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Evolution of mutual coherence function

show that mutual coherence function obeys 2 PDE

—— propagation of mutual coherence from one plane to
another just as the electromagnetic field propagates

consider two fields u;(r,t) and wua(r,?)

1 0%uq(r,t 1 O%usy(r,t
Auq(r,t) = > (';75(2 ) Aug(r,t) = > 82t(2 )

mutual coherence function:
Gio(ri,ro,t1,t2) = (ur(r1,t — t1)us(re, t — ta))
N1G1a(r,r0,t1,t2) = ANy {uy(r1,t — t1)us(re, t — ta))
= ([Auq(r1,t —t1)]us(ra,t —t2))



by using the wave equation we obtain

0%uq(ry,t —t
A1G12(I‘1,I‘2,t1,t2) 62 < 81((t i tl)z 1)uQ(r2,t—t2)>

1 Bzul(rl,t—tl) *

1 02

A1G12(r1,r2,t11t2) — 2 8 a2

—G12(r1, 12,11, 12)

in analogy it also holds that

1 97
— =

NoGia(ry,ro,t1,t2) =
2G12(r1,T2,t1,12) 2 o2

G12(r17 rs, tla t2)

two PDEs the mutual coherence function obeys



Specification for stationary fields

0? 0? 02
T:tz—t]_ —_— 8_1%:8_%:@

1 62
NoGra(ri,ro,ty,te) = A1Gia(r1,ra,t1,t2) = c_sz12(rlar2at1at2)

expresses space-time-evolution of coherence function

Interference of partially coherent light

consider interference at one point

two randomly fluctuating fields u,(r,t) and U, (r,t)

intensity corresponds to I; = (|u,(r,t)|?)and I, = (|Ju,(r,t)|?)



characterised by cross correlation function G, = (u;u,)

(uuy)

JLL

mutual complex degree of coherence: g1, =
interference between both fields
1) = (i + ) = () + (") + () + ()
=1 +1,+G,+G,,=1,+1,+2R(G,)
=1, +1,+2JI,I,R(g,)
=I]+12+2\/E\g12\coscp, o=arg(g,)

consequences: |g:2| =1 — perfect interference

19121 = 0 =1 =1, + I, nointerference



0 <l|gs,] <1 — interference with some visibility/contrast

Imax T Imin \ 1112

= = 2
Y Imax + Imin 11 + 12 |.912|

special [ =1, — v=‘glz‘

basis for a measurement procedure

Interference and temporal coherence
signal at same location but different time (stationary field)
u =u®) - I =(ul@®)l?
u, =u(t+1) - Iy={ult+1)|?
corresponds to a time delayed wave 6




W) wr @©ult + 1)
I Iy
interference pattern:  1(z7) = 2I,{1 + R(g (7))}
= 2I,{1 + |g(v)| cos p(7)}
"

defines interference fringes

degree of coherence: g1z = =g(7)

visibility: v = |g(7)|

perfect contrast: (v = 1) fort =0 vanishing contrast: (v = 0) fort > 7,

measurement in Michelson or Mach-Zehnder interferometer




2(dy—dq)

path difference in arms dictates time delay: T =

C
consider quasi-monochromatic light  (@o > Aw)
u(t) = a(t)e ot
g(1) = go(1)e™10% = | g4 (1) |e~H@oT~¢a)
(a*(t)a(t + 1))
ga(T) — 2
a(t)|
[(7) = 2Ip{1 + |ga(7)| cos(weT — P¢ (7))}
contrast  oscillation period  absolute position of
fringes

by measuring intensity, we can measure the
absolute value of mutual temporal coherence



application: Fourier-Transform spectroscopy

spectrum is collected based on measurements
of the coherence of a radiative source

00)

remember e
from Wiener-Kintchin: G(7) = g(t)l, = f S(w)e " "dw

0

I(v)=21,+2IRg(7)

=2 :S(a))da) + 29| :S(a)) exp(—iot)do
= ZI:S(m)dw+ ZI:S(w)cos(wt)dm

= ZI:S((D) [1 + cos(co*c)]dm

measure /(T) — inverse Fourier cosine transformation — S (®)
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General idea
definition of a principal propagation direction

y

e

e.g. 1 D photonic crystals for periodic repetition of unit cell

® Bragg mirrors

e chirped mirrors for
dispersion compensation
Nature 497, 348352
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¢ interferometers




Reflection / Transmission at a stack of layers

assumption: slab consist of an arbitrary number of layers (TE polarisation)

— fields in homogenous space have to be a
solution to the wave equation

: 2 2 2
Q_N P o, Ox 0z c
D :
: o R —> invariant in x-direction justifies the use of plane
. . waves in this direction in each region
o

ansatz: E(z,z) = E(z)eikmm

;\k'r ny H(:E, Z) _ H(z)ezkmw

Q2
o+ Srerl) - 2| ) =
Bz )= —LrotE(:v, 2)
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Separating the problem into 2 polarisations

— continuity of the tangential electric and magnetic field

tangential fields (TE): E,=FE H,

w2

[a —I-kfz(ka;,w)] E(2) =0k, (ks,w) = €r(w) — k;

822 x

B (o, _ 0
H;(z) = o 5,2 (%) iwpoHz(2) = -~ E(2)
tangential fields TM):  H, = H E,
82
i O , 1 0
_ —iweg By (2) = — —H(2)
E,(2) weoes 3ZH(Z) €r 02 >



Polarisation independent formulation

— calculating the fields and their normal derivatives at 2z = d
—> need to know the respective valuesat 2z = ()

—> equations are the same =—=> simultaneous treatment
ol
wpoH,, —iweg by — G

82

022
' %, o = -

| ka‘z(kwaw) F(z)=0 ofTE = 1
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Solving the initial value problem

F(Z) = Cleikfzz -+ Cze_ikfzz
0,

G(z) = ang(z) = jasks, [C1e"7*%* — Cye "7+

need to know constants Cl and Cg

F(0) and G(0) are known == Cpand Cy

F(O) — Cl + CQ G(O) — ioszfz [Cl — CQ]

1

1

. (11:5[5'(0)— :

[F(O) it G(O)]

DN | =

60| &=

Oszfz afkfz
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A single transfer matrix

Kl ook B0~ il 60

afkys,

G(z) = —afky, sin (ks,2) F(0) + cos (ks,2) G(0)

—> writing the equations in matrix form

661} =™ 160
. { cos (kf22) iroa; Sin (ksz)}

h(z) = —ks afsin (kfy2) cos (kf,2)

— single transfer matrix



Transfer matrix of a stack

N

| (E) [ (5) =31 (%)
G di+di+..+dn=D H G 0 G 0

I—H 1

Incident and transmitted field

Qe R [ K ky
N ax k=0 Jke=( 0 | kr=| 0
Ql/'§\Pl nl"" ksz —ksz k'cz

Qz/;\Pz n,

W
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Coupling an incident field

ansatz for the field in the substrate:

iz — el = et e L cateen]

Gs (iD, Z) == io‘s]‘3.5'2:6%:”:c [FICikszz = FRe_ikszz]

ansatz for the field in the stratified media:
(known from matrix method)

Fi(z,2) = e*="F(2) Gy(x,z) = e*+*G(2)

F ~ [ F
=M
z 0
ansatz for the field in the cladding:

Fc (SB, Z) £t eikm.’I:FTeikcz (z—D)

G, (z, 2) = i0ke,e*=® Fretkes (D)
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Coupling an incident field

(@), (s)

/ N

cladding field at z = D substrate fieldat z = ()

Fr [y e I8 e 1)
iackczFT M21 M22 iasksz (FI 5 FR)

— two equations for the two unknown amplitudes
20



R/T coefticients of the generalised variables

. (askszM22 — ackclel) — 1 (M21 + askszackczM12)
B (askszM22 + ackclel) +1 (M21_ askszackcle2)

FR FI

B 2005k s, (M11 Moy — MiaMoy)
Fr = : . Fy
(askszM22 + ackclel) + 17 (M21 — C‘53kszackcz]\412)

200,k
—> absorptionless media  Fp = > 0% Fi

N
| m(z) |[=1
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R/T coefficients for TE polarisation

TE polarisation: F=F=F, arg =1

reflected field: EEE = RTEECIFE

(kszM22 = kclel) — 7. (M21 = kszkczM12)

Rrg = |
S (kszM22 A kclel) ng ) (M21 o kszkczM12)
transmitted field: Er_r‘ZZ:E = TTEEfE
2K
Trep =
TE NTE

and similar for TM polarisation: F' = H = Hy ary = —
€
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Calculating the efficiencies

— calculating the energy flux ~ — const
— perpendicular through a surface V
1 *
(S)-e. = SR(ExH")-e.
1
usingg H* = —— (k* X E*)
WHo
) Rk -e.) B = R(k) | B[
. e p— . e —
T 2w ) wpo
R kcz
orerym =| RrerMm |° TrerM = ,(c ) | Tre,rum |
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