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Exercise 1: Dilatation involving a real scalar field [5P]
We consider the Lagrangian of a real scalar field given by
1

1
L5 = 3(0u0)(0"0) — smd & — o',

(a) [1P] Derive the equation of motion for ¢ and the energy-momentum tensor 7" defined
through

ILs
9(9u9)

(0"¢) — g""Ls .

(b) [2P] Show that the action S = / d*z Lg is invariant under dilatations for mg = 0, i.e.

under the transformations
x), = e %, ' (2") = e“o(x).

(¢) [1P] Show that for mg = 0 the Noether current for the dilatation given in the previous
subexercise is given by

1
7 = T + 50 (6%).

(d) [1P] Use the energy-momentum tensor and the equation of motion to show that in the
massive case only the mass term breaks the invariance under dilatations, i.e. 9,j* = m%g¢?.

Exercise 2: Assembly instructions for a Lagrangian [7P]

The Lagrangian density £ has several properties, some of which are:

o L must transform as a scalar under Lorentz transformations, and it must be invariant
under possible internal symmetries.

o L must be of mass dimension 4. Note that we will use natural units (h = ¢ = 1) from now
on, i.e. when we say that something is dimensionless or of dimension x, we always refer
to the dimension of mass (or equivalently energy).

o All fields appearing in the terms of £ have to be evaluated at the same space-time point.
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(a) [1P] For a Dirac spinor ¢(x), a Lorentz transformation is given as

b(x) = P'(a') = S(A)i(x),

where S(A) is a 4 X 4 matrix in spinor space which depends on the Lorentz transformation
A (see also e.g. sheet 3, exercise 1). We are only interested in proper orthochronous
Lorentz transformations S;, = S(Ar) and parity transformations Sp = S(Ap) with
Ap = diag(1,—1,—1,—1). The following relations are given:

STHA)YS(A) = A* ¥ for general S, (2.1)
St =~0g81,0 both for S; and Sp,
[SL,7°] =0 only for Sy,
{Sp, 7’} =0 only for Sp.

For parity transformations Sp, derive the following commutator and anticommutator
relations for the temporal and spatial components of the v matrices:

(59,71 =0,  {Sp,7*} =0 fork=1,2,3.

(b) [3P] Show that, using the properties of part (a), the following bilinear forms transform
as denoted under a Lorentz transformation:

(i) ¥y scalar, (iv) 1hyPy#ap: axial vector,
(ii) 9v°1p: pseudoscalar, (v) ¢o1): (antisymmetric) tensor of rank 2.
(iii) y*ab: vector,

What about 1ft)?

Hint: Remind that scalars are invariant under general Lorentz transformations, while pseudosca-
lars receive a sign flip under parity transformations. Vectors transform similar to a four-vector
(e.g. a coordinate z*), and under parity transformations, there is a sign flip of the spatial
components for vectors, but not for axial vectors. For rank-n tensors, each Lorentz index is
transformed separately (i.e. again like a four-vector).

(¢) [2P] Argue if the following terms in a Lagrangian density are allowed, and, if they are
not, point out all the reasons why they are not allowed:

0A(x)
ot ’

(i) £1 = gA(x) C(x) O(a), (i) £ = *-0"B(x) A(y)
(i) £ = ;Bu(x) Bi(z) C(x) Cz), (iv) L4 = ig4m4.

The coupling g is dimensionless, the coupling m is of dimension 1, the scalar and vector

fields A and B,, are each of dimension 1, and the spinor field C' is of dimension %

(d) [1P] Consider a term in the Lagrangian containing a coupling between a scalar field @
and Dirac spinors v,

EA:

>\mn A\ L

m!n! (¢¢) e

where m,n > 0, and determine the mass dimension of the coupling constant \,,, by
dimensional analysis.

ILIAS link: https://ilias.studium.kit.edu/goto.php?target=crs_2223839 page 2 of


https://ilias.studium.kit.edu/goto.php?target=crs_2223839

Exercise 3: Quantised complex scalar field [8P]

We consider the Lagrangian of a complex scalar field ¢, given by

£ = (9,9)" (") =m0

It is common practice in particle physics to express a complex field by two real fields

1 , .1 ,
#(2) =75 (01(2) +iga(2)) . (a)" = 5 (dalw) —ida(2)) -

(a) [1P] Express £ through ¢; and ¢5. Why do we need the factor %?

7

(b) [1P] The Fourier transformation of the real fields ¢; is given by

oi(x) :/dl;; [ai(k) exp(—ik - ) + al (k) exp(ik - x)]

where dk = (273;3’;% with w, = / k2 +m2 and a;, alT satisfy the commutation relations
defined in the lecture. With this we can define

1 1
— (a1(k) + taqs(k)) b(k) = —= (a1(k) —ias(k

\/5(1() 2(k)) (k) \/5(1() 2(k))
as well as a” and bf. Express ¢(x) and ¢*(x) through a,af, b, b'. Interpret these new
operators physically.

a(k) =

[3P] Derive the commutators of a,a’, b, b through a; and a.

[3P] The Lagrangian, expressed through the fields ¢; and ¢,, is invariant under the
transformation

¢1 — ¢y = ¢1cosV) + Pysind, g — Py = — Py sinV + ¢ cos

with a constant parameter ¢ € R. Calculate the Noether charge () for this transformation
and express it through a; as well as a and b. Interpret the results.
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