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Exercise 1: Massless vector field (6 points)
Consider the Fourier expansion of a massless vector field

Aµ(x) =

∫
d3k

(2π)3 2ωk

3∑
λ=0

[
e−ik·xε(λ)µ a(λ)(k⃗) + eik·xε(λ)µ a(λ) †(k⃗)

]
, ωk =

√
k⃗2 +m2 ,

with real-valued polarization vectors which fulfill

ε(λ)µ ε(λ),µ = −ξ(λ)δλλ
′

3∑
λ=0

ξ(λ)ε(λ)µ ε(λ)ν = −gµν

with ξ(0) = −1 and ξ(1) = ξ(2) = ξ(3) = +1.
The canonical commutation relations are

[Aµ(x),Πν(y)]x0=y0
= −igµν δ(3)(x⃗− y⃗)

[Aµ(x), Aν(y)]x0=y0
= [Πµ(x),Πν(y)]x0=y0

= 0

where Πµ(x) = −∂0Aµ(x).
Show that starting from the canonical commutation relations one obtains[

a(λ)(k⃗), a(λ
′)†(k⃗′)

]
= δλλ′ξ(λ) 2ωk (2π)

3 δ(3)(k⃗ − k⃗′) ,[
a(λ)(k⃗), a(λ

′)(k⃗′)
]
=

[
a(λ)†(k⃗), a(λ

′)†(k⃗′)
]
= 0 .

Exercise 2: Photon fields: gauge transformation
Consider the state |ΨT ⟩, which contains only transversal photons. We define a new state |Ψ′

T ⟩
as

|Ψ′
T ⟩ =

[
1 + c

(
a(3)

†
(k⃗)− a(0)

†
(k⃗)

)]
|ΨT ⟩ with c = constant.

Show that the replacement from |ΨT ⟩ to |Ψ′
T ⟩ is equivalent to a gauge transformation, i.e.

⟨Ψ′
T |Aµ(x)|Ψ′

T ⟩ = ⟨ΨT |Aµ(x) + ∂µΛ(x)|ΨT ⟩ ,

where

Λ(x) =
2

k0
Re(ice−ikx) .

Exercise 3: Equations of motion and energy-momentum tensor (4 points)
Consider the following Lagrangian density, the “Proca” Lagrangian,

L =− 1

4
Fµν(x)F

µν(x) +
m2

2
Aµ(x)A

µ(x) , (1)

https://ilias.studium.kit.edu/goto_produktiv_crs_2482116.html


where Aµ(x) is a real vector field and Fµν(x) = ∂µAν(x)− ∂νAµ(x). In exercise 3 on sheet 3 we
have calculated the equations of motions for a massless vector field. For a massive vector field
they are given by

∂µ(∂
µAν − ∂νAµ) +m2Aν = 0.

a) Derive the energy-momentum tensor Tµν for this Lagrangian such that Tµν is symmetric
in the indices.

b) Consider the transformation

Aµ(x) → Aµ(x)− ∂µf(x) ,

where f(x) is an arbitrary smooth function. Under what condition is this transformation
a symmetry of Eq. (1)?

Exercise 4: Polarizations of massive vector fields
Show that the polarization sum for a massive vector boson (m > 0) can be written as

Pµν(k⃗) ≡
3∑

λ=1

ε(λ)µ (k⃗) ε∗(λ)ν (k⃗) = −gµν +
kµkν
m2

.

Proceed as follows:

• Which (normalized) polarization vectors are possible in the rest frame of the massive vector
boson?

Hint: kµε
(λ)
µ (k⃗) = 0.

• Perform a Lorentz boost for all vectors into a frame, where the massive vector boson is
moving (for simplicity consider a Lorentz boost in z-direction). Using the new vectors,
calculate the upper relation for Pµν .
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