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Exercise 1: Dirac Equation
The γ matrices in the Dirac representation are given by

γ0 =

(
12 0
0 −12

)
, γk =

(
0 σk

−σk 0

)
,

with the Pauli matrices σk. 12 is the 2× 2 identity matrix.

a) The Dirac equation is given in momentum space by

(p/−m)u(p) = 0,

where p/ = pµγµ. Construct all four solutions, u1,2,3,4(p).

b) Construct all four solutions v1,2,3,4(p) of the anti-particle Dirac equation

(p/+m)v(p) = 0.

c) Obtain the relation between v1,2(p) and u3,4(p).

d) Derive the spin of u1,2,3,4(p) and v1,2,3,4(p).

Exercise 2: Dirac spinors (5 points)
Consider the following representation of the Dirac spinors

us(k) =
√

k0 +m

(
χs

k⃗·σ⃗
k0+mχs

)
, vs(k) =

√
k0 +m

(
k⃗·σ⃗

k0+mηs
ηs

)
,

with k0 =
√
k⃗2 +m2, s = ± is the spin orientation and

χ+ =

(
1
0

)
, χ− =

(
0
1

)
, η+ =

(
0
1

)
, η− =

(
−1
0

)
.

a) Show that these spinors satisfy the Dirac equation, i.e. that the following equations hold

(̸k −m)us(k) = 0 , ( ̸k +m) vs(k) = 0 .

b) Calculate the spin sum of

Λ+(k) =
∑
s=±

us(k)ūs(k) , Λ−(k) =
∑
s=±

vs(k)v̄s(k) ,

and construct Λ2
+, Λ

2
−, Λ+Λ−, Λ−Λ+.

How can the matrices ± 1
2mΛ± be consequently interpreted?

https://ilias.studium.kit.edu/goto_produktiv_crs_2482116.html


c) Show that the spinors us(k) and vs(k) are charge conjugated to each other, i.e. that the
following relations hold

uCs (k) ≡ C ūTs (k) = vs(k) , vCs (k) ≡ C v̄Ts (k) = us(k) ,

with the charge conjugation matrix C = iγ2γ0 (in the Dirac representation).

d) Derive the following relations:

ūs(k)us′(k) = 2mδss′ , v̄s(k)vs′(k) = −2mδss′ , ūs(k)vs′(k) = v̄s(k)us′(k) = 0 ,

ūs(k)γ
µus′(k) = v̄s(k)γ

µvs′(k) = 2kµ δss′ .

Exercise 3: Calculations with Dirac matrices (5 points)
Proof the following equations by using the anti-commutation relation of the Dirac matrices,

{γµ, γν} ≡ γµγν + γνγµ = 2gµν ,

without using an explicit representation of the γ-matrices.
Definitions: ̸a = γµaµ , σµν = i

2 [γ
µ, γν ] , γ5 = iγ0γ1γ2γ3 = − i

4!ϵ
µνρσγµγνγργσ .

a) ̸a̸b = a · b− iσµνaµbν ,

b) γµ ̸aγµ = −2 ̸a , γµ ̸a̸bγµ = 4a · b ,
c) Tr(̸a̸b) = 4a · b ,
d) Tr(̸a1 ̸a2 ̸a3 ̸a4) = 4

[
(a1 · a2)(a3 · a4) + (a1 · a4)(a2 · a3)− (a1 · a3)(a2 · a4)

]
,

e) {γ5, γµ} = 0 , (γ5)
2 = 1 , Tr γ5 = 0 , Tr(γ5 ̸a ̸b) = 0 ,

f) Tr(γ5 ̸a1 ̸a2 ̸a3 ̸a4) = −4i ϵµνρσa1µa2νa3ρa4σ ,

g) Tr(̸a1 ̸a2 · · · a̸r) = 0 if r is odd.

Exercise 4: Dirac Algebra

a) Compute c1 and c2,

γν1γν2γµ1γν3γ
ν1γµ2γ

ν3γν2 = c1gµ1µ2 + c2γµ1γµ2 .

b) Let

f(x) =
1 + x+ x2 + 3x3

1 + x
.

Compute d1 and d2, where p/ = pµγµ,

f(p/) = d1 + d2p/ .

Compute the left derivative of f(p/),

(d/dp/)f(p/) ≡ lim
δ→0

δ/−1 [f(p/+ δ/)− f(p/)]

and the right derivative of f(p/),

df(p/)/dp/ ≡ lim
δ→0

[f(p/+ δ/)− f(p/)] δ/−1

assuming [p/, δ/] = 0.
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