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14 Chiral anomalies

When we say “anomaly” when talking about quantum field theory, we usually
mean a symmetry of a theory that exists at the level of a classical field theory
but disappears at a quantum level. Since gauge symmetries are essential for
the consistency of any gauge quantum field theory (e.g. they ensure that a
limited number of renormalization constants suffice to make a large number
of Green's functions finite), it is important to understand how symmetries
become anomalous and make sure this does not happen to gauge symmetries.

It is also interesting that it is possible to make statements about anoma-
lies that are exact; as such, they can be used to make (some) first-principles
statements in strongly interacting theories which will not be possible other-
wise. A classical example of an anomaly is the anomaly of the singlet axial
vector current that we now consider.

Consider a theory of a massless fermion 1 interacting with an abelian
gauge field

Ezﬂﬁﬁw——%ﬁwFW, D, = 0, + ieA,. (14.1)
The field 4 is split into left- and right components
Yr= ! izfyg, Y, (14.2)
and the Lagrangian becomes
c::@ub¢,+@mD¢R—%ﬁwFW. (14.3)

We can separately change phases of left and right components of the fermion
field ¢ without changing the Lagrangian; by Noether's theorem this means
that both left and right currents

=Yy, and  jE = YrY YR, (14.4)

are conserved
G,LjﬁR =0. (14.5)

We can take the linear combinations of these currents and form vector and
axial currents

M= e =Py, = —jE = Py (14.6)
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As the consequence of Eq.(14.5) these currents are also conserved
o,J* =0, o, =0. (14.7)

Note that the current J* couples to the gauge field A* whereas the axial
current J& does not couple to the gauge field.

We will now show that it is only possible to satisfy one (out of two) equa-
tions in Eq.(14.7) once quantum effects are taken into account. Interestingly,
we can choose which equation remains valid and which one is violated. One
of the two symmetries that led to Eq. (14.7) and which we choose to give up
at the quantum level is called “an anomalous symmetry” .

Since it is inconvenient to work with operators (currents are operators),
we will consider a matrix element of the axial current between the vacuum
state and the two photons and write it as

<’Y(k1)’7(k2)|J5,u|0> _625?*€§ Tu;aﬁ(klykz): (14.8)

factoring out the coupling constant e and the polarization vectors of the two
photons. Tensor T,.q45(k1, k2) is obtained from the vacuum expectation value
of the time-ordered product

Too(ki, ko) = / dixdty e e (0T Ju(x) Jp(y) Jen(0)|0).  (14.9)

The current conservation Eq.(14.7) implies the transversality of T,.qs
w.r.t. all of its three indices

Tuapky =0, Tu;aﬁkg =0 ¢“Tyuap =0. (14.10)

Here g = ki + ko.
To compute T,..3, we need to calculate two diagrams shown in Fig. 1.
We write

o // d*/ { 1 11 1 1 1
w3 — (27T)4 ’YM’YS//\_ fYa//\_ /?2 / 'Yu’Y5l /— kl /
(14.11)

An important feature of this expression is that it is i/l-defined because of
a linear divergence of the two contributions at large values of |. This is not a
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Figure 1: Two graphs that contribute to the correlator of an axial current
and two vector currents.

problem of this particular Green's function since many quantities in QFT are
ill-defined. What we need to do therefore is to introduce a regularization in
Eq. (14.11), perform the computation to the end and then see if the depen-
dence on the regulator can be removed. In what follows, we will first discuss
a slightly different approach to this problem which will allow us to illustrate
some interesting features.

A peculiar feature of linearly-divergent unregularized integrals that will
play a crucial role in our discussion is that a choice of a different momentum
flow in such an integral may lead to different result. To see this, imagine that
we compute a difference of two identical integrals where the only difference
is that the loop momentum is shifted by a constant vector in one of them.

Hence, we write ,

d*/
| = | —=|[F()— F(—p)]. 14.12
| e () = F(1=p) (14.12)
Normally, we would treat the two integrals separately, shift the loop momen-
tum / — / + p in the second one and conclude that the result is zero. How-
ever, mathematically, such manipulations are only valid if [d*//(2m)* F(/)
converges ( at least, it should not diverge faster than a logarithm.). If shifts
are not allowed, we can compute a derivative of | with respect to p*. We

write ol d*l OF(!
o U=p) (14.13)
Op+ (2m)*  OIx

In this integral, the linear divergence is not present anymore, so we can shift




the momentum and find

8l [ dY BF()
apr ) (@m)* o

(14.14)

We now have an integral of the total derivative and it can be computed using
the Stokes theorem. To apply the Stokes theorem to these integrals, we
peform the Wick rotation and write 1° =i/, I — Iz. Then

oF 1 OF

or_ - 9 14.1
Bl jow BIE’ (14.15)

and d*/ = id*/z. Hence,
ol . d*le 1 OF _ ] 1
o = | Gy o . s | S U (1419

/]

The surface of a three-dimensional sphere in four-dimensional space with the
radius /g scales as |lg|®; hence, if F(/) scales as 1/[2, the integral | does not
vanish and gives a finite contribution. Going back to the original definition
of the integral | Eq. (14.12), F(/) ~ /73 implies that individual integrals in
Eq.(14.12) diverge linearly.

It follows from Eq. (14.16) that to determine / we need to know the
function F(/) at large values of the loop momentum; we will assume that this
dependence read

/lngo F(I) ~ 63 (14.17)

We now perform the Wick rotation and write
aeule  agng
By ~ R

where ng is a unit radial vector in the Eucledian four-dimensional space. Next,
using dS& = dQ®n /2 and QW = 272, we find

lim F(lg) ~ (14.18)
|—00

pv Q)
/ dSs, F(le) = —/dQ(4)n‘,_§ agnt = —af 64 QW = g o (14.19)
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Since at = /%0, we find

oI i 1 QW a,
a_D“' = Wﬂsuo (—1)/ wogh— — = — . (1420)

4 3272
We can now integrate this expression using the fact that the integral /
vanishes at p = 0. We therefore find

d/t a,p*
/:/(2 o [FO) = FU =Pl = =555 (14.21)

We now return to to the computation of the correlator of three currents
and check the behavior of the integrand at large values of the loop momentum.
Consider the first diagram in Fig. 1. The integrand reads

1 11 1 SN
Tr = ~o——1r IValysl| . 14.22
[’Yu%/ — T /} 2y | vl vel] (14.22)
To simplify this trace, we write
Vel = 21T — 7y l?. (14.23)
Since
Tr [’YS’Y;L’Y&’Yﬁ’YP] - 4i€,u.aﬁp. (1424)
we find that
Tr [y, vsisl] = 0, (14.25)
so that the first term on the right hand side in Eq. (14.23) vanishes. We find
1 1 1 4ie °
Tr . R <A 14.26
WV qv " k2%3/ GE ( )

Hence, the “vector” a* that appears in the asymptotic formula of the function
F (c.f. Eq. (14.17)) reads in this case

dg = 4i€yap0 (14.27)

Suppose that we would like to compute the difference in the contribution
of the first diagram to T,.4s due to different choices of the loop momentum.
We find

E aBo !y
Tioslll = Tiapll = n] = —i=4855% (14.28)
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Performing a similar computation for the second diagram that contributes
to Ty.ap, we find

€uopols
Taopll = Tiopll = ) = i-825%, (14.29)

where the sign change is related to the fact that matrices ¥* and y° appear
in a different order in the expression for trace of the second diagram.
This implies that the result for the correlator 7,.43 IS ambiguous up to

;
Tywaplshit = Tpap + G Chass (P —13), (14.30)

where ry 5 reflect the freedom of momenta choices in the two diagrams.
Since we can shift the loop momenta in each of the two diagrams inde-
pendently, we can ask if it is possible to choose these shifts in such a way that
the transversality conditions Eq. (14.10) for both vector and axial currents
are satisfied. The answer to this question is that it is in fact not possible.
To see how this conclusion is reached, we restrict the class of shifts that
we apply. One of the symmetries that we would like to keep intact is the
symmetry between the two photons, i.e. the Bose-symmetry. Hence, we
require that we only consider correlators that satisfy the following property

Tuap(ki, ko) = Tupa(ko, k1) (14.31)

Therefore, if we parameterize the shifts as r = ajk; + asko and r» = b1k +
bok», and require that shifts do not violate the Bose symmetry, we obtain the
following condition.

dy — bl = b2 — do. (1432)

The non-trivial solution occurs if we satisfy Eq.(14.32) by choosing b, = a;
and by = a,. Then, the allowed shifts are

n = alkl + azkg, rh = 82/(1 + alkz, (1433)
and Eq.(14.30) becomes
a)

a1 —
Tlll?aﬁ|5hift - T/J,;Ocﬁ + I( 187('2 2 Euaﬁé(kf - kg) (1434)



The transversality conditions now read?

— a
k Tu, a[3|sh|ft = k Tu, oap T (8—22)6 ﬁaakf‘kgr
(14.35)
(al - 32) wio
q Tu aﬁlshlft q Tu, a — T ocﬁ;wkl k2-

We will discuss the computation of the vector current Ward identity and
will quote the result for the axial one. Computing k{*T, o5 we find

Tos = 1 [ Gy (R = A=), (1436)

where L
Tr [yvs(T = ke
(I — kp)?I?
The integral in Eq. (14.36) can be unambigously computed using earlier
discussion. We find

F, = (14.37)

Ai€yapaks®

Fu(l) ~ 14.
V( ) (/2)2 ( 38)
Extracting the relevant vector a* and using Eq. (14.21), we find
a l g
KT Tpap = _@Guﬁapkl k§. (14.39)
A similr computation for the axial current gives
P Thap = — 43 2€a50pk0k _ (14.40)
Hence, we find
(63 l [e el
k1 Tu:aﬁ|shift = _ﬁeuﬁaakl k2 (1 - (31 - 32)).
(14.41)

q“Tp,;aB|shift = Eaﬁpakpka(l + (31 - 32))

41 2

Eq.(14.41) contains a very important result. it shows that there is no
choice of momentum flow in two triangle diagrams that enforces simultaneous

We display one equation for the vector current; the second equation that is obtained by
contracting T,.qp with kg contains no new information.
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conservation of both the axial and the vector currents; the choice which of
the two currents is conserved is up to us to make. We make this choice based
on the observation that the vector current may couple to a gauge field (this
is a typical situation in QED and QCD) and so its conservation is essential for
the well-being of the theory. The conservation of the axial current was a nice
feature of the theory to have, but if we cannot maintain this feature at the
quantum level, so be it. Hence, we fix the momentum routing by choosing
a; — a, = 1 and, from Eq.(14.41), obtain two results

k?Tu;aﬁ =0,
i o (14.42)
quTM;aﬁ = 2_7_(_2€aﬁpok1 k2-
We now use this result in Eq.(14.8) and find
I ie? o Bp0o
@y (kv (ko) sl 0) = = eappeS SAEAS. (14.43)

We can rewrite the r.h.s of this equation by introducing momentum represen-
tation of the field-strength tensor

fuw = €1 k] — €Ky (14.44)

We also introduce the dual tensor

= 1
fuu = ieuuaﬁfaﬁ- (1445)

Putting everything together, we obtain

ie? 1
(Y(kv(k)lg" Joul0) = 15 ™ (14.46)

The above equation implies that the divergence of the axial current can be

written as
o'

= %/:W/:-;w’ (14.47)

where £, is the dual field-strength tensor.

Comments:



e |t should be clear from this discussion that understanding anomalies
requires us to deal with divergent, poorly defined quantities. We have
described one way to resolve this ambiguity. However, other approaches
are possible. Two most popular ones are the Pauli-Villars and dimen-
sional regularizations. Pauli-Villars automatically conserves vector cur-
rent and violates conservation of the axial current. Dimensional regu-
larization requires us to define matrix s in d-dimensions; one can do
this in such a way that the vector current is conserved and the axial
current is not.

e £q.(14.47) is the exact operator equation; there are no higher order
corrections to it (Adler-Bardeen-Jackiw theorem).

e |n our discussion anomaly arises as the consequence of different ul-
traviolet behavior of correlators that involve vector and axial currents.
However, anomaly can also be viewed as an infrared effect. To this end,
Imagine that we attempt to compute the imaginary part of the matrix
element of the axial current through the dispersion relations. Then,
the intermediate massless quarks are on the mass shell and no integra-
tion over the loop momentum is involved. Hence, computing g*ImT,.qs
gives zero which would imply that the imaginary part vanishes. In reality,
the imaginary part is actually proportional to a delta function §(q?).

e \We have made the choice to conserve the vector current and let the
axial current to become anomalous because vector currents couple to
gauge fields so that their conservation is essential. In more complex
theories, such as the Standard Model of particle physics axial currents
are gauged as well. It then becomes important to check if gauged axial
currents are anomalous or not.



