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Gaussian integral (30 Points)

Exercise 6.1: (30 points) In this exercise we will study Gaussian integrals. A Gaussian integral over
one variable reads ∫ +∞

−∞
dx e−ax2

=

√
π

a
, (1)

where a is a positive real number.

(a) (10 points) We would like to generalize Eq. (1) to the multi-variable case. To this end,
consider an N -dimensional vector x and show that∫

dN x⃗ e−
1
2
xTAx+bTx =

(2π)N/2

(detA)1/2
e

1
2
bTA−1b. (2)

In deriving the above result we assumed that A is a positive-definite symmetric N ×N matrix
and b is a real-valued N -dimensional vector.

(b) (20 points) Having computed the Gaussian integral over N real variables, we can generalize
the calculation to the case of N complex variables z. Show that∫ ( N∏

i=1

dzidz
∗
i

)
e−z†Az+b†z+z†b =

(2π)N

detA
eb

†A−1b, (3)

where A is a Hermitian matrix and b is a complex N -dimensional vector.

Feynman rules from the path integral (70 Points)

Exercise 6.2: (50 points) Path integrals can be used to derive Feynman rules for an arbitrary quantum
field theory in a mechanical way. The goal of this exercise is to do that for a scalar ϕ4 theory. To
this end, consider a real scalar field governed by the Lagrangian

L =
1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2︸ ︷︷ ︸

L0

− λ

4!
ϕ4. (4)

We define the generating functional W [J ] as

W [J ] =

∫
[Dϕ]ei

∫
d4x(L+Jϕ)∫

[Dϕ]ei
∫
d4xL . (5)

We will also denote by W0 the generating functional of a free scalar theory, i.e.

W0[J ] = W [J ]|λ=0, . (6)

(a) (5 points) Repeating the discussion in the script, show that

W0[J ] = e−
1
2

∫
d4x1d4x2J(x1)G(x1,x2)J(x2), (7)
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where G(x1, x2) is the two-point Green function

G(x1, x2) = ⟨0|Tϕ(x1)ϕ(x2)|0⟩ =
δ2

i2δJ(x1)δJ(x2)
W0[J ]

∣∣∣∣
J=0

=

∫
d4p

(2π)4
i e−ip(x1−x2)

p2 −m2 + i0
.

(8)
This result gives you a Feynman rule for the scalar-field propagator that you can use for
computing Feynman diagrams. Write the propagator explicitly.

(b) (10 points) To complete the Feynman rules, we need an interaction term. Show that, up to
order O(λ), W [J ] can be written as

W [J ] = C

[
1− iλ

4!

∫
d4y

(
δ

iδJ(y)

)4
]
W0[J ] (9)

with

C =

∫
[Dϕ]ei

∫
d4xL0∫

[Dϕ]ei
∫
d4xL . (10)

(c) (10 points) Perform the functional derivative in Eq. (9), simplify the expression, and write
W [J ] with O(λ) accuracy. Note that you should also expand the coefficient C. While doing
that, it is important to remember that that W [0] = 1.

(d) (10 points) Putting everything together, compute the four-point Green function

G(x1, x2, x3, x4) =
δ4

i4δJ(x1)δJ(x2)δJ(x3)δJ(x4)
W [J ]

∣∣∣∣
J=0

. (11)

(e) (15 points) The above result involves both fully-connected and disconnected diagrams. The
fully-connected diagrams are the ones that we are interested in since they involve the interaction
term. There is a useful technical trick that allows us to project on the connected diagrams.
To this end, we write

W [J ] = eiP [J ], (12)

and note that P [J ] is the generating functional of connected Green functions. Hence,

GC(x1, ..., xn) =
i1−nδn

δJ(x1)...δJ(xn)
P [J ]

∣∣∣∣
J=0

. (13)

Using the above results, compute P [J ] withO(λ) accuracy and use it to compute the four-point
connected Green function GC(x1, x2, x3, x4). Perform the Fourier transformations to get its
form in momentum space GC(p1, p2, p3, p4). Upon amputating the four external propagators,
you should immediately obtain the Feynman rule for the four-point vertex in the momentum
space,

= −iλ (2π)4δ(p1 + p2 + p3 + p4). (14)

Exercise 6.3: (20 points) A peculiar way to re-write a given quantum field theory in a suitable manner
is the introduction of non-propagating field. Non-propagating fields appear in the path integral but
they do not possess kinetic terms.
As an example, consider a theory with the non-propagating field σ which is described by the

Lagrangian

L′ = L+
3

2λ

(
σ +

λ

6
ϕ2

)2

, (15)

where L is the same as Eq. (4).
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(a) (5 points) By performing a functional integral over the field σ, show that the new theory
described by the Lagrangian L′ is reduced to the original theory of interacting field ϕ only.

(b) (15 points) Draw lowest order diagrams for the scattering process ϕϕ → ϕϕ in the theory
described by the Lagrangian (15). With a technique developed in the previous exercise derive
the Feynman rules for ϕ4 and σϕ2 vertices in that theory.
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