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Exercise 1: Poincaré and Lorentz group, continued [7P]

The generators M), of Lorentz transformations can be split up into the three generators K* of
Lorentz boosts and the three generators J¢ of rotations,

. . . 1 ..
Ki=M"=—-M, and J' = 3 R My, |

where €% is the Levi-Civita tensor (with €!?3 = +1). As shown in the lecture and on exercise
sheet 1, these generators follow the commutation relations

[Ki,Kj} = —ieijkjk7 [JiJKJ} — Z-Eiijk7 [Ji7 Jj} — ik gk
Let us now define the operators N and N with

1 1
N*=3(J* +iK") and N =2(J*—iK") fora=123.

(a) [2P] Use the above relations to show the following commutation relations:
[NZ’,NJ’T} =0, [NZ‘,NJ‘] = i NF [N“,N“] = TR Nk
The operators N¢ and N'f thus both fulfill the Lie algebra of SO(3) (= SU(2)).

(b) [2P] We now want to write a Lorentz transformation in terms of N* and N*7. Show that:

—%wu,,M‘“’ = —i(@ —if) - N —i(@ + i) - NT,

where e.g. G+ N = w; N’ (with an implicit sum over 7), and the components w; and 7; of
the vectors & and 77, respectively, are defined through w;; = €;;xw; and wy; = 7;.

The results of the previous exercises (a) and (b) allow us to write a Lorentz transformation as

—

U(A) = exp <—;wMVM“”> = exp (—z(cU K N) exp (—Z(Q + 1) - ]\7*) =:UL(AN)Ug(A)

with the two factors

—

UL(A) = exp (—z(cU K Z\7) and Ug(A) = exp (—z(cU + i7j) - NT) :

Let us now discuss this transformation for fermions.

ILIAS link: https://ilias.studium.kit.edu/goto.php?target=crs_2223839 page 1 of


christoph.borschensky@kit.edu
francisco.arco@kit.edu
felix.egle@kit.edu
https://ilias.studium.kit.edu/goto.php?target=crs_2223839

(c¢) [3P] A four-dimensional Dirac spinor ¥ is made up of two Weyl spinors 97, and ¢ g which
transform separately according to Uz (A) (or N%) and Ug(A) (or N*'), respectively. The
general transformation rule for W is given as

o ¢L I (_l ,ul/)
\IJ—<¢R — U’ = exp QwWS v,

where the generator of Lorentz transformations S*” in a fermionic representation is given
by S = [3#, 7.

Insert the Dirac matrices 4" in the Weyl representation (see e.g. exercise sheet 2) and
show that the transformation decomposes as expected into two parts that act on the left-
and right-handed Weyl spinors separately:

—éw S — _%(ﬁ_iﬁ)"? , U252
27 0252 —H@+ip) )

where & = (01, 09,03)T denote the Pauli matrices.

Hint: The following relations may be helpful:
[V "] =20 = 2¢" 0505 = dijlaxa + €00

Note: For left-handed Weyl spinors, the generators N* and N*! can be represented by N* = T
and Nf = 0. For right-handed Weyl spinors, the generators are N* = 0 and N*f = I

Note 2: The choice of a 4-dimensional representation for the Dirac spinor is not related to
Minkowski space!

Exercise 2: Lagrangian of a massive vector field [7P]

The Lagrangian of a massive free vector field V#(z) is given by

1 2
Ly = —7FuF"™ + %VMV“

where my # 0 denotes the mass of the vector particle and F* = 0*VY — 9"V# denotes the
field-strength tensor.

(a) [2P] Calculate the equations of motion for V#, the so-called Proca equations.

(b) [2P] Using the equations of motion, prove that
9,VF=0.

Using this condition, show that V# satisfies the Klein-Gordon equation.

A new Lagrangian £ = Ly + Lp is given by adding a Dirac term
Lo = (i = mp) ¥ — gy ¥V,

with an additional coupling term with a constant ¢ between the spinor ¢ and the vector field V.
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(c) [1P] Consider 1, 1) and V, as independent fields and calculate the new equations of
motion for these three fields.

(d) [2P] The vector current j* and axial vector current j°* can be defined as
JFEey P =yt

By using the equations of motion, prove that j# is a conserved quantity, whereas j°* is
not conserved in general. In which special case is j°* conserved, as well?

Exercise 3: The ¢ model [6P]

The so-called “oc model” is made up of a massless Dirac fermion field ) which couples to a

complex scalar field ¢ = %(0 +im). Here, o and 7 are two real scalar fields denoting the real

and imaginary parts of ¢, respectively. The model can be described by the following Lagrangian:
L=Ly+Ly+ Ly,
where
Ly = vid, Ly = (0,0)'(0"0) — 1?60 — Mo'0)*,
with real parameters ;o and A. The interaction term between ¢ and ¢ is given as:

Lr= Q(IMJU + Z'?E%WT)’ (3.1)

where ¢ is a real dimensionless coupling constant, and s is the special Dirac matrix which is
defined as e.g. on exercise sheet 0. We want to look at the following transformations of the
fields o,

o — ¢ =9, ol — o =e"9T, (3.2)

and 1, 4
WV — o =Py (3.3)
(a) [1P] How do the real fields o and 7 transform under the transformation of Eq. (3.2])?
(b) [1P] What does the transformation of Eq. (3.3)) look like for the adjoint field ¢?

(¢) [2P] The interaction term L; is not invariant under the independent transformations
and . The invariance can however be restored by a simultaneous transformation
of the fields ¢, ¥ and ¢, ¢'. Find the linear relationship between the transformation
parameters S and 6 which leaves £ invariant.

Hint: Consider infinitesimal transformations, i.e. neglect terms of order O(32, 62, 30) or higher.

(d) [2P] The relation between 5 und 6 defines a symmetry of £. Determine the corresponding
Noether current.
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