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Non-Abelian gauge theories (50 Points)

Exercise 5.1: (50 points) Consider a non-Abelian gauge theory with group SU(N), a gauge field Aµ

can be written as
Aµ = T aAa

µ, (1)

where T a are the generators of SU(N). In the lecture, we obtained the kinetic term of the Lagrangian
for a non-Abelian gauge theory,

Lkin = −1

2
Tr

[
F̂µνF̂

µν
]
, (2)

where F̂µν = T aF a
µν with

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gsf

abcAb
µA

c
ν (3)

(a) (5 points) Prove the Bianchi identity,(
DρF̂µν

)a
+
(
DµF̂νρ

)a
+
(
DνF̂ρµ

)a
= 0, (4)

where explicitly (
DρF̂µν

)a
≡

[
δac∂ρ + gsf

abcAb
ρ

]
F c
µν . (5)

(b) (20 points) From the lecture, we know that the Lagrangian Lkin is invariant under the gauge
transformations defined as follows,

Aµ(x) −→ A′
µ = U(x)Aµ(x)U

†(x)− i

gs
[∂µU(x)]U †(x) (6)

for any U(x) ∈ SU(N). In the case of SU(2), a gauge field Aµ can be decomposed as

Aµ =
σa

2
Aa

µ (7)

where σa are the Pauli matrices. In the lecture, we argued that with infinitesimal transforma-
tions the obtained filed A′

µ also belongs to the corresponding Lie algebra, i.e. Eq. (7) still
holds. Prove that under a generic transformation Eq. (6), the field A′

µ can also be written as
Eq. (7).

Hint: Prove that A′
µ is traceless and hermitian given that Aµ does.

(c) (10 points) Now add a Dirac Lagrangian which reads

LD = Ψ̄ (iγµD
µ −m)Ψ . (8)

Compute the equations of motion for gauge fields and show that they can be written as(
DµF̂µν

)a
= gsj

a
ν , (9)

where the left-hand-side is defined similarly to Eq. (5). What is the conserved currents jaν?
What is the conservation equation for jaν?
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(d) (15 points) Consider the dual field strength tensor

F̃ a
µν =

1

2
εµνρσF

a,ρσ. (10)

Next, let us use it to construct a term as

Lθ = 2θF̃ a
µνF

a,µν , (11)

where θ is a constant1. Is Lθ allowed in the Lagrangian of a non-Abelian gauge theory? Show
that Lθ is actually a total derivative

Lθ = ∂µP
µ, (12)

and write down the Pµ. Does Lθ change the equation of motion of gauge fields? Explain it.

SU(N) Group (50 Points)

Exercise 5.2: (50 points) A Lie group G can be parameterized by a set of continuous parameters,

αa, a = 1, 2, ...,M. (13)

An element in G depends on these M parameters.

(a) (5 points) Show that any element of G, say U , in a particular representation can be written
as

U = eiα
aTa

, (14)

where T a are the generators of group G.

(b) (5 points) For the SU(N) group, by definition,

UU † = 1, detU = 1. (15)

What constraints do these conditions impose on the generators T a? Identify the number of
generators.

(c) (5 points) In the case of SU(2) group, one can write its element as

U = eiα
j σj

2 . (16)

Here σj are the Pauli matrices. Show that one can also write

U = cos
θ

2
1+ i sin

θ

2
njσj . (17)

What are the θ and n⃗ explicitly (in terms of αj)?

(d) (5 points) The generators of a Lie group G form a Lie algebra which is a linear vector space.
This algebra is defined by [

T a, T b
]
= ifabcT c, (18)

where fabc are the structure constants, which are totally anti-symmetric. One can also define
a totally symmetric group invariant as

dabc = 2Tr
[
T a{T b, T c}

]
. (19)

Note that this is only valid in fundamental representation. Prove that

dabefecd + dbcefead + dcaefebd = 0. (20)
1In QCD, Lθ is related to the strong CP problem and θ is known as the strong CP phase.
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(e) (10 points) In the fundamental representation, the generators of SU(N) are normalized so that

Tr
[
T aT b

]
=

1

2
δab. (21)

Show that

T a
ijT

a
kl =

1

2

(
δilδkj −

1

N
δijδkl

)
. (22)

This is known as Fierz identity which also has a grammatical representation,

ij

k l

=
1

2

ij

k l

− 1

2N

ij

k l

(23)

(f) (20 points) The Casimir operators are invariants of the algebra. They commute with every
single group element. The quadratic Casimir operator for a representation R is defined by

T a
RT

a
R = C2(R)1. (24)

Let’s define

CF ≡ C2(fund) =
N2 − 1

2N
, CA ≡ C2(adj) = N. (25)

We can use the Fierz identity to calculate the so-called color factors. For example, summing
the j, k indices in Eq. (22) would immediately give

(T aT a)il = CF δil. (26)

Use Fierz identity to calculate the following color factors.

•
(
T aT bT a

)
ij

•
(
T aT bT cT aT b

)
ij

•
(
T aT b

)
ij

(
T aT b

)
kl

•
[
T a, T b

]
ij

[
T a, T b

]
kl

•
(
fabcT bT c

)
ij

• facdf bcd

• Tr
(
T aT bT c

)
Tr

(
T aT bT c

)
You are encouraged to verify your results by using FORM2 or FeynCalc3.

2https://github.com/vermaseren/form
3https://feyncalc.github.io/
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