Solutions to problem set 1 for “Topology in condensed matter”

Discussed in exercise class on November 7, 2023

Fundamental homotopy group m;

. The homotopy between two mappings ¢ and @9 belonging to the same equivalence class [W] (i.e. ¢;(27) =
27W) is trivial:
Ho 5 (0,1) = 01(0) +1 - (02(0) — ¢1(0)) (1)

At each t it gives proper mapping belonging to the same equivalence class, i.e. H (2w, t) = 2xW. With this
construction we can prove @1 ~ o ~ q.

. The fact that linear map @y (0) = W0 defines a proper map only for integer W is trivial, as previously we
have required that (¢(27) — ©(0))/27 =W € Z.

. The product of two linear maps is defined as follows (generalizing the definition from the lecture):

oW1, 0 €0, n]

, 2
2W20 + 2(W1 — WQ)’]T, 0c [7’(',271’} ( )

At 0 = 27 it gives 2w (W; + W3). Thus we can again use the construction from Eq. (1) to prove homotopy
PWL * PWy ~ PWi+Wa-

. Let @i ~ ow, (with i =1,2,3 and W3 = Wy + W>), i.e. there exists three homotopies Hoy, sy, (0,1). Then
we can build explicitly a homotopy:

Haorr o, (0:30) % Hpyospy, (8,38) £ < 1/3
Hyysgasps(0:8) = § Hoppy o, ospw, (6,3t — 1), 1/3<t<2/3 (3)
Hyyspy, (0,3 — 3t), 2/3<t<1

This proves [W1] x [Wa] = [W1 + Wa], i.e. mi(St) = Z.

Skyrmions

. Variation of the topological term reads (in the second line we integrated second and third term by parts):

1
0Q/e = E/dQT (0n(r) - [0zm(r) x Oyn(r)] + 0zon(r) - [O,n(r) x n(r)] + dyon(r) - [n(r) x Iyn(r)])
/d21° n(r .1 (r) x Oyn(r)] (4)
T ir
But since 0;n(r) L n(r) and 9yn(r) L n(r) (and n(r) is three-component vector), their vector product
should be collinear with n(r). However, én(r) L n(r), and thus this variation is zero.

. In the spherical coordinates the topological charge reads:

1

Q[n] = o /d2r sin 6(0y 0,0 — 0,00, ) (5)



and in polar coordinates this transforms to:

or Oa sin « . Ccos «
Oy = %& + a—x@a = cos ad, + . O, 0y =sinad, — Ou, (6)
and thus: )
1 o0 s
Qln] = — / dar [ da (0,00, — 0,00,0)sin0 (7)
47T 0 0

For separable coordinate dependence one has:
[¢(2m) — ¢(0)] [cos §(c0) — cos 6(0)]
4

Finally, we have ¢(27) — ¢(0) = 2aW with W € Z and 6(c0), 6(0) € 0,7, thus cos(f(c0)) — cos(6(0)) = 0,+2
— which gives Q[n] € £W,0. Since W can be arbitrary integer number, this shows quantization of Q.

Qln] =

3. Explicit example can be built as follows:
cosf(r) = tanhr, ¢(a)=Qu (8)

and thus y
ng =sinfcosp = cos(Qarctan %)

(Qcosh o, )

. . sin arctan £

ny =sinfsing = — g (9)
n, = cosf = tanhr

3 Berry curvatore for spin s

We start with the formula given in the task, noting that H (h)/dh, = S*:

o s )
Q' (h) = 2 Z (m— )2 —cc |,

m/#m

Let’s perform a rotation (acting on u, v indices) such that quantization axis coincides with z-axis. In such coordinate
frame, the only contribution comes from m’ = m =+ 1, and we can utilize:

Sym) =+/s(s+1)—m(m+1)|m+1), S_|m)=+/s(s+1)—m(m—1)|m—1) (10)
Thus:
Se

Qﬁ%’(h):‘h% > ((m

m/> <m' Sy’ m> — c.c.)
m’/=m=£1

- s (1) )~ (= o1 )] ) =2

We also have QY% = —QY thus b, = —m/|h|?. Performing coordinate transformation back to the reference frame,
we obtain

b(h) = —mh/|hJ? (12)

4 Berry connection in the degenerate case

1. Let’s substitute this expansion to the Schrodinger equation:

i)~ 1) =exp ([ BR)dr) 3 (158 lo(RO) + 055 RO G ) =0 (19



Projecting it onto (b(R(t))|, we obtain:

0 dR deq . Z dR

ot > a(t) (a(R(?))] R PBM)) o =08 —F=i) —-Aw(R(t))a(t) =0, (14)

with Aqp(R) = i (a(R)| 55 |b(R)).

. For the particle in a box, eigenenergies are €,,, = 72(n? + m?)/2M L?. The degeneracy between (n,m) and
(m,n) is thus obvious.

. It’s easy to see that diagonal elements of the Berry connection are zero, while offdiagonal are constant and
are given by:

2 2 2561
A = — / dx/ dy - —sm—sm Zx [—ix0y + iy0,] — sm%sin? TWZ:A% (15)

. The equations for the adiabatic evolution are:

ci(p) = 1A12¢a(p) c1(p) = ¢1(0) cos Ap — ¢2(0) sin Ap . 256
, . = . ;o A=—idp = (16)
ch(p) = 1A cr1(p) c2(p) = ¢1(0) sin Ap + ¢2(0) cos Ap 27w
thus:
5
lvy) = €os o \¢12> + Sln W21> (17)

Probability to remain in the same state is P = cos2 S% ~ 0.94.
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