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Uniaxial crystals

! 34!

→!distance!between!from!coordinate!to!intersections!provides!refractive!indices!of!

the!normal!modes!!

→!only!if!considered!along!optical!axes,!the!two!indices!are!identical!!! = !!.!!
→!overall!two!different!geometrical!interpretations:!

(a) Index!ellipsoid!

@Direction! fixed!→! identifying! index! ellipse!→! semi@axes! provide!!!!
and!!! ,! being! the! indices,! which! are! experienced! by! the! normal!

modes!

(b) Normal!surfaces!

@Direction!fixed!→!cross!section!to!the!normal!surfaces!→!distance!to!

the! center! provide!!! !and!!! ,! optical! axis! is! the! connecting! line!
between!the!center!and!the!cross!section!of!the!two!branches!

!

Essence:!!

→!two!normal!modes!!

→!linearly!polarized!plane!monochromatic!waves!!

→!have!different!phase!velocities,!given!by! !!!!,!
!!

→!two!perpendicular!polarization!direction!

can!be!extracted!once!material!and!propagation!direction!is!fixed!

3.4.3#Uniaxial#crystals#
→!crystal!structure!trigonal,!tetragonal,!or!hexagonal!!

→!index!ellipsoid!rotational!symmetric!around!!@axes!!
→!characterized!by!an!ordinary!and!an!extraordinary!index!that!are!derived!from!

!! = !! = !!"!!!!!and!!!!!!!! = !!!
→!The!normal!modes,!in!general,!do!not!see!the!associated!indices!directly.!

There!are!two!different!normal!modes!

a) Ordinary!waves!! →!index!is!independent!on!the!direction!

→!! !" !polarized!perpendicular!to!the!!@axis!and!!!
b) Extraordinary!waves! →!index!is!dependent!on!the!direction!

→! polarized! perpendicular! to! ! !and! in! the! plane!

spanned!by!the!wave!vector!and!the!rotational!axis,!
! 26!

!!"
!

!,!!!
!!!! = !! !!!!

!

!!!
= 2!!" !

→In!principle!coordinate!system!this!index!ellipsoid!can!be!defined!as!

!!!!! + !!!!! + !!!!! =
!!!
!!
+ !!

!

!!
+ !!

!

!!
= 1!

!

!

3.4.#Normalmodes#in#an#anisotropic#material#
Normalmode:!!

→!solution!to!the!source!free!wave!equation!

→!experiences!upon!propagation!only!a!spatial@temporal!phase!variation!!

→!amplitude!and!polarization!are!preserved!and!constant.!!!

→!spatial@temporal!phase!variation!is!connected!via!the!dispersion!relation!

Reminder:!isotropic!medium!!

! !, ! = !!!! !∙!!!" !

!! ! = !! ! = !!

!!!
! ! !

with!! ! > 0!and!! ∙ !! = ! ∙ !! = 0.!!
→!wave!is!elliptically!polarized!!
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Tensor statt eines Skalars o Hauptachsen:  nH  i i    

Degenerierte Fälle:  

kubisch: Kugel 

einachsig: rotationssymmetrisch um  z �  Achse und  n n 1 2  
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! 35!

→! ! !is!perpendicular!to!! !" !!

→!according!to!our!definitions!z@axes!is!optical!axis!with!!! = !!.!

!
!

Dispersion!relation.!

!!! !! − !!" !! − !! !! + !!! !! − !!" !! − !! !! + !!! !! − !!" !!!

= !! − !!" ! !! − !! !

!! − !!" !!! + !!! !! − !! + !!! !! − !!" − !! − !! !! − !!"
!! = 0!

Two!solutions.!

1. Ordinary!wave!

!!! = !!" !!!→ !!!!! =
!!

!!!
!!" =

!!

!!!
!!!! !!!!

2. Extraordinary!wave!

!!! + !!! !!! − !! + !!! !!! − !!" = !!! − !! !!! − !!"
!! !

!

!!! !!! + !!! + !!! − !!! − !!! + !!! !! − !!!!!" + !! + !!" −
!!!!"
!!!

= 0!

!! 1− !!! − !!! + !!" 1− !!! − !!!!"!!!
= 0!
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o  a priori nicht der Index, den die Welle sieht 

 

2 Normalmoden:  

 

a) ordentliche Welle  o   n   unabhängig von Richtung 

b) außerordentliche Welle  o   n   abhängig von Richtung 

z  -Achse o optische Achse mit  .n n a b    

o ordentliche Welle o  senkrecht zur Rotationsachse und zum  k  -Vektor 

polarisiert 

o  außerordentliche Welle o  senkrecht zum  k  -Vektor polarisiert und liegt 

in der Ebene  k  -Vektor – Rotationsachse 
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! 36!

!!! + !!!
!! !

+ !!!
!!" !

− 1
!!!

= 0!

!

→!calculate!!!!and!!!!for!a!given!illumination!direction!

→!Geometrical!representation!of!the!normal!surfaces!!

1. Ordinary!wave!

!!! = !!! + !!! + !!! = !!!!!"!
2. Extraordinary!wave!

1
!!

!!! + !!!
!!!

+ 1
!!"

!!!
!!!

= 1!

→!equation!for!a!rotational!symmetric!ellipsoid!

!→!for!simplicity!we!assume!that!the!propagation!takes!place!in!the!! − !@plane!
→!!! = 0!!
→!size!of!the!ellipse!changes!with!frequency!

→!isosurfaces!look!like!

!

→!what!can!be!said!about!the!fields?!We!know!that!

!!:!!:!! =
!!"!!

!!

!!!
!!" − !!

: !!"!!
!!

!!!
!!" − !!

: !!!!
!!

!!!
!! − !!

!
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Geometrische Darstellung als Normalenflächen  
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→for!extraordinary!wave! the!denominators!are! finite!and!with!!! = 0→!!!! = 0.!
→field!is!polarized!in!the!y@z@plane!!

→!since!ordinary!wave!are!polarized!perpendicular!to!the!extraordinary!wave!

→!ordinary!wave!must!be!polarized!in!the!x@direction!!

→! alternatively,!ordinary! field! is!polarized!perpendicular! to! the!plane!given!by! the!

optical!axis!and!the!wave!vector.!!

→!in!our!example!the!optical!axis!is!the!z@direction!→!ordinary!wave!polarized!in!the!

x@direction.!

!

→!calculation!of!the!effective!index!!! Θ !of!the!extraordinary!wave!depending!on!

the!angle!of!propagation!in!the!y@z@plane!!

!!! + !!!
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+ !!!
!!" !

− 1
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→!with!!! = 0!!
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− 1
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= 0!

!! = sinΘ !!!!!and!!!!!!!! = cosΘ!
sin! Θ
!! !

+ cos! Θ
!!" !

− 1
!!! !,Θ

= 0!

!!! !,Θ = !! ! !!" !
!!" ! sin! Θ+ !! ! cos! Θ!

!
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o  a priori nicht der Index, den die Welle sieht 

 

2 Normalmoden:  

 

a) ordentliche Welle  o   n   unabhängig von Richtung 

b) außerordentliche Welle  o   n   abhängig von Richtung 

z  -Achse o optische Achse mit  .n n a b    

o ordentliche Welle o  senkrecht zur Rotationsachse und zum  k  -Vektor 

polarisiert 

o  außerordentliche Welle o  senkrecht zum  k  -Vektor polarisiert und liegt 

in der Ebene  k  -Vektor – Rotationsachse 
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Statements about the field

 

Effective index of the extraordinary wave

depends on the angle of propagation in the y-z-plane
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! 38!

!
Finally! we! would! like! to! mention! that! a! classification! is! usually! used! for! uniaxial!

optical!materials.!For!

!!" ! > !! ! !!!!→ !!!!!negatively!uniaxal!
!!" ! < !! ! !!!!→ !!!!!positively!uniaxal!

3.5#Derived#quantities#from#the#dispersion#relation#
!
→!assume!that!the!principal!propagation!direction!is!along!z@axis!!

→!propagation!takes!place!in!the!y@z@plane!
→!considering!1D!bundles!for!simplicity!
!

Inclination!coefficient:!!

! !!! = !!! !, !!
!!! !!!

!

→!related!to!the!transverse!shift!a!Gaussian!beam!experiences!during!propagation!

→! difference! between! direction! of! energy! transport! and! normal! direction! of! the!

fronts!of!constant!phase!

→!a!Gaussian!beam!will!not!propagate!in!the!direction!of!the!wave!vector!

→!it!will!propagate!to!the!direction!normal!to!the!negative!tangent!!

− !!!
!!! !, !! !!!

= !!
!!!

!! !
!!" !

= tan! !! !!!" !
= tanΘ!

→! refraction! coefficient! expresses! the!way! refraction! takes! place! at! the! interface!

between!two!media!characterized!by!a!given!inclination!coefficient!

! !!! = !! !!!
!! !!!

!

242 

  

 

Klassifizierungen:   H ! H oor e   negativ einachsig  

     H � H oor e   positiv einachsig  

Polarisation der Felder:  

1) ordentlich: senkrecht zu Ebenen optischer Achse -  k   ,  ,D k D E&A    

2) außerordentlich:senkrecht zu  k   und in Ebene optische Achse -  k    

,D k D EA >  , da  1 0 0 1 3 0 3,D E D E H H  H Hr e    

ENDE DER 17. VORLESUNG SS05 
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classification:
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• part of statistical optics 
• Emil Wolf 1950s and later others

Basics

“One day I received a letter from Born in which he asked me why the 
manuscript was not yet finished. I wrote back saying that the 
manuscript is almost completed, except for a chapter on partial 
coherence on which I was still working. Born replied at once saying, 
„Wolf, who apart from you is interested in coherence? Leave the 
chapter out and send the manuscript to the printers.“ 

• current research: partially coherent light (solar cells) 

WOLF, E.. Early days of coherence theory and the first Rochester conference on coherence.  
Journal of the European Optical Society - Rapid publications, Europe, v. 5, sep. 2010. ISSN 1990-2573.  
Available at: <https://www.jeos.org/index.php/jeos_rp/article/view/10044s>. 

subject:

cause: fluctuations of sources or optical 
properties of medium

example: light emitted from thermal source
light reflected from random surface

properties of “random” or “chaotic” light
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assumptions:

! 40!

4.#Coherence#optics!

4.1.#Basics#
• coherence!optics!part!of!the!field!of!statistical!optics!!

• pioneered!by!Max!Born!and!Emil!Wolf!in!the!fifties!of!the!last!century!

• current! research! focuses! on! partially! coherent! light! in! opto@electronics,! e.g.! a!

solar!cell!

• Subject&of&concern:!Properties!of!“random”!or!“chaotic”!light!

• fluctuations!of!the!source!!

• or!fluctuating!optical!properties!of!the!medium!through!which!light!propagates!

Examples:!

• Natural! light!emitted! from! thermal! sources:!many! independent!atoms!emit!

light!at!slight!different!frequencies!and!phases!

• Light!reflected!from!randomly!rough!surfaces,!frequency!is!preserved!but!the!

phase!of!an!incident!planar!wave!suffers!from!fluctuations!

• coherence!theory!to!describe!properties!of!these!light!sources!

Assumptions:#scalar!approximation!! !, ! !

Thus!far:!

! !, ! = ! !,! !!!"# + !. !.!
with,!for!example,!

! !,! = !!! ! ∙!!

• determined!in!all!its!properties!and!especially!the!phase!!

• called!coherent!light!

!

• consider!now!a!field!that!is!a!random!variable!to!some!extent!

• still!obeys!the!wave!equation!

• visualization!either!in!time!or!in!spatial!domain!!

!

thus far: 
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coherent light, determined in all its properties

scalar approximation

354 

8. Statistische Optik - Kohärenztheorie 

8.1. Grundlagen 
wesentliche Beiträge durch Max Born und Emil Wolf (50iger Jahre) 

Gegenstand: Eigenschaften von `zufälligem' Licht  →   Fluktuationen der 

Quelle oder der optischen Eigenschaften des Mediums, das vom Licht 

passiert wird. 

• natürliches Licht (Wärmestrahler), viele unabhängige Atome 

(unterschiedliches  ω   und Phase) 

• Streuung an rauhen Oberflächen 

 →   Kohärenztheorie 

 

Annahmen: skalare Näherung  ( , ),u tr   bisher:  

( )( , ) ( , )exp . .u t U t c c= ω − ω +r r i   z.B.:  ( )( , ) expU ω = ω →⎡ ⎤⎣ ⎦r k ri   Phasen 

vollständig determiniert  →   kohärentes Licht 

 

Feld → Zufallsgröße →  genügt Wellengleichung.  
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Now: field is random to some extent obeys wave equation 
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Quelle oder der optischen Eigenschaften des Mediums, das vom Licht 

passiert wird. 

• natürliches Licht (Wärmestrahler), viele unabhängige Atome 

(unterschiedliches  ω   und Phase) 

• Streuung an rauhen Oberflächen 

 →   Kohärenztheorie 

 

Annahmen: skalare Näherung  ( , ),u tr   bisher:  

( )( , ) ( , )exp . .u t U t c c= ω − ω +r r i   z.B.:  ( )( , ) expU ω = ω →⎡ ⎤⎣ ⎦r k ri   Phasen 

vollständig determiniert  →   kohärentes Licht 

 

Feld → Zufallsgröße →  genügt Wellengleichung.  

Classification:

! 41!

!
Light!can!be!categorized!according!to!their!degree!of!phase!correlation:!

• Coherent!light!

• Partially!coherent!light!

• Incoherent!light!

!

• the!problem!here!is!not!the!same!as!treating!a!polychromatic!source!

• there:!superposition!principle!holds!

• unfortunately,! usually!we!do!not! know! frequencies,! amplitudes! and!phases!of!

the!harmonic!components!of!the!field!emitted!by!a!real!source!!

• only!available!information!is!a!statistical!model!for!these!quantities!

• models! carry! over! statistical! features! to! the! field! emitted! by! the! source!

elsewhere!in!space!!

• fortunately,!the!statistical!models!are!sufficient!to!predict!the!outcome!of!most!

optical!experiments!!

• statistical!models!do!not!need!to!be!complete,!i.e.!predicting!all!properties!

• we!will!rely!adequately!on!second@order!averages!called!coherence!functions!!

• theory! of! optical! coherence! describes! deviations! of! partially! from! perfectly!

coherent!waves!

• in! the! following! we! will! always! distinguish! between! time! coherence,! spatial!

coherence,!and!mutual!coherence!

4.2.#Statistical#properties#of#light#

4.2.1#Definitions#
• assume!that!! !, ! !is!a!complex!analytical!signal!
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8. Statistische Optik - Kohärenztheorie 

8.1. Grundlagen 
wesentliche Beiträge durch Max Born und Emil Wolf (50iger Jahre) 

Gegenstand: Eigenschaften von `zufälligem' Licht  o   Fluktuationen der 

Quelle oder der optischen Eigenschaften des Mediums, das vom Licht 

passiert wird. 

x natürliches Licht (Wärmestrahler), viele unabhängige Atome 

(unterschiedliches  Z   und Phase) 

x Streuung an rauhen Oberflächen 

 o   Kohärenztheorie 

 

Annahmen: skalare Näherung  ( , ),u tr   bisher:  

� �( , ) ( , )exp . .u t U t c c Z � Z �r r i   z.B.:  � �( , ) expU Z  Z oª º¬ ¼r k ri   Phasen 

vollständig determiniert  o   kohärentes Licht 

 

Feld o Zufallsgröße o  genügt Wellengleichung.  

(according to the degree of 
correlation in the phase)

this is not a polychromatic source superposition
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frequency, amplitude, phase of harmonics of a source 
are not known

only statistical properties
statistical features carried over to field

cannot predict all experimental results: but statistics

mean: first order coherence functions

distinguish time, space, and mutual coherence

wave equation cannot be used to describe  the evolution of 
fields but it can be used to describe the evolution of the 

coherence functions  



Theoretical Optics
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