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Exercise 1: Lorentz transformation (7 points)
Consider the Lorentz transformation

Tt — .%'/M = A'uy ¥ > g;LVAMaAVﬁ = Jdaps (1)

where A is the Lorentz transformation matrix with Minkowski metric g, = diag(1, =1, =1, —1) 4.

a)

b)

d)

The principles of special relativity imply that the spacetime interval is invariant for all
observers, i.e.

ds* = g datde” = g,,da’tda’ = ds”?, (2)

holds under a transformation of coordinates x# — x'#(x). Show that the spacetime interval
invariance not only implies the Lorentz transformation, but also the Poincaré transforma-
tion 2'# = A¥, 2¥ + a*, with a* being the translation.

A generic element A of the proper, orthochronous Lorentz group SO(3,1)™ reads
A =exp [—;wwjﬂ“j] , (3)
(LF)Pe = i(g"9"s — 9" 9"5) , (4)
where wy,, = —w,,. L* are the generators of SO(3,1)" having the form as in when

acting on four-vectors. Show that the first order expansion in w of eq. is equivalent to
Ny =gly+wly+OW?). (5)

How many degrees of freedom (i.e. real parameters) does the Lorentz group have? Try to
show this using a symmetry argument.

The explicit form of w has the following expression
0 —-m —m -n3
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(w) o —1 05 0 — 6, Z(ele 77sz) o - (6)

i

—n3 —b 01 0

Rewrite the angular momentum operators L; and the boost operators K; in terms of the
generators L*¥ using equation .

Using your results obtained in (d), derive the expression for
AzxP = NP 2% — 2F (7)
under the following transformations:

e a rotation by an angle 03 around the z-axis,

e a boost 1 along the z-axis.


https://ilias.studium.kit.edu/goto_produktiv_crs_2482116.html

Exercise 2: Relativistic addition of velocities (3 points)
a) Write down the transformation matrix of a Lorentz boost as a function of the rapidity 7
(the velocity is given by v = tanhn).

b) Consider the multiplication of two Lorentz transformation matrices with the rapidities
m and 72 in the same direction. What is the rapidity of the combined Lorentz boost?
Determine from this an equation for the relativistic addition of collinear velocities.

Exercise 3: Kinematics of a decay process
Consider the decay of a Z-boson with mass Mz = 91.19 GeV in its rest frame into a 7
(m; = 1.78 GeV).

a) Compute the energy and the momentum (in GeV) of the decay products.

T~ pair

b) The mean lifetime of tau leptons is 2.9 - 107'3s. How far do the tau leptons travel on
average?!

Exercise 4: Proof that Poincaré group is a group
The Poincaré transformation is a generalisation of the Lorentz transformation and is given by

at — 2t = A, 2+ at, (8)

where a* is a constant four-vector. Show that the set P of all Poincaré transformations is a
group. If the elements of the group are the pairs (A, a) with composition rule given by

(A1,a1) 0 (A2, a2) = (A1A2, Araz + a1) 9)
show that the following properties are satisfied
1. (Closure) The composition of any two elements of P is still an element of P

2. (Associative Law) For any three elements T}, T5, T3 within P, the following holds

(Tl OTQ) OT3 = Tl o (TQ OTg)

3. For every T, there exists an identity element I such that

(Tol)={IoT)=T

4. For each T, there exists an inverse element 7! such that

(ToTH=(T1toT)=1




