
Solutions to problem set 1 for “Topology in condensed matter”

Discussed in exercise class on November 7, 2023

1 Fundamental homotopy group π1

1. The homotopy between two mappings φ1 and φ2 belonging to the same equivalence class [W ] (i.e. φi(2π) =
2πW ) is trivial:

Hφ1 7→φ2
(θ, t) = φ1(θ) + t · (φ2(θ)− φ1(θ)) (1)

At each t it gives proper mapping belonging to the same equivalence class, i.e. H(2π, t) = 2πW . With this
construction we can prove φ1 ∼ φ2 ∼ φ0.

2. The fact that linear map φW (θ) = Wθ defines a proper map only for integer W is trivial, as previously we
have required that (φ(2π)− φ(0))/2π ≡W ∈ Z.

3. The product of two linear maps is defined as follows (generalizing the definition from the lecture):

(φW1
∗ φW2

)(θ) =

{
2W1θ, θ ∈ [0, π]

2W2θ + 2(W1 −W2)π, θ ∈ [π, 2π]
, (2)

At θ = 2π it gives 2π(W1 +W2). Thus we can again use the construction from Eq. (1) to prove homotopy
φW1

∗ φW2
∼ φW1+W2

.

4. Let φi ∼ φWi
(with i = 1, 2, 3 and W3 ≡ W1 +W2), i.e. there exists three homotopies Hφi 7→φWi

(θ, t). Then
we can build explicitly a homotopy:

Hφ1∗φ2 7→φ3
(θ, t) =


Hφ1 7→φW1

(θ, 3t) ∗Hφ2 7→φW2
(θ, 3t) t ≤ 1/3

HφW1
∗φW2

7→φW3
(θ, 3t− 1), 1/3 < t < 2/3

Hφ3 7→φW3
(θ, 3− 3t), 2/3 < t ≤ 1

(3)

This proves [W1] ∗ [W2] = [W1 +W2], i.e. π1(S1) = Z.

2 Skyrmions
1. Variation of the topological term reads (in the second line we integrated second and third term by parts):

δQ/ϵ =
1

4π

∫
d2r (δn(r) · [∂xn(r)× ∂yn(r)] + ∂xδn(r) · [∂yn(r)× n(r)] + ∂yδn(r) · [n(r)× ∂xn(r)])

=
3

4π

∫
d2r δn(r) · [∂xn(r)× ∂yn(r)] (4)

But since ∂xn(r) ⊥ n(r) and ∂yn(r) ⊥ n(r) (and n(r) is three-component vector), their vector product
should be collinear with n(r). However, δn(r) ⊥ n(r), and thus this variation is zero.

2. In the spherical coordinates the topological charge reads:

Q[n] =
1

4π

∫
d2r sin θ(∂yφ∂xθ − ∂yθ∂xφ) (5)
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and in polar coordinates this transforms to:

∂x =
∂r

∂x
∂r +

∂α

∂x
∂α = cosα∂r +

sinα

r
∂α, ∂y = sinα∂r −

cosα

r
∂α (6)

and thus:

Q[n] =
1

4π

∫ ∞

0

dr

∫ 2π

0

dα (∂αθ∂rϕ− ∂rθ∂αϕ) sin θ (7)

For separable coordinate dependence one has:

Q[n] =
[ϕ(2π)− ϕ(0)] [cos θ(∞)− cos θ(0)]

4π

Finally, we have φ(2π)− φ(0) = 2πW with W ∈ Z and θ(∞), θ(0) ∈ 0, π, thus cos(θ(∞))− cos(θ(0)) = 0,±2
— which gives Q[n] ∈ ±W, 0. Since W can be arbitrary integer number, this shows quantization of Q.

3. Explicit example can be built as follows:

cos θ(r) = tanh r, φ(α) = Qα (8)

and thus 
nx = sin θ cosφ =

cos(Q arctan y
x )

cosh r

ny = sin θ sinφ =
sin(Q arctan y

x )

cosh r

nz = cos θ = tanh r

(9)

3 Berry curvatore for spin s

We start with the formula given in the task, noting that ∂Ĥ(h)/∂hµ = Ŝµ:

Ωµν
m (h) =

i

|h|2
∑

m′ ̸=m


〈
m(h)

∣∣∣Ŝµ

∣∣∣m′(h)
〉〈

m′(h)
∣∣∣Ŝν

∣∣∣m(h)
〉

(m−m′)2
− c.c.

 ,
Let’s perform a rotation (acting on µ, ν indices) such that quantization axis coincides with z-axis. In such coordinate
frame, the only contribution comes from m′ = m± 1, and we can utilize:

Ŝ+ |m⟩ =
√
s(s+ 1)−m(m+ 1) |m+ 1⟩ , Ŝ− |m⟩ =

√
s(s+ 1)−m(m− 1) |m− 1⟩ (10)

Thus:

Ωxy
m (h) =

i

|h|2
∑

m′=m±1

(〈
m

∣∣∣Ŝx

∣∣∣m′
〉〈

m′
∣∣∣Ŝy

∣∣∣m〉
− c.c.

)
=

i

|h|2

(
1

4i

[〈
m

∣∣∣Ŝ−

∣∣∣m+ 1
〉〈

m+ 1
∣∣∣Ŝ+

∣∣∣m〉
−
〈
m

∣∣∣Ŝ+

∣∣∣m− 1
〉〈

m− 1
∣∣∣Ŝ−

∣∣∣m〉]
− c.c.

)
= − m

|h|2
(11)

We also have Ωyx
m = −Ωxy

m , thus bzm = −m/|h|2. Performing coordinate transformation back to the reference frame,
we obtain

b(h) = −mh/|h|3 (12)

4 Berry connection in the degenerate case
1. Let’s substitute this expansion to the Schrodinger equation:

i∂t |ψ⟩ − Ĥ |ψ⟩ = exp

(
−i

∫ t

E(R(τ))dτ

)∑
a

(
i
dca
dt

|a(R(t))⟩+ ca(t)
∂

∂R
|a(R(t))⟩ dR

dt

)
= 0 (13)
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Projecting it onto ⟨b(R(t))|, we obtain:

dca
dt

+
∑
b

cb(t) ⟨a(R(t))| ∂

∂R
|b(R(t))⟩ dR

dt
= 0 ⇔ dca

dt
= i

∑
b

dR

dt
Aab(R(t))cb(t) = 0, (14)

with Aab(R) = i ⟨a(R)| ∂
∂R |b(R)⟩.

2. For the particle in a box, eigenenergies are ϵnm = π2(n2 +m2)/2ML2. The degeneracy between (n,m) and
(m,n) is thus obvious.

3. It’s easy to see that diagonal elements of the Berry connection are zero, while offdiagonal are constant and
are given by:

A12 = −
∫ L

0

dx

∫ L

0

dy · 2
L
sin

πx

L
sin

2πx

L
· [−ix∂y + iy∂x]

2

L
sin

2πx

L
sin

πy

L
=

256i

27π2
= A∗

21 (15)

4. The equations for the adiabatic evolution are:{
c′1(φ) = iA12c2(φ)

c′2(φ) = iA21c1(φ)
⇒

{
c1(φ) = c1(0) cosAφ− c2(0) sinAφ

c2(φ) = c1(0) sinAφ+ c2(0) cosAφ
, A = −iA12 =

256

27π2
(16)

thus:

|ψf ⟩ = cos
512

27π
|ψ12⟩+ sin

512

27π
|ψ21⟩ (17)

Probability to remain in the same state is P = cos2 512
27π ≈ 0.94.
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