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7 Symmetries in Quantum Field Theory

7.1 Continuous symmetries in Quantum Field Theory

Symmetries in physics play an important role as they, among other things,
allow us to find “integrals of motion”, i.e. quantities that in a closed dyna-
mical system cannot change with time. Plenty of such quantities are known
from classical mechanics and electrodynamics, i.e. energy, momentum, angu-
lar momentum, electric charge and, perhaps, a few others. In this lecture we
will discuss how to understand and use symmetries in a quantum field theory.

We can start this discussion by simply extrapolating what one usually does
in mechanics to a field theory. Indeed, in mechanics, we derive integrals of
motion by requiring that the action remains invariant under redefinition of
canonical coordinates and the time variable. In case of field theory, fields play
the role of a canonical coordinate in mechanics, and x* the role of the time
variable.

We consider a field theory characterized by the action

S= /d“xc(qb, 0,0). (7.1)
and imagine performing a field transformation

$(x) = F(d(x)), (7.2)

where f is a function of a new field ¢. In general, after a transformation in
Eq. (7.5) we will find

L($(x), 8u9(x)) = L1((x), Budb(x)), (7.3)

with no obvious relation between £ and L£;. If we then use £; to derive
equations of motion for the field ¢, they will be different from the equations
of motion for the field ¢ and this will be the end of the story.

However, imagine a situation where

El(d;v aud;) = L(J) aud;) + auK“(X)- (7.4)

Since addition of the total derivative to a Lagrange density does not change
equations of motion, equations of motion for the fields ¢ and ¢ are the same;
transformations that satisfy these conditions are called symmetries.



Suppose we found a field transformation that satisfies Eq. (7.4). To work
out its consequences, we consider an infinitesimal version of the transforma-
tion and write

= ¢+ IAp+ ON). (7.5)

Substituting this expression into £ and expanding in A, we obtain

L(¢,0u0) = L(d+ Ld, 8,0 + 0,00)

- oL - 0L ~ (7.6)
= A —=A A —0*A 2A2).
£(6.0.6) + X 208+ A5 00§ + O()
Rewriting derivative in the third term on the r.h.s. we obtain
£(¢ aud)) = £(¢~5 5;@)
- [6L oL oL - (7.7)
A | — — T Nou =—A A?).
#2085 -0 (5505 )| 20 | 5eg09] o0

The second term on the r.h.s. vanishes if the field qS satisfies equations of
motion. Since, according to Eq. (7.4), the difference between £ computed
with ¢ and ¢ fields is 9, K*, we obtain

O KH = \O* [5[6;&] Acﬁ} . (7.8)
From the above equation it follows that
ot =0, (7.9)
where sc .
B = 5[8#¢]A¢_Ku' (7.10)

The relation between the symmetry of the Lagrangian and the existence of the
conserved current Eqgs. (7.9,7.10) is the essence of the so-called Noether's
theorem. The conserved current J* is often referred to as the Noether's
current.

To see how this works, consider the Lagrangian of a free massless scalar
field

c:% b 04, (7.11)
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In this case, a transformation ¢ = (75 + a, where a is a constant, leaves L
unchanged, so K*¥ = 0. The field A¢ is just 1 and we find

=04 (7.12)
The current conservation
Oyt =0,0p =0 (7.13)
is the Klein-Gordon equation for the massless field.

As another example, consider the theory of two identical, interacting scalar
fields
Out1 041 Ouo Ohpy  m? (3 + ¢3)

L($1.¢2) = 5 + 5 - 5 — V(o7 + ¢3), (7.14)

where V is an arbitrary function that only depends on ¢3 + ¢3.
The Lagrangian density in Eq. (7.14) does not change if, instead of ¢,
we use two other fields ¢; » defined as follows

$1 = cosO ¢y +sinb do,

_ - - (7.15)
¢> = —sinf ¢p; + cosb ¢-.
The infinitesimal version of these transformations reads
¢ = 451 + 9&’2. P2 = §52 - 9¢N>1- (7.16)
so that 3 5 3 y
APy = ¢o,  Ador = —¢s. (7.17)

Since the Lagrangian is invariant, K* = 0 and the conserved current reads

M= Z 55‘“(1) = (0"¢1) po — (0" ¢2) 1. (7.18)

It is instructive to re-derive this result using somewhat different notations.
Suppose that instead of ¢;, we introduce two complex fields

¢1+ 1P b1 — "¢2.

N AR

¢ = (7.19)



The Lagrangian density in Eq. (7.14) becomes

L = 8,00 p* — m*pg* — V (¢po*). (7.20)

The Lagrangian depends on the product of ¢ and ¢*. For this reason it is
invariant under the following transformation

d=e?p, ¢*=e ¢ (7.21)
The infinitesimal transformations lead to

AP =ip, A= —id". (7.22)
We use these formulas to write the conserved current

J* = ¢*(0ue) — (0ud") ¢ (7.23)

Finally, consider the transformation which, at first sight, has nothing to
do with the transformation of fields discussed above. Namely, we will perform
a coordinate transformation

X = x4+ Aa¥, (7.24)

where a* is a constant four-vector. Although this transformation does not
appear to be a field transformation, fields do change under this transformation
as well. We write

$(x) = $(x1 +Xa) = d(x). (7.25)
We then find 5 y
P(x) = ¢(x) — Aa"0,¢(x), (7.26)
so that
AP(x) = —a"0,¢. (7.27)
Also, according to Eq. (7.25) the following equation is valid
L($(x), 8u9(x)) = L($(x1), 8u(x1)) (7.28)

Although this equation appears to tell us that the Lagrangian written with
old and new fields are equal and, therefore K# = 0, it is to be noted that



the two Lagrangians are computed at different space time points. However,
to make use of Eq. (7.4), we need to write them at the same point. Since

L(x1) = L(x —Xa) = L(x) — Xa"0,.L, (7.29)
we conclude that
Kt = —a"o,L. (7.30)
Finally, we use Eq. (7.10) and find the conserved current
0L
Nl m
JH=-a 58u¢au¢+a L. (7.31)
Since a* is an arbitrary vector, we can introduce a rank-two tensor T#
oL
TW = o'p— gt L. 7.32
50,0 ¢—g (7.32)

This (symmetric) tensor is conserved

8, T = 0. (7.33)

To understand the implications of the fact that a conserved current exists,
we define the quantity that we will call the charge

Q(t) = /d3>? Jo(t, %) (7.34)

In principle Q(t) should be considered time-dependent. To check if this is
indeed the case, we compute the time-derivative of Q(t) and use Eq. (7.4).
We then find

_d(j(tt) _ /d3>? —aJO(,gi' X) _/d%?ﬁ-fz - 7{ ¢S - J=0, (7.35)

|X|=00

where we have assumed that J vanishes at spatial infinity which is a stan-
dard assumption. Hence, the “charge” Q(t) is time-independent and remains
constant for fields ¢ which satisfy equations of motion.

The above discussion applies to classical field theory and we need to un-
derstand how it changes in the quantum case. To make things simple, we
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consider the theory defined by Eq. (7.14). This theory is complicated since
it contains arbitrary interactions and self-interactions of fields. However, the
quantization of this theory proceeds in exactly the same way as for the free
theory, namely, we compute the canonical momentum and require that an
equal time commutator is canonical. We then find

M = 01, T2 = Oo2, (7-36)

and
[mi(t, %), ¢;(t. V)] = —i6;6°) (% — ¥). (7.37)

The charge Q is constructed from the time derivative of the Noether's current
given in Eq. (7.18). We find

Q) = / 4% (£, ) ma(£, %) — dalt, D)ma (£, 5)) (7.38)

To understand whether this operator depends on time or not, we need to
compute its commutator with the Hamiltonian. The Hamiltonian reads

2 2
H= / d*% {% + 2+ (Vo) + (Vo) + V(S +D)| . (739)

It is easy to see that H and Q commute so that Q is indeed time independent.
It is instructive to compute a commutator of @ and the fields ¢; . Then,

[Q. ¢1(t, X)] = —/d3>'<’1<1)2(t,>?1)[7r1(t, X1), ¢1(t, X)] = —ig(t, X),

(7.40)
[Q, ¢2(t, X)] = i1 (1, X).
It is then easy to see that
e “Ype™' = cos@ ¢y +sin b ¢o,
b1 b1 b2 (7.41)

e'Ppre”' = —sin ¢ + cosh ¢s,

Hence, the charge Q is the generator of the symmetry transformations of the
theory that we consider.

To see this more clearly, consider a theory of N fields ¢; defined by the
Lagrangian which is symmetric under a class of field transformations that
represent a symmetry (Lie) group G. The group is defined by its Lie algebra
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which, in turn, is entirely determined by algebra generators and the structure
constants
(T2, TP = if*>Te, (7.42)

Group elements are constructed by exponentiating the generators
U=eTb (7.43)

We assume that the group is unitary UtU = 1; this implies that generators are
Hermitian. We assume that fields in our theory transform in the fundamental
representation of the group

¢ =U,d;, i.je{l, .. N}, (7.44)

where N is the dimensionality of the representation.
To find conserved currents of this symmetry transformation, we consider
its infinitesimal version and obtain

¢i = (1+iT.0.)0; = i + 10.T ;. (7.45)

Independent symmetry transformations correspond to independent symmetry
generators. The currents are then

o

= mﬁf@ = (0,01 T 9;. (7.46)

We use these currents to define the time-independent charges
Qa = /d3>_<’ 7l','7_5¢j. (747)

The (equal-time) quantization condition is

[7i(t, %), ¢;(t, )] = —i6;,6D (X — y). (7.48)



We now compute the commutator of the two charges
@.Q% = [ EXET (W T3,00. 1) Thnb]
= T3Th, [ R ET (M0, Sl () + 7080, (1))
= —iT3Th, [ EX 6760 - 7) (m)8ini ()~ 1))
=i [ X mIT T (0

= —f¢ / &% m(x) T Py(x) = —F27Q°.
(7.49)

Hence,

[—iQ?, —iQP] = if?*e(—iQ°). (7.50)
We conclude that operators —iQ? furnish a representation of the Lie algebra
of the symmetry group G in the Hilbert space of the theory.

7.2 Discrete symmetries in Quantum Field Theory

We will now turn our attention to the so-called discrete symmetries. These
symmetries are field transformations that do not have any continuous para-
meter that we called 6 or A in our previous examples. A good example is a
symmetry under parity transformation. Parity changes vectors, e.g. X, p etc.
into —X, —p and does not change pseudo-vectors such as angular momentum
or magnetic field. There are three main types of discrete transformations: pa-
rity, charge and time-inversion. We will discuss these transformations using
free Dirac theory.

In Quantum Field Theory, symmetry transformation are realized by unitary
operators that act on creation and annihilation operators. Consider the parity
transformation. We will define it by the following equations

PassP™ ' =m.a_ps, PbssP™' =m.b_ss, (7.51)

The square of the parity transformation is an identity transformation P? = 1.
This implies that P~! = P and, also, that n2 =73 = 1.



We now use Eq. (7.51) to investigate how the fermion field 9 transforms
under parity. We find

d?’ﬁ ) .
—ipuxt * + ipux*
Nalpsd—ps€ ™ + nbvﬁ,sbfﬁ,se g } :

(27T)3 \/ 2Eﬁ [
(7.52)

We now change the integration variable p— —p. This transformation does
not affect Ez but transforms

Py(t, X)Pt = /

pux* — pux*, (7.53)
where X* = (x°, —X). We need to understand what happens to spinors. We

find
/O, DM
uﬁ,S _) u*ﬁ,s — ( \/O_M—IZLES ) - ’YOU[?,S (754)
uw s

The same applies to the negative energy solution except that

V_gs = —YoVps- (7.55)

Hence, we need to choose m;, = —m, to have a simple transformation rule.
We find

PY(t, X)P~" = na Yo Y(t, —X), (7.56)

and we will use m, = 1 in what follows. We will also need a transformation
for the conjugate field 9. Using almost identical manipulations, we derive

Py(t, )Pt = a(t, —X)o. (7.57)

The next transformation is a charge-parity transformation. This transfor-
mation changes particles into anti-particles. We write

CaﬁlsCfl = ﬂabﬁ,s, Cbﬁyscil = nbaﬁs (758)

Again, applying this transformation twice, we get the same quantity back, so
C2=1,C'=CandnZ=m=1

We proceed with applying the charge-parity transformation to the fermion
field

d3*p

(2m)? \/2E;

Cy(x)C ! = [Matzsbyse™ P + n,‘;vﬁ,sagse”"‘xq . (7.59)



Since the transformed field depends on b and a™ it should be related to a
complex conjugate field ¥*(t, x). We write

kP a—ipuxH * ot Alpuxt
Vﬁvsbp,se » + Uﬁysaﬁ’se " ] . (760)

o d°p
Ve x) = / (2)3 w/zEﬁ[

We now need to find a way to to make uzs out of v and vss out of us ..
To understand how to do this, consider

o _( \/PuTLMs )
Vis = . 7.61
P, ( _ /puo-p,*,r]s_ ( )

We then recall that among the Pauli matrices, only o5 is complex; therefore

of = (—1)%%0;. (7.62)

!

Although this sign change seems to transform o* and ¢* into something that
we have not see before, this is not quite the case. Indeed, consider

= © @) ( VET
2%p.s -0, 0 —\/Wn;‘.
_ —/'( — 02/ PP NE. ) _ ( —/Pu0F (—io2)nk. )
—02+/Pu0ps —VPuGyu (—io2)ns )

where in the last step we have used the fact that o, anticommutes with o 3
and commutes with itself. We choose the following basis spinors

we() m=(5) (D) e () o

Then, it follows from Eq. (7.63) that

(7.63)

—iV2Vy e = —Ups. (7.65)
Applying complex conjugation to both sides, we find
—IV2Vps = —Uj.. (7.66)
Using the fact that y3 = —1, we obtain
Vp.s = 172 U . (7.67)
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Hence, choosing n, = 1, = 1, we conclude that

CY(x)C™ = i (x). (7.68)

We can determine the transformation properties of the conjugate field follo-
wing the steps above. We find

CP()CH = =" (X) 7. (7.69)

Another important symmetry transformation is the time-reversal symme-
try, t — —t. It follows from equations of motion in classical mechanics
2
mjz—); = F(x), (7.70)
that we can change t — —t without affecting the solutions. This means that
if x(t) is a solution, x(—t) is the solution as well. In fact, t — —t means that
p— —pand [ = [Fxp] — —L as well.

The situation is more tricky in quantum mechanics and in Quantum Field
Theory where the Schrodinger equation is /inear in t. In Quantum Field Theo-
ry, we would like to have is an operator T that changes ¥(t, X) into a quantity
related to ¥(—t, X)

TY(t, X)T ~ P(—t, X), (7.71)

where we made use of the expectation that T2 = 1. On the other hand, the
time evolution of field operators can be made explicit

P(t, X) = e'ftap(x)e """, (7.72)

which implies that
TY(t, )T =TT (TY(X)T) Te '"'T. (7.73)
Hence, to determine action of T operator on the field, we need to ensure that
Te"T =e 't (7.74)

There are two options to achieve this, either {T, H} = 0 or [T, H] = 0 but
Tc = c*T even if c is an ordinary complex number. It turns out that the
second option is the only consistent choice.
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We now compute T¥(t, X)T. We write

= d3ﬁ * ipyxH * —ipyxt
T'(/J(t,X)T = Z/m (Uﬁ'sTaﬁysTe Pux™ 4 VﬁysTb;sTe Pu ) .

(7.75)
We now write
TaﬁvsT = 3_5'_5, Tb;ST = b+ﬂ (776)

7p'751
because three momentum and angular momentum change signs under the
time inversion.

We obtain
(6. X)T = Z/L (U a_p_s, €P 4 V5 bT. Te ).
) (am) 2B, T
(7.77)
We can now change p — —p and use the fact that
e (7.78)

where X* = (—t, X). It follows from the above formula that to relate Ty(t, X)T
to 9 (—t, X), we will need to find a way to map u* ;, onto uzs. One can show
that, for a particular choice of the two-dimensional spinors that are used to
define four-component spinors, the following equation holds

*

U 5e =YY Up s (7.79)

The same equation holds for v* ;.. We conclude that the time-reversal trans-
formation leads to

TY(t, )T = vy (—t, X),
TPt )T = B(—t, I)y’y". (7.80)

The above symmetry transformations of fermion fields can be used to
determine transformation properties of more complex quantities constructed
out of fermion fields. These quantities are called currents and they appear
when we construct field theories, both free and interacting. For example,
consider the scalar current

Js(x) = Y)W (x), (7.81)
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where the sum over spinor indices is assumed. To understand how Js(x) chan-
ges under parity, we write

P:J_Z/gx)P‘l = PY(x)P! Pyp(x)P? (7:82)

(t, =X)vor0W(t, =X) = Js(t, =X),
since 5 = 1.

Next, we consider how Js(x) changes under charge-parity transformation.
We write!

CJs(x)C™t = CY(x)Ct CY(x)Ct = P* (x)Voyb*(x)

. - (7.83)
= =7 () %Y (x) = P)P(x) = Js(x).
Finally, we consider the time-reversal symmetry. We find
TJ(t, )T 1= J(—1.%). (7.84)

Finally, we study the result of applying joint CPT transformation to J;. We
find
[CPT])Js(X)[CPT]) ! = Js(—t, —X). (7.85)

Another quantity is a vector current defined as
J4(x) = PO P (x). (7.86)
For this object, we find

PI*(x)P™t = PY(x)P 'y Py(x)P!

_ ~ ~ - ~ (7.87)
= P(t, =X) Vv 1P(t, —X) = J*(t, =X).
The relationship between J* and J* follows from
Y =9 ¥ =7, (7.88)
Therefore, 3
JH(t, —x) = (S°(t, —X), —J(t, —X)) (7.89)

which is exactly how the four-vector (e.g. x*) transforms under parity trans-
formations.

INote that in the step before the last one, we used the fact that 1-fields anticommute.
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Next, consider the charge-parity transformation of the vector current. We

find
CIM(x)C = P* (X)v2 v 720" (x)
= (1)’ ()" (x) = (1) 7 ()7 v 9 (x)
= (—1)% P () v Ty 0(x).

Now, using
T = (=1) om0 Oyt

we obtain
CH(x)C = —J*(x).

Finally,

T )T = TP(t, )T Ty(t, )T
= TPt )T () TY(t, )T
= (1) P(—t, )V’ Py Y (-t X).

Since y3ylytyly® = (—1)%+0uw  we find

Tt R)T = (—1)0aFouatlus (¢ %) = —(—1)%0 JH(—t X).

Applying the combined CPT transformation, we find
[CPT])JH(t, X)[CPT] ™t = —J¥(—t, —X).
Next, consider the action of a free Dirac fermion
S= /d4x ((t, X)iduy P (t, x) — mP(t, X)Y(t, X)),

and apply the CPT transformation to it. We find

[CPT]|S[CPT] ' = /d4x <[CPT]1Z(t,>?)i8ﬂ“1,b(t, x)[CPT]?

— m(—t, ~X)P(~t,-%)).

(7.90)

(7.91)

(7.92)

(7.93)

(7.94)

(7.95)

(7.96)

(7.97)

We now discuss the CPT-transformation for 1/_}/@'7“1#. We can almost
read of the result from the known transformation properties of the vector
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current J* but there are two point that require care. The first point is the
explicit factor / in 9id,v*4 which changes sign under T. The second point
Is that, as a consequence of charge-parity, we have

CYy 0, C — YTy o " (7.98)

Since 0, acts on 9* now (and not on %) and since we move ¥* to the left
of all v matrices and other fields, the full transformation rule for the term
P(t, X)i0,v*P(t, x) will look as follows

[CPTI  d(t, X0y (L, x)[CPT] ™
= (=) (=1) (BuP(—t, =X)) v9(~t, =X).

Putting this term back into Eq. (7.97) and integrating by parts to put the
partial derivative back on 4, we find

(7.99)

[CPT]S[CPT] ™ = /d4x (— B(—t, —R)idy"P(—t, —).
(7.100)
— mP(—t, =R)Y(~t,-%)).

We now change t -+ —t, x — —X in Eq. (7.97), use the fact that 6, = —0,
after this transformation and obtain

[CPT]S[CPT] =S, (7.101)

so the Dirac action is invariant under the CPT transformation.
Let us consider a more complex theory where a fermion field couples to a
boson field. A possible example is

S=5p4 Ss+ Sint, (7.102)
where Sp is the action of the Dirac field that we just explored,
a, (1 m* 5
55 = d*x E(B,L(b 8“(]5) - ?(b , (7103)
and

sng/&xmm¢@wu> (7.104)
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One can easily convince oneself that for the scalar field ¢ the following
transformation rules hold

Po(t,X)P = ¢(t,—X), Co(t,X)C =¢(t,X), To(t,X)T = p(—t,X).
(7.105)
Using these results, as well as transformation rules for fermion fields, it is easy
to see that S; and S;,; are invariant under the CPT-transformation. In fact,
there is a very general statement known as the CPT theorem which states
that a Quantum Field Theory which is Lorentz invariant and where usual
relations between spin and statistics holds, is described by an action that is

invariant under a simultaneous application of C, P and T transformations.
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