refractive indexes ,n na b . 

biaxial crystal

! 33!

!
!

The!cross!sections!with!the!principal!axes!are!either!circles!or!ellipses.!

Biaxial:! →!the!two!surfaces!intersect!in!four!different!points!!

→!connecting!lines!between!the!two!points!are!the!two!optical!axes!

→! optical! axis! defined! as! direction!where! the!wave! experiences! no!

birefringence!

Uniaxial:! →!body!of!revolution!made!from!an!ellipse!and!a!sphere!!

→!two!intersection!points!at!the!poles!!

→!connecting!line!equally!provides!information!on!the!optical!axes!(z)!

→!!! = !! = !!"!and!!! = !!!!
→! subscripts! or! and!e! stands! for! ordinary! and!extraordinary!optical!

axes.!

cubic:! The!structure!is!isotropic!and!the!two!interfaces!are!identical!

→How!the!figures!need!to!be!understood?!

→!fix!the!directions!!!!and!!!!!
→!identify!the!intersections!with!the!surfaces!
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biaxial: 4 points with n n a b  Î connecting lines define two optical axes 

uniaxial: 2 points with n n a b  in the poles Î connecting line defines the 
optical axis (for 1 2H  H  Hor , 3H  He  the z-axis is the optical axis) 

isotrop: sphere 
How to read the figure: 

� fix propagation direction ( 1 2,u u )  o  intersection with surfaces 
� distances from origin to intersections with surfaces correspond to 

refractive indices of normal modes 
� definition of optical axis  o   n n a b  

Summary: there are two geometrical constructions:  
A) index ellipsoid (visualization of dielectric tensor) 

� fix propagation direction  z   index ellipse  z   half lengths of principal 
axes give  ,n na b  (refractive indices of the normal modes) 

� optical axis o index ellipse is a circle 
� for uniaxial crystals the optical axis coincides with one principal axis 

B) normal surfaces (visualization of dispersion relation) 
� fix propagation direction  z   intersection with surfaces 
z  distances from origin give ,n na b  

� optical axis connects points with n n a b  
Conclusion: 
In anisotropic media and for a given propagation direction we find two normal 
modes, which are linearly polarized monochromatic plane waves with two 
different phase velocities c na , c nb and two orthogonal polarization directions 
( ) ( ),D D ba . 
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 Special case: uniaxial crystals 6.4.4
Let us now treat the special (simpler) case of uniaxial crystals. In biaxial 
crystals we do not find any other effects, just the description is more 
complicated. The main advantage of uniaxial crystals is that we have 
rotational symmetry in, e.g., x,y-direction and therefore all three-dimensional 
graphs (index-ellipsoid, normal surfaces) can be reduced to two dimensions, 
and we can sketch them more easily. As we have seen before, uniaxial 
crystals have trigonal, tetragonal, or hexagonal symmetry. Let us assume 
(without loss of generality) that the index ellipsoid is rotational symmetric 
around the z-axis, and we have 

 1 2 3,H  H  H H  Hor e  
which we call ordinary and extraordinary refractive indices. 
Then, we expect two normal modes: 
A) ordinary wave  Î  n   independent of propagation direction 
B) extraordinary wave Î  n   depends on propagation direction 
The z-axis is, according to definition, the optical axis with a bn n   

Î The ordinary wave ( )orD is polarized perpendicular to the z-axis and the k-
vector. 

Î The extraordinary wave ( )eD  is polarized perpendicular to the k-vector 
and ( )orD . 

Let us now derive the dispersion relation: From above we know the implicit 
form 

 Î 22

2 1i

ii nn
u

 
ª º¬ ¼H�

¦  

For uniaxial crystals this leads to 
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Hence for a given direction iu  one gets the two refractive indexes ,n na b . 
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uniaxial crystal
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!
!

The!cross!sections!with!the!principal!axes!are!either!circles!or!ellipses.!

Biaxial:! →!the!two!surfaces!intersect!in!four!different!points!!

→!connecting!lines!between!the!two!points!are!the!two!optical!axes!

→! optical! axis! defined! as! direction!where! the!wave! experiences! no!

birefringence!

Uniaxial:! →!body!of!revolution!made!from!an!ellipse!and!a!sphere!!

→!two!intersection!points!at!the!poles!!

→!connecting!line!equally!provides!information!on!the!optical!axes!(z)!

→!!! = !! = !!"!and!!! = !!!!
→! subscripts! or! and!e! stands! for! ordinary! and!extraordinary!optical!

axes.!

cubic:! The!structure!is!isotropic!and!the!two!interfaces!are!identical!

→How!the!figures!need!to!be!understood?!

→!fix!the!directions!!!!and!!!!!
→!identify!the!intersections!with!the!surfaces!
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biaxial: 4 points with n n a b  Î connecting lines define two optical axes 

uniaxial: 2 points with n n a b  in the poles Î connecting line defines the 
optical axis (for 1 2H  H  Hor , 3H  He  the z-axis is the optical axis) 

isotrop: sphere 
How to read the figure: 

� fix propagation direction ( 1 2,u u )  o  intersection with surfaces 
� distances from origin to intersections with surfaces correspond to 

refractive indices of normal modes 
� definition of optical axis  o   n n a b  

Summary: there are two geometrical constructions:  
A) index ellipsoid (visualization of dielectric tensor) 

� fix propagation direction  z   index ellipse  z   half lengths of principal 
axes give  ,n na b  (refractive indices of the normal modes) 

� optical axis o index ellipse is a circle 
� for uniaxial crystals the optical axis coincides with one principal axis 

B) normal surfaces (visualization of dispersion relation) 
� fix propagation direction  z   intersection with surfaces 
z  distances from origin give ,n na b  

� optical axis connects points with n n a b  
Conclusion: 
In anisotropic media and for a given propagation direction we find two normal 
modes, which are linearly polarized monochromatic plane waves with two 
different phase velocities c na , c nb and two orthogonal polarization directions 
( ) ( ),D D ba . 
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 Special case: uniaxial crystals 6.4.4
Let us now treat the special (simpler) case of uniaxial crystals. In biaxial 
crystals we do not find any other effects, just the description is more 
complicated. The main advantage of uniaxial crystals is that we have 
rotational symmetry in, e.g., x,y-direction and therefore all three-dimensional 
graphs (index-ellipsoid, normal surfaces) can be reduced to two dimensions, 
and we can sketch them more easily. As we have seen before, uniaxial 
crystals have trigonal, tetragonal, or hexagonal symmetry. Let us assume 
(without loss of generality) that the index ellipsoid is rotational symmetric 
around the z-axis, and we have 

 1 2 3,H  H  H H  Hor e  
which we call ordinary and extraordinary refractive indices. 
Then, we expect two normal modes: 
A) ordinary wave  Î  n   independent of propagation direction 
B) extraordinary wave Î  n   depends on propagation direction 
The z-axis is, according to definition, the optical axis with a bn n   

Î The ordinary wave ( )orD is polarized perpendicular to the z-axis and the k-
vector. 

Î The extraordinary wave ( )eD  is polarized perpendicular to the k-vector 
and ( )orD . 

Let us now derive the dispersion relation: From above we know the implicit 
form 
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For uniaxial crystals this leads to 
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Hence for a given direction iu  one gets the two refractive indexes ,n na b . 
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Biaxial:! →!the!two!surfaces!intersect!in!four!different!points!!

→!connecting!lines!between!the!two!points!are!the!two!optical!axes!

→! optical! axis! defined! as! direction!where! the!wave! experiences! no!

birefringence!

Uniaxial:! →!body!of!revolution!made!from!an!ellipse!and!a!sphere!!

→!two!intersection!points!at!the!poles!!

→!connecting!line!equally!provides!information!on!the!optical!axes!(z)!

→!!! = !! = !!"!and!!! = !!!!
→! subscripts! or! and!e! stands! for! ordinary! and!extraordinary!optical!

axes.!

cubic:! The!structure!is!isotropic!and!the!two!interfaces!are!identical!

→How!the!figures!need!to!be!understood?!
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biaxial: 4 points with n n a b  Î connecting lines define two optical axes 

uniaxial: 2 points with n n a b  in the poles Î connecting line defines the 
optical axis (for 1 2H  H  Hor , 3H  He  the z-axis is the optical axis) 

isotrop: sphere 
How to read the figure: 

� fix propagation direction ( 1 2,u u )  o  intersection with surfaces 
� distances from origin to intersections with surfaces correspond to 

refractive indices of normal modes 
� definition of optical axis  o   n n a b  

Summary: there are two geometrical constructions:  
A) index ellipsoid (visualization of dielectric tensor) 

� fix propagation direction  z   index ellipse  z   half lengths of principal 
axes give  ,n na b  (refractive indices of the normal modes) 

� optical axis o index ellipse is a circle 
� for uniaxial crystals the optical axis coincides with one principal axis 

B) normal surfaces (visualization of dispersion relation) 
� fix propagation direction  z   intersection with surfaces 
z  distances from origin give ,n na b  

� optical axis connects points with n n a b  
Conclusion: 
In anisotropic media and for a given propagation direction we find two normal 
modes, which are linearly polarized monochromatic plane waves with two 
different phase velocities c na , c nb and two orthogonal polarization directions 
( ) ( ),D D ba . 
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 Special case: uniaxial crystals 6.4.4
Let us now treat the special (simpler) case of uniaxial crystals. In biaxial 
crystals we do not find any other effects, just the description is more 
complicated. The main advantage of uniaxial crystals is that we have 
rotational symmetry in, e.g., x,y-direction and therefore all three-dimensional 
graphs (index-ellipsoid, normal surfaces) can be reduced to two dimensions, 
and we can sketch them more easily. As we have seen before, uniaxial 
crystals have trigonal, tetragonal, or hexagonal symmetry. Let us assume 
(without loss of generality) that the index ellipsoid is rotational symmetric 
around the z-axis, and we have 

 1 2 3,H  H  H H  Hor e  
which we call ordinary and extraordinary refractive indices. 
Then, we expect two normal modes: 
A) ordinary wave  Î  n   independent of propagation direction 
B) extraordinary wave Î  n   depends on propagation direction 
The z-axis is, according to definition, the optical axis with a bn n   

Î The ordinary wave ( )orD is polarized perpendicular to the z-axis and the k-
vector. 

Î The extraordinary wave ( )eD  is polarized perpendicular to the k-vector 
and ( )orD . 

Let us now derive the dispersion relation: From above we know the implicit 
form 
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Hence for a given direction iu  one gets the two refractive indexes ,n na b . 
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cubic crystal

236 

Geometrische Interpretation II - Die Normalenfläche  

 

→ Gleichung einer Fläche im  ik  -Raum ( )
/ i i
k u nu
c

=
ω

   →   Normalenfläche  

→   centrosymmetrische, aus zwei Blättern bestehende Fläche   

→   schneidet jede Hauptebene als Kreis und Ellipse  

 

biaxial: 4 Schnittpunkte der Flächen  →   Verbindungslinien ergeben

die zwei optischen Achsen. 

  

uniaxial: Rotationsellipse und Kugel  →   2 Schnittpunkte in den 

Polen  →   Verbindungslinie ergibt die optische Achse 

 (wenn  2
1 2 nε = ε = or  ,  2

3 )nε = e , dann ist  z  -Achse die 

 optische Achse 

kubisch: Kugel 

 

 

zweiachsig einachsig 

isotrop 
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The!cross!sections!with!the!principal!axes!are!either!circles!or!ellipses.!

Biaxial:! →!the!two!surfaces!intersect!in!four!different!points!!

→!connecting!lines!between!the!two!points!are!the!two!optical!axes!

→! optical! axis! defined! as! direction!where! the!wave! experiences! no!

birefringence!

Uniaxial:! →!body!of!revolution!made!from!an!ellipse!and!a!sphere!!

→!two!intersection!points!at!the!poles!!

→!connecting!line!equally!provides!information!on!the!optical!axes!(z)!

→!!! = !! = !!"!and!!! = !!!!
→! subscripts! or! and!e! stands! for! ordinary! and!extraordinary!optical!

axes.!

cubic:! The!structure!is!isotropic!and!the!two!interfaces!are!identical!

→How!the!figures!need!to!be!understood?!

→!fix!the!directions!!!!and!!!!!
→!identify!the!intersections!with!the!surfaces!
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biaxial: 4 points with n n a b  Î connecting lines define two optical axes 

uniaxial: 2 points with n n a b  in the poles Î connecting line defines the 
optical axis (for 1 2H  H  Hor , 3H  He  the z-axis is the optical axis) 

isotrop: sphere 
How to read the figure: 

� fix propagation direction ( 1 2,u u )  o  intersection with surfaces 
� distances from origin to intersections with surfaces correspond to 

refractive indices of normal modes 
� definition of optical axis  o   n n a b  

Summary: there are two geometrical constructions:  
A) index ellipsoid (visualization of dielectric tensor) 

� fix propagation direction  z   index ellipse  z   half lengths of principal 
axes give  ,n na b  (refractive indices of the normal modes) 

� optical axis o index ellipse is a circle 
� for uniaxial crystals the optical axis coincides with one principal axis 

B) normal surfaces (visualization of dispersion relation) 
� fix propagation direction  z   intersection with surfaces 
z  distances from origin give ,n na b  

� optical axis connects points with n n a b  
Conclusion: 
In anisotropic media and for a given propagation direction we find two normal 
modes, which are linearly polarized monochromatic plane waves with two 
different phase velocities c na , c nb and two orthogonal polarization directions 
( ) ( ),D D ba . 
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 Special case: uniaxial crystals 6.4.4
Let us now treat the special (simpler) case of uniaxial crystals. In biaxial 
crystals we do not find any other effects, just the description is more 
complicated. The main advantage of uniaxial crystals is that we have 
rotational symmetry in, e.g., x,y-direction and therefore all three-dimensional 
graphs (index-ellipsoid, normal surfaces) can be reduced to two dimensions, 
and we can sketch them more easily. As we have seen before, uniaxial 
crystals have trigonal, tetragonal, or hexagonal symmetry. Let us assume 
(without loss of generality) that the index ellipsoid is rotational symmetric 
around the z-axis, and we have 

 1 2 3,H  H  H H  Hor e  
which we call ordinary and extraordinary refractive indices. 
Then, we expect two normal modes: 
A) ordinary wave  Î  n   independent of propagation direction 
B) extraordinary wave Î  n   depends on propagation direction 
The z-axis is, according to definition, the optical axis with a bn n   

Î The ordinary wave ( )orD is polarized perpendicular to the z-axis and the k-
vector. 

Î The extraordinary wave ( )eD  is polarized perpendicular to the k-vector 
and ( )orD . 

Let us now derive the dispersion relation: From above we know the implicit 
form 
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Hence for a given direction iu  one gets the two refractive indexes ,n na b . 

! 34!

→!distance!between!from!coordinate!to!intersections!provides!refractive!indices!of!

the!normal!modes!!

→!only!if!considered!along!optical!axes,!the!two!indices!are!identical!!! = !!.!!
→!overall!two!different!geometrical!interpretations:!

(a) Index!ellipsoid!

@Direction! fixed!→! identifying! index! ellipse!→! semi@axes! provide!!!!
and!!! ,! being! the! indices,! which! are! experienced! by! the! normal!

modes!

(b) Normal!surfaces!

@Direction!fixed!→!cross!section!to!the!normal!surfaces!→!distance!to!

the! center! provide!!! !and!!! ,! optical! axis! is! the! connecting! line!
between!the!center!and!the!cross!section!of!the!two!branches!

!

Essence:!!

→!two!normal!modes!!

→!linearly!polarized!plane!monochromatic!waves!!

→!have!different!phase!velocities,!given!by! !!!!,!
!!

→!two!perpendicular!polarization!direction!

can!be!extracted!once!material!and!propagation!direction!is!fixed!

3.4.3#Uniaxial#crystals#
→!crystal!structure!trigonal,!tetragonal,!or!hexagonal!!

→!index!ellipsoid!rotational!symmetric!around!!@axes!!
→!characterized!by!an!ordinary!and!an!extraordinary!index!that!are!derived!from!

!! = !! = !!"!!!!!and!!!!!!!! = !!!
→!The!normal!modes,!in!general,!do!not!see!the!associated!indices!directly.!

There!are!two!different!normal!modes!

a) Ordinary!waves!! →!index!is!independent!on!the!direction!

→!! !" !polarized!perpendicular!to!the!!@axis!and!!!
b) Extraordinary!waves! →!index!is!dependent!on!the!direction!

→! polarized! perpendicular! to! ! !and! in! the! plane!

spanned!by!the!wave!vector!and!the!rotational!axis,!

the structure is 
isotropic and the 
two interfaces are 

identical

how to use normalsurfaces

the normal modes
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→!distance!between!from!coordinate!to!intersections!provides!refractive!indices!of!

the!normal!modes!!

→!only!if!considered!along!optical!axes,!the!two!indices!are!identical!!! = !!.!!
→!overall!two!different!geometrical!interpretations:!

(a) Index!ellipsoid!

@Direction! fixed!→! identifying! index! ellipse!→! semi@axes! provide!!!!
and!!! ,! being! the! indices,! which! are! experienced! by! the! normal!

modes!

(b) Normal!surfaces!

@Direction!fixed!→!cross!section!to!the!normal!surfaces!→!distance!to!

the! center! provide!!! !and!!! ,! optical! axis! is! the! connecting! line!
between!the!center!and!the!cross!section!of!the!two!branches!

!

Essence:!!

→!two!normal!modes!!

→!linearly!polarized!plane!monochromatic!waves!!

→!have!different!phase!velocities,!given!by! !!!!,!
!!

→!two!perpendicular!polarization!direction!

can!be!extracted!once!material!and!propagation!direction!is!fixed!

3.4.3#Uniaxial#crystals#
→!crystal!structure!trigonal,!tetragonal,!or!hexagonal!!

→!index!ellipsoid!rotational!symmetric!around!!@axes!!
→!characterized!by!an!ordinary!and!an!extraordinary!index!that!are!derived!from!

!! = !! = !!"!!!!!and!!!!!!!! = !!!
→!The!normal!modes,!in!general,!do!not!see!the!associated!indices!directly.!

There!are!two!different!normal!modes!

a) Ordinary!waves!! →!index!is!independent!on!the!direction!

→!! !" !polarized!perpendicular!to!the!!@axis!and!!!
b) Extraordinary!waves! →!index!is!dependent!on!the!direction!

→! polarized! perpendicular! to! ! !and! in! the! plane!

spanned!by!the!wave!vector!and!the!rotational!axis,!

summary of the two geometrical interpretation

essence

! 34!

→!distance!between!from!coordinate!to!intersections!provides!refractive!indices!of!

the!normal!modes!!

→!only!if!considered!along!optical!axes,!the!two!indices!are!identical!!! = !!.!!
→!overall!two!different!geometrical!interpretations:!

(a) Index!ellipsoid!

@Direction! fixed!→! identifying! index! ellipse!→! semi@axes! provide!!!!
and!!! ,! being! the! indices,! which! are! experienced! by! the! normal!

modes!

(b) Normal!surfaces!

@Direction!fixed!→!cross!section!to!the!normal!surfaces!→!distance!to!

the! center! provide!!! !and!!! ,! optical! axis! is! the! connecting! line!
between!the!center!and!the!cross!section!of!the!two!branches!

!

Essence:!!

→!two!normal!modes!!

→!linearly!polarized!plane!monochromatic!waves!!

→!have!different!phase!velocities,!given!by! !!!!,!
!!

→!two!perpendicular!polarization!direction!

can!be!extracted!once!material!and!propagation!direction!is!fixed!

3.4.3#Uniaxial#crystals#
→!crystal!structure!trigonal,!tetragonal,!or!hexagonal!!

→!index!ellipsoid!rotational!symmetric!around!!@axes!!
→!characterized!by!an!ordinary!and!an!extraordinary!index!that!are!derived!from!

!! = !! = !!"!!!!!and!!!!!!!! = !!!
→!The!normal!modes,!in!general,!do!not!see!the!associated!indices!directly.!

There!are!two!different!normal!modes!

a) Ordinary!waves!! →!index!is!independent!on!the!direction!

→!! !" !polarized!perpendicular!to!the!!@axis!and!!!
b) Extraordinary!waves! →!index!is!dependent!on!the!direction!

→! polarized! perpendicular! to! ! !and! in! the! plane!

spanned!by!the!wave!vector!and!the!rotational!axis,!

two linearly polarised monochromatic waves as normal modes

can be extracted once material and propagation direction are fixed
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