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Exercise 1: Dirac Equation
The v matrices in the Dirac representation are given by

1 0 0 oF
0 __ 2 k _
v _<0 —12)’ v _<—ak o)’

with the Pauli matrices 0. 15 is the 2 x 2 identity matrix.

a) The Dirac equation is given in momentum space by

(¥ —m)u(p) =0,

where jf = p*y,,. Construct all four solutions, u1234(p).

b) Construct all four solutions v; 2.3.4(p) of the anti-particle Dirac equation

( +m)o(p) = 0.

c) Obtain the relation between v; 2(p) and ug4(p).
d) Derive the spin of u1234(p) and v1234(p).

Exercise 2: Dirac spinors (5 points)
Consider the following representation of the Dirac spinors

k-
us(kz) =vko+m ( E;(S ) , US(/{:) =ko+m (ko-l—mnS) ,

Teo+m Xs UE

with ko = V k2 + m2, s = % is the spin orientation and

w=(o) w=() m=(0) =)

a) Show that these spinors satisfy the Dirac equation, i.e. that the following equations hold
(K—m)us(k) =0, (F+m)vs(k)=0.

b) Calculate the spin sum of

A-i-(k) = Z us(k)as(k) ;Ao (k) = Z Us(k)@s(k) )

s=+ s==+

and construct Ai, A2, A A AAL.
How can the matrices i%Ai be consequently interpreted?


https://ilias.studium.kit.edu/goto_produktiv_crs_2482116.html

c) Show that the spinors us(k) and vs(k) are charge conjugated to each other, i.e. that the

following relations hold

ul (k) = Cal (k) =vs(k), v¥(k)=C0L(k)=usk),

with the charge conjugation matrix C' = i7?+° (in the Dirac representation).
d) Derive the following relations:
Us(k)ug (k) =2m sy, Us(k)vg (k) = —2mdsy, us(k)vy (k)= vs(k)ug(k)=0,
us (k)Y ug (k) = vs(k)yH vy (k) = 2kH dsgr .

Exercise 3: Calculations with Dirac matrices (5 points)
Proof the following equations by using the anti-commutation relation of the Dirac matrices,

(V9" =" A =20

without using an explicit representation of the v-matrices.

Definitions: ¢ =" a,, o = §[y",7"], 5 = i7°7'7*7* = — P70 -

a) g=a-b—ic"a,b,,

b) gy = =24, g =4a-b,

c) Tr(gh) =4a-b,

d) Tr(drdodada) =4 [(a1 - az)(az - as) + (a1 - aq)(az - az) — (a1 - az)(az - as)],
e) {157} =0, (15)°=1, Try=0, Te(yad) =0,

f) Tr(vsdidadads) = —4i P a1 ,a2,03,04,

g) Tr(dide- ) =0 if r is odd.

Exercise 4: Dirac Algebra
a) Compute ¢; and co,
Vor Yoo Y You Vo V2V = C1Gpaps + €2V Vpso -

b) Let
1+ z+a2*4323

flo) = ==

Compute di and da, where g/ = ptvy,,

f) = di + dayf -
Compute the left derivative of f(j),

(d/dy) () = %1_13(1)&*1 L +8) — ()]
and the right derivative of f(j/),
df()/dy = lim [f( +§) — F ()] §

assuming [/, §] = 0.




