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6 Quantization of a Dirac field

As we explained earlier, the Lagrange density in case of the fermion field
reads

£=9 (78, — m)¥. (6.1)

We would like to quantize this theory by repeating what we did for the scalar
field, namely write down canonical commutation relations, solve them by ex-
pressing ¢ in terms of creation and annihilation operators and then proceed
with computing the Hamiltonian and determining the quantum states.

An important difference between fermions and bosons is that multi-fermionic
states should be antisymmetric under permutations of different particles. As
such states will be constructed by acting with creation operators on the va-
cuum, fermion creation and annihilation operators have to anticommute. By
analogy with the quantization of the scalar field, we expect that the Dirac field
1 is a linear combination of various creation and annihilation operators and,
since such operators anticommute, we expect that Dirac fields anti-commute
as well.

To quantize the theory, we treat 9 and 9 as independent degrees of
freedom and compute a canonical momentum of the field 4. We find
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We then require that the following anti-commutation relations hold

{Ys(t, ), ma(t, )} = i6C) (- ) =
{Ya(t, %), Y5 (t. ¥)} = bap 6P (X — 7),

= (i) = ibg. (6.2)

Ta

(6.3)

and

{Ya(t, X), Yp(t, 7)} = {¥a (t. %), Y5 (t. ¥)} = 0. (6.4)
To proceed further, we compute the Hamiltonian density. We write
4
H = Zwaﬁowa — L =iy 0o — P (i°00 + Y-V — m) 1, (6.5)
a=1

and obtain
H=19(—i7-V+m). (6.6)



The Hamiltonian is obtained by integrating H over d3X
H:/ﬁ%ﬂb:/d%¢(—w-ﬁ+n0¢. (6.7)

To (eventually) diagonalize the Hamiltonian operator, we write W and
U as a linear combination of creation and annihilation operators. Similar to
the case of the complex scalar field, the field W is a linear combination of
particular annihilation operators multiplied with positive energy solutions and
different creation operators multiplied with negative energy solutions

2 d3p D, D
PY(t, X) = Zl/# [aﬁisu(p,s)e*/pux + bgsv(p,s)elpux } . (6.8)

/2E,

The conjugate field reads

2

S o - .
¢+(t')_() = /— [ai— u+(p, s)e”’“x + bﬁ,sV+(P, s)e_’Pux ] )

—1 (27T)3\/2E5 p.s

(6.9)
To satisfy simple anti-commutation relations, we assume that

{851,51' aﬁzysz} = {bﬁlysl’ bﬁQ,Sz} = {aﬁLSl' bﬁz,sz} = {35151' b;’;,SQ =0. (6.10)

Further relations of a similar type are obtained by writing down conjugate
versions of these anticommutation relations. It is easy to see that the above
anticommutation relations ensure that, at equal times, any ¥ anticommutes
with any ¥ and any 9* anticommutes with any 9. We then need to compute
an anticommutator of 1 and ¥*. We write

d3 _'1d3_)2
{Ya(t. %), ¥4 (t. %)} ZZ/ (27r)6\[;2E57250[

51,52

Ua(l?l, 51)”5_(132, 52)e—ip1xl+ipzx2 {aﬁl,Su 3[43-2’52} (6.11)

+Va(p1, Sl)Vg(pg, 52)eip1X1—ip2X2 {bg:lvsl, b52YS2}] .

Given what we know about creation and annihilation operators for the scalar
field, a natural choice for the anticommutators is

{aﬁl.sl' a;z,sz} = {b51,51' b;:z,sz} = (27!')36(3)(ﬁl - 52)65152' (612)
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We will now show that these anticommutation relations give the desired an-
ticommutation relation of ¢ and ¥*.

We use Eq. (6.12) in Eq. (6.11) and find

{a(t %), 95 (1. %)} = Z/ BrE [“(p' $)ug (p, 5)e ™)
(6.13)

+ va(p. s)vg (p, s)e” PR X2)]

To simplify Eq. (6.12) we need to sum over polarizations. To do this, we can
use the density matrices for positive and negative energy solutions that we
computed earlier. We find

Zua(p $)ug(p.s) = (7" + M) g
(6.14)
> valp )i (P 5) = ((Puy* — m°) o

S

Substituting these results into Eq. (6.13) and changing p'— —p'in the second
term, we obtain

{’lpa(t:)_(l } / o )32/_2 2Ep5aﬁe//3(%1—>?z) — 50165(3)()?1 _ )—(2)’
(6.15)
as desired.
As the next step, we express the Hamiltonian operator in terms of creation
and annihilation operators. This is done in a relatively straightforward way;
the following equations are helpful

—

(¥ - P+ mu(p) = poyvou(p). (=7-p+ m)v(p) = —poYov(p), (6.16)

as well as

a(p, s1)vov(—p.52) =0, V(P s1)vou(—p.s) =0,

. . . _ 6.17
005, 5 )10u(B, ) = 26005, 01, V(B 51)A0V(B. 55) = 26 . 1D



Using these equations, one can show that

d3*
H = Z / 5at.aps — bpsby ]
d3*
_ Z /( apsaps + b;sbﬁys} ,

where in the last step we neglected the infinite vacuum energy.

The eigenstates of the Hamiltonian are constructed by acting with creation
operators a5 and by on the vacuum state of the theory. Both “a”- and “b"
particles with equal momentum have the same energy and the same mass.
We will see later that particles created by a* operators describe electrons and
particle created with b-operators describe positrons, i.e. “electrons with the
positive electric charge”. The label s in both cases describes the polarization
state of the created fermion; this label assumes two values as electrons and
positrons are spin 1/2 particles.

(6.18)

Similar to what we did for the scalar field, we will study the various Green's
functions of the Dirac equation. Consider (0|¥(x)¥s(y)]0). Using the fact
that annihilation operators annihilate the vacuum state, we find

d*py d*ps
(O (X)Fp()[0) / (0las, 535 . [0)x
slzs 2m)°\/2Ep 2E), S (6.19)
Ua(PL 51)56(5% 52)efip1x+ipzy_
We use
(0lag. a5, ,10) = (27)%05,5,0 (B1 — p2) (6.20)
and results for the density matrix to find
7 d35 " —ip(x—y)
(O]Ya(x)¥s(y)|0) = W(m + m)qge : (6.21)
P
We can write
(Ol ()Ta()I0) = (Bt + g | =P oo (6.22)
AR xH 6 | (2m)32E, ! '

where we indicated that the derivative w.r.t. x* is taken.
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A similar computation gives

0P (¥)Pa(x)]0) = — (IO " + M)agp / %e“”(*—”. (6.23)

We can use these results to construct various Green's functions for the Di-
rac equation; in doing so, we benefit from our knowledge of Green's functions
calculated for the Klein-Gordon equation. Consider a Feynman propagator for
fermion fields. It is defined as follows

(OITYa(x)¥s(¥)[0) = 6(x0—¥0)(O0l1a (x)¥s(¥)0)—8(¥o—x0) (Ol Ys(¥)¥a(X)|0).
(6.24)
Note the relative minus sign between the two terms. This sign is part of a
definition of the T-product for fermion fields; it is related to the fact that
fermion fields anticommute and, to determine whether a particular term enters
with a plus or a minus sign, we need to count the number of permutations
that are required to bring the ordering of fermion fields back to the original
ordering.
We use our previous results to write

T, H d35 —ip(x—
(O] TYa(x)Ys(y)]0) = 8(x0 — ¥0) (18" + mM)ag / m Plx=y)
1 " d35 +ip(x—y)
+ 9(_)/0 — Xo)(lﬁu’)’ —+ m)a5 me
: d35 —ip(x—
= (107" + m)qop [9(Xo —J/o)/m Plx=y)
o) [ B
Yo%) | (om)e2E,
, d*p : d3p .
_ _ 0 o —ip(x=y) _ T o tip(x=y)
600 = Y0)Yag { (2m)32E,° (2m)32E,
(6.25)

By replacing p— —p, we can easily see that the term proportional to d(xp —
—Yo) vanishes and the two terms that multiply (i0,Y* + m)ss combine into



the Feynman Greens's function of a scalar field Eq. (??). We obtain

d*p i

_ o P(x=)
(2m)* p? — m? + i€

(I T%a(x)¥s(¥)]0) = (107" + M)agp

_ d4p (pﬂ«fyu + m)aﬁ e~ P(x=y)
(2m)* p2 —m? +ie '

(6.26)

The above equation gives us the Feynman Green's function for the Dirac
fermion.



