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8 Perturbative expansion of the correlation functions

We consider a quantum field theory of a scalar field described by the following
Lagrangian
1 m? A
— L o 2 _ 4 1
L= 38,000 — —-¢* — 0" (8.1)
The additional O(X) term makes this theory extremely complicated. For ex-
ample, the equation of motion

(8,0" + m*) ¢ = —%4;3, (8.2)

becomes non-linear and it is not known how to solve it exactly.

Nevertheless, we can quantize the theory following the same procedure
as before, i.e. by calculating the canonical momentum m = 6£/§(0o¢) and
requiring that the standard commutation relation

[7(t, %), $(t, ¥)] = —i6D (X~ y), (8.3)

holds. We can also construct the Hamiltonian

H= /d3)? FWQ(t X) + l(ﬁqb)2 + ﬂzdﬂ + id)“ (8.4)
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but, again, it will not be possible to find exact eigenvalues and eigenstates of
this Hamiltonian. This is simply too complicated a problem.

All this is very similar to the case of an anharmonic oscillator in quantum
mechanics which is also not amenable to an exact treatment. In that case,
we develop perturbation theory for energies and wave functions. In quantum
field theory, we will develop perturbation theory for Green's functions, i.e. the
vacuum expectation values of products of fields ¢.

We will discuss the simplest Green's function (Q|T¢(x)p(y)|2) which
involves just two fields. Here |Q2) is the exact ground state of the theory with
the Hamiltonian in Eq. (8.4). We expect that in the limit A — 0, the exact
Green's function becomes the Green's function of a free theory

d4p I'ef"p(xf)/)

To construct perturbation theory in A, we write
H = Hy + Hint, (8.6)



where

N B L 30 A 4
HO = d>X | =7 (t,X) + —(Vd)) + _¢ , Hint = d>x —¢ . (87)
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To construct the perturbation theory, we imagine that at t = ty, the field
operator is fixed to ¢(tg, X), and that it can be written as a linear combination
of creation and annihilation operators of a free theory

&5
(27)3\/2E;

where xo = (tp, X). Eventually, we will see that the result for the Green's
function will not depend on t;. We can also imagine that t; is very large and
negative and that the interaction term decouples at such values of t, so that
we always start with a free theory.

The time evolution of the field ¢ is determined by the full Hamiltonian

¢(to, X) =

oo b agend],  (89)

o(t, X) = e’H(t_t0)<j)(to,%)e_’H(t_tO). (8.9)
We rewrite this expression as follows

¢(t )—<’) — eI-H(tfto)efl'Ho(tftQ)eI-Ho(ffto)d)(tO )—<') effHo(tft’o)e+/Ho(t7to)efI'H(tffo).

(8.10)
We have introduced Hg into this formula and we imagine that, to compute
Ho, we use creation and annihilation operators of a free theory. We then define

D (1, X)e™ M0 = ¢ (t, X). (8.11)

This field can be parameterized in terms of creation and annihilation operator
of a free theory. We find

o d3ﬁ —ipuxt + Aipux*
¢i(t. %) = | ———== [age” " + ateP], (8.12)

(27)3\/2E;

where x = (t, X).
Next, we define the unitray time-evolution operator U(t, tg) as

U(t, ty) = etHolt=to) g=iH(t=to) (8.13)



so that
o(t, X) = UT(t, o), (t, X)U(t, to). (8.14)

We will now derive a useful equation for the time-evolution operator. To
this end, we write

9(t.%) d¢(t, )

5 ilH, ¢(t, X)], 5 = iI[Ho, ¢:(t, X)]. (8.15)
Also, given the relation between ¢, and ¢, we can write
H(p, ™) = UT(t, to)H(p;, m)U(t, to). (8.16)
We now write
w = % [U(t, to)p(t, X)U(t, to) "] = wdxtﬂua, to)"
+ U(t, to)&pgt’ X) U(t, to)" 4+ U(t, to)o(t, %)w.

(8.17)

We would like to turn ¢-fields into ¢,-fields in this expression. To do that, we
write

ou . op(t, X) _out
E(p(t,X)UJF—FU—at U++U¢(t,X)W
ou . , . out
= SIU* (UB(ER)U*) + IULH@. m). 61U + (Ug(e, U (818)
+
= 20U b+ il ). 0 + U

To further simplify this expression, we make use of the fact that UUT = 1,
so that

ou, . out
-~ o 1
2t ur+u 3% 0 (8.19)
Hence, combining this and the previous equation, we arrive at
0P, (t, X ou , .
M: —U++/H(¢/,7T/):¢/ = [/Ho(¢/,7r/),¢/]- (8-20)
ot ot
We conclude that
ou, . . .
—U +IH(¢/,7I'/)—/H0(¢/,7T/):O. (821)

ot
3



Since
H = HO + Hintv (822)
we obtain ~
§U+ = —/Hint((b/, ’7'('/). (823)
Multiplying both sides of this equation with U and using the uniitarity of

U-operator, we find

BU(t, t,)
ot

The solution of this equation with the boundary condition U(ty, ty) = 1 reads

= —iHine (¢, ™) U(E, to). (8.24)

i [ A7 He(r (7)., (7))

where T is the time-ordering operator. This operator implies that when the
exponential function is expanded in Taylor series and terms of these series are
written as multiple integrals over respective times, H;,:(7) with the largest T
should be at the left-most position etc.

Eventually, we will need this operator to set up perturbative expansion
of Green's functions. However, it is easy to see that U(t, ty) needs to be
generalized to enable that. Indeed, consider, a product of two fields ¢p(x)@(y).
When we express them through fields ¢,(x) or ¢,(y) we find

P(x)(y) = Ut (x0, t0)d1(x)U(x0, to) U™ (vo. to) i (y)U (0, to). (8.26)
We would like to introduce a new time evolution operator defined as follows
U(x0, ¥0) = U(x0, to) U™ (¥0, to). (8.27)

Using the definition of the U-operators, we find
U(Xo, yo) = e'folo=t) g=iHG0=y0) g=iHo(yo—to) (8.28)

If vo = to, or Xo = ty, we either get the original U-operator or its conjugate
version.
It is easy to convince oneself that

i AT Hi(G1(7). (7))
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so that if tHh<th<ts
U(ts, t2)U(t2, t1) = U(t, t1), (8.30)

and that
U(tg,, t2)U+(t3, t2) — 1 (831)

Next, we consider the two-point function (Q|T¢(x)¢(y)|Q2) and assume
that xp > yg, for definiteness. Then

QT o(x)b(y)I€2) = (Qd(x)b(y)I€2)

= (QIU* (%0, )91 (:)U (%0, Y0) b1 (1)U (o, t0)I2). (8.32)

Parts of this expression involve ¢;(x) etc. and we understand what to do
about them but there is also an exact vacuum state |Q2) and we need to
connect it with the ground state of the free theory.

There is a trick that we use to do that. We take a state |0) and consider
its time evolution in the full theory

[W(t)) = e ""0). (8.33)

Since |0) is not an eigenstate of H, W(t)) is a linear combination of the exact
eigenstates of the Hamiltonian H. We find

(W(t) =) e & In)(n|0). (8.34)

We now use this equation for t = T + t5 and take the limit T — +oo(1 — /€)
with € > 0. This limit projects the sum on the ground state |Q2).! We find

lim e Mt)0) = e B (T+0)|10)(Q]0). (8.35)

t—T 4+t
Solving this equation for |2), we obtain
e/Eo(T+t0)e—/H(T+t0)|O>

Q)= |m
1£2) T—00(1—i€) (Q)0)

(8.36)

Lt is important that € > 0 and we assume that there is a gap between the energy of the
first excited state and the vacuum. This implies that the overlap between any excited state
and |0) vanishes as T — oo because e ¢(En=Eo)T < e=¢(Bi=F)T 0 a5 T — 4-00.
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We would like to rewrite this formula using operator U(t,, t;). Since
U, t1) = eiHO(tQ_tO)e_iH(t2_tl)e_iH0(t1_t0)' (8.37)
and since Hp|0) = 0, we can write
e HT+0)10) = U(ty, —T)|0), (8.38)

so that

. e BT T (5, —T)0
P (to. ~T)[0)
T—00(1—ie) (22|0)
We then perform a similar computation for (Q2|. In this case, we take
t =ty — T and write

(8.39)

<O| e/H(to—T) eon(to—T)

Ql=_ 1 4
S =L 01 (8.40)
We can rewrite this formula as follows
Tt
Q= lim (OIU(T. ) (8.41)

T—oo(1—i€) (0|Q)e—"Fo(T—t0)

We are now in position to assemble the Green's function. Assuming that
Xo > Yo, we write

(QTe(x)P(y)I2) =
im (OJU(T, to)U™ (0. to) b1 (x)U(x0, 0)d1 (Y)U (Yo, to)U(to, —T)|$2)
T—oo(1—i€) (0]Q2)(€2|0) e—iE02T :
(8.42)
We use Ut (xq, tg) = U(ty, Xo) and find
(QTo(x)p(y)I2) =
im (OJU(T, x0) 1 (x)U(x0, ¥0) 1 (¥)U (v, to)U(to, =T)IQ2)  (8.43)
SN (0l (Q0)e E2T :

We then realize that the operators in the numerator of this expression can be
written as

U(T, X091 (x)U(x0, Yo0) @1 (¥ )U (Yo, to)U(to, —T)
i T ar oy (844)
=T (X)) (V)U(T, =T) =T (x)pi(y)e -7 :
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To understand what should be done with the denominator in Eq. (8.43),
we note that the vacuum state is supposed to be normalized. Then

(OJU(T, t)U(to, —T)|0)

1=(Q|Q2) = , 4
G = oy iye T (849
It follows that
(01€2)(Q]0)e~"*T = (O|U(T, to)U(to, —T)I0). (8.46)
Hence, we find
. (OIT ¢ (x): (y)U(T, —T)[0)
where the time evolution operator reads
i ] dr H (7). (1))
Uurm,-T)=e -7 ) (8.48)

Equation (8.47) is exact. However, its main virtue is that it allows us to
construct an expansion in powers of the self-coupling A that appears only
in the interaction Hamiltonian H,,:. Hence, the perturbative expansion arises
upon the expansion of the operator U(T, —T) in series of \.

We will discuss practical ways to visualize such an expansion in the next
lecture. However, it is clear that important building blocks of such an expan-
sion are Green's functions with a large number of ¢,(x) fields

(01T ¢1(x1)d1(x2) 1 (x3)...¢1(xn)[0). (8.49)

We will have to understand how to compute such Green’s functions. Since
each of the fields ¢;(x) is a linear combination of creation and annihilation
operators and since annihilation operators annihilate the vacuum |0), it is
clear how to compute the above Green's function by a brute force — we
simply need to move all annihilation operators to the right since if we manage
to do that, all such contributions will vanish. An intelligent way to organize
such calculations is known as the Wick theorem which we will now discuss.

Suppose we introduce positive-energy and negative-energy parts of the
field ¢;(x)

B(x) = ¢ (x) + ¢ (%), (8.50)

v



where

d3p I
100 [ 28 e

B
_ 27r)j3\§2_5p o (8.51)
¢, (x) = —(27T)3\/2_Ep a; e’
Thanks to the properties of creation and annihilation operators, we find
(0lg; (x) =0, ¢/ (x)|0) =0. (8.52)

Let us consider the Green's function of two fields. We write
T81(x)¢1(y) = 0060 — ¥0) (8] (8] () + & ()7 (v)
+ 67 (9T (V) + & ()67 (1)) + .
= 6(% — yo) (& ()& () + & ()7 (v)
+ &7 (VG () + & (DS () + 87 (0, &7 (]) + .

The only term that contributes to the Green's function is the commutator
of the positive-energy and the negative-energy parts of the quantum fields.
Hence, we find

(01T ¢s(x)¢:(¥)0) = (016(x0 — yo)[# (x). &7 (v)]
+0(v0 = x0)[¢/ (v). ¢y (¥)]|0) = Dr(x —y),

the Feynman propagator. We also note that the commutators in the above
formula are not operators but c-numbers; because of this

(Oll¢;" (v). &7 C1I0) = [ (v). &y (X)]. (8.55)

so that the vacuum expectation value does not need to be taken. We then
define a contraction symbol

(8.53)

(8.54)

0% (v) = 800 — )6 (). &7 ()] (556
+6(yo — x0) 0] (v). &7 (X)] = De(x — y),

and write the T-product of the two fields as follows

—
Toi(x)di1(y) = N(@(x)b(y)) + ¢i1(x)di(y). (8.57)
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The operator N stands for the “normal ordering operator” which places all
creation operators to the left and all annihilation operators to the right. Since

(OIN(o(x)é(¥))I0) = 0, (8.58)

we conclude that

—
(OITdi(x)d1(¥)|0) = d1(x)pi(y) = Dr(x — y). (8.59)

The generalization of Eq. (8.57) to the case of many fields is called the
Wick theorem. It reads

T10)1(2). 91 0n) = N{910)...1 Cxu)+

(8.60)
all possible contractions between the fields d),}.

Note that “all possible contractions” includes terms where e.g. ¢;(x1) is con-
tracted with ¢;(x2) and the rest of the fields are normal-ordered. Or, if all
fields become contracted pair-wise, one can place such a term under the nor-
mal ordering sign since in this case there are no creation and annihilation
operators left.

As an example, we re-write the time-ordered product of four fields through
normal-ordered products. We find

T¢/(X1)¢/(X2)¢/(X3)¢/(X4) = /V[¢/(X1)¢/(X2)¢/(X3)¢/(X4)

— —

+ ¢1(x1) 91 (x2) B (03) 1 (xa) + &1 (x1) b1 (x3) P (x2) B (Xa)
— —

+ ¢1(x1) D1 (xa) 1 (2) 1 (x3) + @1 (x2) b1 (x3) P (x1) B (Xa)
— —

+ ¢1(2) D1 (Xa) i (x1)P1 (x3) + &1 (x3) P (Xa) 1 (x1) i1 (x2)

— — —

+ &1 (x1) 91 (x2)Pi (x3)B1 (Xa) + &1 (x1)Bi(x3) 1 (X2) D1 (Xa)
— —

+ @1 (x1) P (xa) 1 (x2) 1 (x3) | -

The beauty of this formula is that only fully-contracted terms contribute to
the vacuum expectation value of T-ordered fields. Since each contraction is
a Feynman propagator, we find

(0’T¢/(X1)¢/(X2)¢/(X3)¢/(X4)|0> = DF(Xl - Xz)DF(X3 - X4)
+ De(x1 — x3)Dr(x2 — Xa) + De(x1 — xa) Dr(x2 — x3).

(8.61)

(8.62)
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The same result applies to the general case of N-fields where, of course, the
number of contractions is larger.

We will now prove the Wick theorem. We have explicitly discussed it for
N = 2, so it is natural to prove it by induction. We thus assume that the
theorem is valid for N — 1 fields and we use this information to prove that
it is valid for N fields. We consider T ¢,(x1)...¢;(xn), assume for definiteness
that x? is the largest time and write

T¢/(X1)---¢/(XN) = ¢/(X1)T¢/(X2)--¢/(XN)

= ¢1(x1)N[¢i(x2)..¢1(xn) + contractions]. (8.63)

We now write ¢;(x1) = ¢/ (x1) +@; (x1). The negative energy component we
Just leave where it is since this term is already normal-ordered

¢; (x1)N[$;(x2)..¢s(xn) + contractions]

= N[¢; (x1)¢1(x2)..¢1(xn) + contractions)]. (8.64)

On the contrary, we need to move ¢; (x1) passed all ¢; (x;) fields inside the
normal ordering operator.

To see how this works, consider the term with no contractions. Then we
write

¢ (x1) N[gi(x2)..91(xn)] = N[ (x2)..01 (xn) @) (x1)]

8.6
ot o0 Nigio). do)l] . )

The first term here combines with a similar term in Eq. (8.64) and allows us
to replace a sum of ¢, (x;) and ¢, (x;) with ¢;(x;) under the normal ordering
sign.

The second term in Eq. (8.65) produces N —1 contractions of ¢,(x;) with
the other fields. Indeed,

(67 (). Nigi )1 )] = ZNI@ () 87 (3. 67 ()], 91 ()

N
Z N[[@) (x1), & ()] @1(0x2)-- 1 (xi—1) &1 (Xit1)-- b (xw)].
- (8.66)
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Since x{) > x,-o, we can replace the commutator with the contraction of the
two fields

—
(67 (x1), &7 (x)] = di(x1) i (xi). (8.67)

Identical arguments apply to terms in Eq. (8.63) which contain contrac-
tions between (some) of the fields ¢(x2), .., d(xn). We therefore conclude
that

Toi(x1)...01(xn) = N[ (x1)d;(x2)..¢,(xn) + contractions], (8.68)

as required by the Wick theorem.

11



