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■♠ ❱❡rs✉❝❤ ✏●✐tt❡rs❝❤✇✐♥❣✉♥❣❡♥✑ ✇❡r❞❡♥ ❞✐❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❡✐♥❡s ❡✐♥❞✐♠❡♥s✐♦♥❛❧❡♥✱ s❝❤✇✐♥✲
❣❡♥❞❡♥ ●✐tt❡r ✉♥t❡rs✉❝❤t✳ ❉✐❡s ❣❡s❝❤✐❡❤t ❛♥❤❛♥❞ ❡✐♥❡s ♠❡❝❤❛♥✐s❝❤❡♥ ▼♦❞❡❧s ✈♦♥ ❙❝❤❧✐t✲
t❡♥✱ ❞✐❡ s✐❝❤ ❛✉❢ ❡✐♥❡r ▲✉❢t❦✐ss❡♥❜❛❤♥ ❜❡✇❡❣❡♥ ✉♥❞ ❞✉r❝❤ ❋❡❞❡r♥ ✈❡r❜✉♥❞❡♥ s✐♥❞✳ ❉✐❡
❙❝❤✇✐♥❣✉♥❣❡♥ ❡✐♥❡s s♦❧❝❤❡♥ ❙②st❡♠s ❦ö♥♥❡♥ ❞✉r❝❤ ❞❡♥ ❲❡❧❧❡♥✈❡❦t♦r ~k ✉♥❞ ❞✐❡ ❑r❡✐s✲
❢r❡q✉❡♥③ ω ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳ ❉❡r ❩✉s❛♠♠❡♥❤❛♥❣ ❞✐❡s❡r ❜❡✐❞❡♥ ●röÿ❡♥ ✇✐r❞ ❉✐s♣❡r✲
s✐♦♥sr❡❧❛t✐♦♥ ω(~k) ❣❡♥❛♥♥t✳ ■♥ ❞✐❡s❡♠ ❱❡rs✉❝❤ ✇✐r❞ ❞✐❡ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥ ❞❡s ♦❜❡♥
❜❡s❝❤r✐❡❜❡♥ ♠❡❝❤❛♥✐s❝❤❡♥ ▼♦❞❡❧❧s ❛✉s ✶✷ ●❧❡✐t❡r♥ ❜❡st✐♠♠t✳

✶✳✷ ❚❤❡♦r❡t✐s❝❤❡ ●r✉♥❞❧❛❣❡♥

✶✳✷✳✶ ❉✐❡ ❑r✐st❛❧❧str✉❦t✉r

❊✐♥ ❑r✐st❛❧❧ ❜❡st❡❤t ❛✉s ❡✐♥❡r ♣❡r✐♦❞✐s❝❤❡♥ ❆♥♦r❞♥✉♥❣ ✈♦♥ ❆t♦♠❣r✉♣♣❡♥✱ ❞✐❡ ✇✐❡❞❡r✉♠
❛✉s ❡✐♥❡r ♣❡r✐♦❞✐s❝❤❡♥ ❆♥♦r❞♥✉♥❣ ✈♦♥ ❆t♦♠❡♥ ❜❡st❡❤❡♥✳ ❉✐❡ ❆♥♦r❞♥✉♥❣ ❞❡r ❆t♦♠❡ ✇✐r❞
❞✉r❝❤ ❡✐♥ ●✐tt❡r ❜❡s❝❤r✐❡❜❡♥✱ ❞❛s ❞✉r❝❤ ❞✐❡ ❱❡❦t♦r❡♥ ~ai ❛✉❢❣❡s♣❛♥♥t ✐st✳ ❋ür ❞✐❡s❡s ●✐tt❡r
✇❡r❞❡♥ ❢♦❧❣❡♥❞❡ ❆♥♥❛❤♠❡♥ ❣❡♠❛❝❤t✿

• ❉✐❡ ❲❡❝❤s❡❧✇✐r❦✉♥❣s❦rä❢t❡ ③✇✐s❝❤❡♥ ❆t♦♠❡♥ s✐♥❞ ❧✐♥❡❛r ♣r♦♣♦rt✐♦♥❛❧ ③✉♠ ❆❜st❛♥❞
❞❡r ❆t♦♠❡ ③✉ ✐❤r❡r ❘✉❤❡❧❛❣❡

• ❉✐❡ ❑♦♣♣❧✉♥❣ ③✇✐s❝❤❡♥ ❛❧❧❡♥ ❆t♦♠❡♥ ✐st ❣❧❡✐❝❤ st❛r❦

• ❊s ✇❡r❞❡♥ ♥✉r ❞✐❡ ❲❡❝❤s❡❧✇✐r❦✉♥❣❡♥ ③✇✐s❝❤❡♥ ❜❡♥❛❝❤❜❛rt❡♥ ❆t♦♠❡♥ ❜❡tr❛❝❤t❡t

• ❊s ✇✐r❞ ❧❡❞✐❣❧✐❝❤ ❞✐❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❙❝❤✇✐♥❣✉♥❣ ❜❡tr❛❝❤t❡t

◆❡❜❡♥ ❞❡♠ P✉♥❦t❣✐tt❡r ❞❡✜♥✐❡rt ♠❛♥ ③✉sät③❧✐❝❤ ❡✐♥ ●✐tt❡r ✐♠ r❡③✐♣r♦❦❡♥ ❘❛✉♠✱ ❞❛s
❞✉r❝❤ ❞✐❡ ❱❡❦t♦r❡♥ ~bi ❛✉❢❣❡s♣❛♥♥t ✇✐r❞✿

bi =
2π

VEZ

~aj × ~ak

♠✐t ❞❡♠ ❱♦❧✉♠❡♥ ❞❡r ❊✐♥❤❡✐ts③❡❧❧❡ VEZ . ■♠ ❘❡③✐♣r♦❦❡♥ ❘❛✉♠ ❦ö♥♥❡♥ ❞❛♥♥ ❇r✐❧❧♦✉✐♥✲
❩♦♥❡♥ ❞❡✜♥✐❡rt ✇❡r❞❡♥✿ ❉✐❡ ❡rst❡ ❩♦♥❡ ❜❡st❡❤t ❛✉s ❛❧❧❡♥ P✉♥❦t❡♥ ❞❡s r❡③✐♣r♦❦❡♥ ❘❛✉♠s✱
❞✐❡ ❞❡♠ ❯rs♣r✉♥❣ ♥ä❤❡r ❧✐❡❣❡♥ ❛❧s ❞❡♥ ❛♥❞❡r❡ ●✐tt❡r♣✉♥❦t❡♥✳ ❋ür ❞✐❡ ❡✐♥❢❛❝❤ ❦✉❜✐s❝❤❡
❑r✐st❛❧❧str✉❦t✉r ♠✐t ❞❡r ●✐tt❡r❦♦♥st❛♥t❡ ❛ ❡rstr❡❝❦t s✐❝❤ ❞✐❡ ❡rst❡ ❇r✐❧❧♦✉✐♥✲❩♦♥❡ ✐♥ ❛❧❧❡
❞r❡✐ ❘❛✉♠r✐❝❤t✉♥❣❡♥ ♠✐t π

a
✳

✸



✶✳✷✳✷ P❤❛s❡♥✲ ✉♥❞ ●r✉♣♣❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t

❲✐❡ ♦❜❡♥ ❜❡s❝❤r✐❡❜❡♥ ✐st ❡✐♥❡ ❲❡❧❧❡ ❞✉r❝❤ ❞❡♥ ❲❡❧❧❡♥✈❡❦t♦r ~k ✉♥❞ ❞✐❡ ❑r❡✐s❢r❡q✉❡♥③ ω

❝❤❛r❛❦t❡r✐s✐❡rt✳ ❉✐❡s❡ ❜❡s✐t③t ❞✐❡ P❤❛s❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t

vPh =
ω

k

❉✐❡s❡ ❜❡s❝❤r❡✐❜t ❞✐❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t✱ ♠✐t ❞❡r s✐❝❤ ❞✐❡ P❤❛s❡ ❡✐♥❡r ❲❡❧❧❡ ❛✉s❜r❡✐t❡t✳ ❩✉✲
sät③❧✐❝❤ ❜r❡✐t❡t s✐❝❤ ❡✐♥ ❲❡❧❧❡♥♣❛❦❡t ❛❧s ●❛♥③❡s ❛✉s✳ ❉✐❡s❡ ●❡s❝❤✇✐♥❞✐❣❦❡✐t ❤❡✐ÿt ●r✉♣✲
♣❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t

vGr =
∂ω

∂k

❉❡r ❡✐♥❢❛❝❤st❡ ❋❛❧❧ ✐st ❡✐♥❡ ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡ ❲❡❧❧❡ ✐♠ ❱❛❦✉✉♠ ♠✐t ω = c·k✱ ❜❡✐ ❞❡♠ ❞✐❡
P❤❛s❡♥✲ ✉♥❞ ❞✐❡ ●r✉♣♣❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ✐❞❡♥t✐s❝❤ s✐♥❞✳ ■♥ ▼❡❞✐❡♥ ✇✐r❞ ❞✐❡ ▲✐♥❡❛r✐tät
✈♦♥ ω ✉♥❞ k ❥❡❞♦❝❤ ❛✉❢❣❡❤♦❜❡♥✳ ❉♦rt ✐st ❞✐❡ P❤❛s❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ♠❡✐st❡♥s ❣röÿ❡r ❛❧s
❞✐❡ ●r✉♣♣❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t✳ ❉✐❡ ❋✉♥❦t✐♦♥

ω = f(~k)

♥❡♥♥t ♠❛♥ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥✳

✶✳✷✳✸ ❙t❡❤❡♥❞❡ ❲❡❧❧❡♥

❱♦♥ ❡✐♥❡r st❡❤❡♥❞❡♥ ❲❡❧❧❡ s♣r✐❝❤t ♠❛♥ ✇❡♥♥

vGr = 0

❉❛❜❡✐ ✉♥t❡rs❝❤❡✐❞❡t ♠❛♥ ③✇✐s❝❤❡♥ ❞❡r ❦♦♥t✐♥✉✐❡r❧✐❝❤❡♥ ▼❛ss❡♥✈❡rt❡✐❧✉♥❣✱ ❛❧s♦ ❡✐♥❡r s❝❤✇✐♥✲
❣❡♥❞❡♥ ❙❛✐t❡✱ ✉♥❞ ❞❡r ❞✐s❦r❡t❡♥ ▼❛ss❡♥✈❡rt❡✐❧✉♥❣✳

✶✳✷✳✸✳✶ ❑♦♥t✐♥✉✐❡r❧✐❝❤❡ ▼❛ss❡♥✈❡rt❡✐❧✉♥❣

❇❡✐ ❦♦♥t✐♥✉✐❡r❧✐❝❤❡♥ ▼❛ss❡♥✈❡rt❡✐❧✉♥❣❡♥ ✉♥❞ ③✇❡✐ ❢❡st❡♥ ❊♥❞❡♥ ❡♥ts♣r✐❝❤t ❞❛s ❱✐❡❧❢❛❝❤❡
❞❡r ❤❛❧❜❡♥ ❲❡❧❧❡♥❧ä♥❣❡ ❞❡r ●❡s❛♠t❧ä♥❣❡ ▲✿

n ·
λ

2
= L

❙♦♠✐t ❣✐❧t ❢ür ❞❡♥ ❲❡❧❧❡♥✈❡❦t♦r✿

kn =
2π

λn
=

nπ

L

❉✐❡ ③✉❣❡❤ör✐❣❡ ❋r❡q✉❡♥③ ωn ❤❡✐ÿt ❊✐❣❡♥❢r❡q✉❡♥③✳

✹



✶✳✷✳✸✳✷ ❉✐s❦r❡t❡ ▼❛ss❡♥✈❡rt❡✐❧✉♥❣

❇❡✐ ❞✐s❦r❡t❡♥ ▼❛ss❡♥✈❡rt❡✐❧✉♥❣❡♥ ✐st ❞❡r ❆❜st❛♥❞ ❛ ③✇✐s❝❤❡♥ ❞❡♥ ▼❛ss❡♥ ❞❡r s✐❝❤ s❡❧❜st
❡✐♥st❡❧❧❡♥❞❡ ●❧❡✐❝❤❣❡✇✐❝❤ts❛❜st❛♥❞✳ ❉✐❡ ▼❛ss❡♥♣✉♥❦t❡ s❝❤✇✐♥❣❡♥ ❞❛♥♥ ✉♠ ✐❤r❡ ●❧❡✐❝❤❣❡✲
✇✐❝❤ts❧❛❣❡✳ ❆✉❝❤ ❤✐❡r s✐♥❞ ♥✉r ❢ür ❢❡st❡ ❊♥❞❡♥ st❡❤❡♥❞❡ ❲❡❧❧❡♥ ♠ö❣❧✐❝❤✳ ❊✐♥❡ ❆✉s❧❡♥❦✉♥❣
✐st ❥❡❞♦❝❤ ♥✉r ❞♦rt ❞❡✜♥✐❡rt✱ ✇♦ s✐❝❤ ❡✐♥ ▼❛ss❡♥♣✉♥❦t ❜❡✜♥❞❡t✳ ❙♦♠✐t ✐st ❞✐❡ ❲❡❧❧❡♥❧ä♥❣❡
♥✐❝❤t ❡✐♥❞❡✉t✐❣ ❜❡st✐♠♠❜❛r✿ ❩✉ ❥❡❞❡♠ λ < 2a ❡①✐st✐❡rt ❡✐♥ λ > 2a. ❉✐❡ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥
❲❡❧❧❡♥ ♠✐t ❣❧❡✐❝❤❡r ❆✉s❧❡♥❦✉♥❣ s✐♥❞ ♣❤②s✐❦❛❧✐s❝❤ ♥✐❝❤t ✉♥t❡rs❝❤❡✐❞❜❛r✳ ❲✐r ❜❡s❝❤rä♥✲
❦❡♥ ✉♥s ❛✉❢ ❞❡♥ ❩✉st❛♥❞ λ > 2a, ❞❛ ❞✐❡s❡r ✐♠ ●❡❣❡♥s❛t③ ③✉r ❦✉r③✇❡❧❧✐❣❡♥ ❆❧t❡r♥❛t✐✈❡
❡✐♥❞❡✉t✐❣ ✐st✳ ❙♦♠✐t ❣✐❧t✿

λmin = 2a

λmax = 2L

❉❛❤❡r ❣✐❧t ❢ür ❞✐❡ ♠❛①✐♠❛❧❡ ▼♦❞❡♥③❛❤❧✿

nmax =
2L

λmin
=

L

a
= N

✉♥❞ ✇❡✐t❡r❤✐♥

kmax =
2π

λmin
=

π

a

✶✳✷✳✹ ●✐tt❡rs❝❤✇✐♥❣✉♥❣❡♥

■♥ ❡✐♥❡♠ ❆t♦♠❣✐tt❡r✱ ❦ö♥♥❡♥ ❞✐❡ ❆t♦♠❡ ❛❧s P✉♥❦t♠❛ss❡♥ ❛♥❣❡♥♦♠♠❡♥ ✇❡r❞❡♥✱ ❞❛ ❞✐❡
●röÿ❡ ❞❡s ❑❡r♥s✱ ❞❡r ❞✐❡ ❣❡s❛♠t❡ ❆t♦♠♠❛ss❡ ❜❡✐♥❤❛❧t❡t s❡❤r ✈✐❡❧ ❦❧❡✐♥❡r ❛❧s ❞❡r ❆❜st❛♥❞
③✇✐s❝❤❡♥ ❞❡♥ ❑❡r♥❡♥ ✐st✳ ❉✐❡ ❲❡❝❤s❡❧✇✐r❦✉♥❣ ③✇✐s❝❤❡♥ ❆t♦♠❡♥ ❜❡st❡❤t ❤❛✉♣tsä❝❤❧✐❝❤
❛✉s ❞❡r ❇✐♥❞✉♥❣ ❞✉r❝❤ ❞✐❡ ❱❛❧❡♥③❡❧❡❦tr♦♥❡♥✱ ❞✐❡ ❡✐♥❡♥ ❩✉st❛♥❞ ♠✐♥✐♠❛❧❡r ❊♥❡r❣✐❡ ❜❡✲
s❡t③❡♥✳ ❲✐r❞ ❡✐♥ ❆t♦♠ ❛✉s ❞❡r ●❧❡✐❝❤❣❡✇✐❝❤ts❧❛❣❡ ❛✉s❣❡❧❡♥❦t✱ ❡r❤ö❤t s✐❝❤ ❞✐❡ ❊♥❡r❣✐❡✳
❉✐❡s❡ ❊♥❡r❣✐❡ ✇✐r❞ ❜❡✐♠ ❩✉rü❝❦❦❡❤r❡♥ ✐♥ ❞✐❡ ●❧❡✐❝❤❣❡✇✐❝❤ts❧❛❣❡ ✇✐❡❞❡r ❛❜❣❡❣❡❜❡♥✳ ❉❡r
❱❡r❧❛✉❢ ❞✐❡s❡s P♦t❡♥t✐❛❧s ✐st ✐♥ ❞❡r ●r❛✜❦ ❞❛r❣❡st❡❧❧t✳

❆❜❜✐❧❞✉♥❣ ✶✳✶✿ P♦t❡♥t✐❛❧✈❡r❧❛✉❢✱ ◗✉❡❧❧❡✿ ❱♦r❜❡r❡✐t✉♥❣s❤✐❧❢❡

✺



❋ür ❦❧❡✐♥❡ ❆✉s❧❡♥❦✉♥❣❡♥ ❛✉s ❞❡r ●❧❡✐❝❤❣❡✇✐❝❤ts❧❛❣❡ ❦❛♥♥ ❞✐❡s❡s P♦t❡♥t✐❛❧ ❞✉r❝❤ ❡✐✲
♥❡ ❚❛②❧♦r❡♥t✇✐❝❦❧✉♥❣ ❣❡♥ä❤❡rt ✇❡r❞❡♥✳ ❆✉s s②♠♠❡tr✐❡❣rü♥❞❡♥ ✈❡rs❝❤✇✐♥❞❡t ❞❡r ❧✐♥❡❛r❡
❚❡r♠ ✉♥❞ ✇✐r ❡r❤❛❧t❡♥✿

Φ(x) ≈ Φ0 +
1

2

∂2Φ

∂x2
|x0

(x− x0)
2

❩✉❞❡♠ ✇✐r❞ ❛✉s❣❡♥✉t③t✱ ❞❛ss ❞✐❡ ❲❡❝❤s❡❧✇✐r❦✉♥❣ ♠✐t ✇❛❝❤s❡♥❞❡r ❊♥t❢❡r♥✉♥❣ r❛s❝❤ ❛❜✲
♥✐♠♠t✱ ✇♦❞✉r❝❤ ❧❡❞✐❣❧✐❝❤ ❞✐❡ ❲❡❝❤s❡❧✇✐r❦✉♥❣ ③✇✐s❝❤❡♥ ❜❡♥❛❝❤❜❛rt❡♥ ❆t♦♠❡♥ ❜❡rü❝❦✲
s✐❝❤t✐❣t ✇❡r❞❡♥ ♠✉ss✳ ❙♦♠✐t ❦❛♥♥ ❞✐❡ ❇✐♥❞✉♥❣ ③✇✐s❝❤❡♥ ③✇❡✐ ❆t♦♠❡♥ ❞✉r❝❤ ❋❡❞❡r♥ ❞❛r✲
❣❡st❡❧❧t ✇❡r❞❡♥✱ ❞✐❡ ❞❡♠ ❍♦♦❦❡s❝❤❡♥ ●❡s❡t③ ❢♦❧❣❡♥✳ ❉❡r ❚❡r♠ ∂2Φ

∂x2 |x0
❡♥ts♣r✐❝❤t ❞❛♥♥ ❞❡r

❋❡❞❡r❦♦♥st❛♥t❡♥ ❉✳

✶✳✷✳✹✳✶ ❉✐❡ ❡✐♥❛t♦♠✐❣❡ ❑❡tt❡

❆❧❧❣❡♠❡✐♥

▼✐t ❞❡♥ ♦❜✐❣❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❣✐❧t ❢ür ❞✐❡ ❡✐♥❛t♦♠✐❣❡ ❑❡tt❡ ❢♦❧❣❡♥❞❡ ◆❡✇t♦♥s❝❤❡ ❇❡✇❡✲
❣✉♥❣s❣❧❡✐❝❤✉♥❣✿

ms̈j(t) = Fj,j+1 + Fj,j−1

❆❜❜✐❧❞✉♥❣ ✶✳✷✿ ❑r❛❢t ❛✉❢ ❆t♦♠❦❡r♥❀ ◗✉❡❧❧❡✿ ❱♦r❜❡r❡✐t✉♥❣s❤✐❧❢❡

❙❡t③t ♠❛♥ ♥✉♥ ❢ür ❞✐❡ ❑r❛❢t ❞✐❡ ❡✐♥❡r ❍♦♦❦❡s❝❤❡♥ ❋❡❞❡r ❡✐♥ ❡r❤ä❧t ♠❛♥✿

ms̈j(t) = D(sj+1 + sj−1 − 2sj)

❩✉♠ ▲ös❡♥ ❞✐❡s❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ✇ä❤❧t ♠❛♥ ❞❡♥ ❆♥s❛t③✿

sj = s0 · e
i(kx−ωt)

① ❦❛♥♥ ❛❧s ✈✐❡❧❢❛❝❤❡s ❞❡s ●✐tt❡r❛❜st❛♥❞s ❛ ❜❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥✳ ▼✐t ❞✐❡s❡♠ ❆♥s❛t③ ❡r❤ä❧t
♠❛♥✿

mω2 = D(2− (eika + e−ika)) = D(2− 2 · cos(ka))

❋ür ❞✐❡ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥ ❞❡r ❧✐♥❡❛r❡♥ ❡✐♥❛t♦♠✐❣❡♥ ❑❡tt❡ ❡r❤ä❧t ♠❛♥ ♠✐t 1− cos(x) =
2 sin2(x2 )

ω(k) =

√

4D

m

∣

∣

∣

∣

sin

(

ka

2

)∣

∣

∣

∣

✻



❆❜❜✐❧❞✉♥❣ ✶✳✸✿ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥✿ ❡✐♥❛t♦♠✐❣❡ ❑❡tt❡❀ ◗✉❡❧❧❡✿ ❱♦r❜❡r❡✐t✉♥❣s❤✐❧❢❡

❉✐❡ ③✉❣❡❤ör✐❣❡♥ ❦✲❲❡rt❡ ❡r❣❡❜❡♥ s✐❝❤ ❛✉s ❞❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❞❡r st❡❤❡♥❞❡♥ ❲❡❧❧❡✳ ❉❛ ✐♠
❑r✐st❛❧❧ ✈✐❡❧❡ ▼❛ss❡♥♣✉♥❦t❡ ✈♦r❤❛♥❞❡♥ s✐♥❞✱ ❡r❤ä❧t ♠❛♥ ❡✐♥❡♥ ❦♦♥t✐♥✉✐❡r❧✐❝❤❡♥ ❱❡r❧❛✉❢✳
■♠ ❱❡rs✉❝❤ ✇❡r❞❡♥ ✇✐r ❧❡❞✐❣❧✐❝❤ ✶✷ P✉♥❦t❡ ❡r❤❛❧t❡♥✳

●r❡♥③❢ä❧❧❡

k ≈ 0 : ❋ür ❦❧❡✐♥❡ k ❜③✇✳ ❣r♦ÿ❡ λ ❦❛♥♥ ❞❡r ❙✐♥✉s ❛❧s sin(x) ≈ x ❣❡♥ä❤❡rt ✇❡r❞❡♥✳ ❋ür
❞✐❡ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥ ❣✐❧t ❞❛♥♥✿

ω(k) =

√

Da2

m
|k|

■♥ ❞✐❡s❡♠ ❋❛❧❧ s✐♥❞ ❞❛♥♥ ❞✐❡ P❤❛s❡♥✲ ✉♥❞ ❞✐❡ ●r✉♣♣❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ✐❞❡♥t✐s❝❤✿

vGr = vPh =

√

Da2

m

❉✐❡s ●❡s❝❤✇✐♥❞✐❣❦❡✐t ❡♥ts♣r✐❝❤t ❞❡r ❙❝❤❛❧❧❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❞❡r ❡✐♥❞✐♠❡♥s✐♦♥❛❧❡♥ ❑❡tt❡✳

k ≈ π
a
: ❆♠ ❩♦♥❡♥r❛♥❞ ❣❡❤t ❞✐❡ ❙t❡✐❣✉♥❣ ❞❡r ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥ ❣❡❣❡♥ ◆✉❧❧✳ ❙♦♠✐t ❣✐❧t

❢ür ❞✐❡ ●r✉♣♣❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t vGr = 0✳ ❉✐❡ ❲❡❧❧❡♥❧ä♥❣❡ ✇✐r❞ ♠✐♥✐♠❛❧ ✉♥❞ ❧✐❡❣t ❜❡✐
λ = 2a✳

▼♦❞❡❧❧❦r✐st❛❧❧

❉✐❡ st❡❤❡♥❞❡ ❲❡❧❧❡ ✐st ❞❛s ❘❡s✉❧t❛t ❡✐♥❡r ❡✐♥❧❛✉❢❡♥❞❡♥ ❲❡❧❧❡ ✉♥❞ ❡✐♥❡r ③✉rü❝❦❧❛✉❢❡♥❞❡♥
❲❡❧❧❡ ♠✐t ❞❡r P❤❛s❡♥✈❡rs❝❤✐❡❜✉♥❣ π :

sj = 2s0 · sin(ωt) · sin(kna1j)

❉❡r ▼♦❞❡❧❧❦r✐st❛❧❧ ❜❡st❡❤t ❛✉s ✶✷ ▼❛ss❡♥ ✉♥❞ ✶✸ ❋❡❞❡r♥ ♠✐t L = 13 · a1✳ ❙♦♠✐t ❢♦❧❣t✿

kn =
nπ

L
=

nπ

13a1

❲✐❡ ♦❜❡♥ ❜❡r❡✐ts ❡r✇ä❤♥t ❡♥ts♣r✐❝❤t ❞✐❡ ♠❛①✐♠❛❧❡ ❩❛❤❧ ❞❡r ▼♦❞❡♥ ❞❡r ❆♥③❛❤❧ ❞❡r ▼❛s✲
s❡♥✿ N = 12✳ ❉✐❡ st❡❤❡♥❞❡ ❲❡❧❧❡ ✐st ❛❧s♦ Pr♦♣♦rt✐♦♥❛❧ ③✉ sin(nπ13 j)✳

✼



✶✳✷✳✹✳✷ ❉✐❡ ③✇❡✐❛t♦♠✐❣❡ ❑❡tt❡

❆❧❧❣❡♠❡✐♥

❉✐❡ ◆❡✇t♦♥s❝❤❡ ❇❡✇❡❣✉♥❣s❣❧❡✐❝❤✉♥❣❡♥ ❢ür ❡✐♥❡ ③✇❡✐❛t♦♠✐❣❡ ❑❡tt❡ ♠✐t ❞❡♥ ▼❛ss❡♥ m1

✉♥❞ m2 ✉♥❞ ❞❡♥ ❆✉s❧❡♥❦✉♥❣❡♥ uj(t) ✉♥❞ vj(t) ❧❛✉t❡♥✿

m1üj(t) = D(vj + vj−1 − 2uj)

m2v̈s(t) = D(uj+1 + uj − 2vj)

❆❧s ❆♥s❛t③ ❞✐❡♥❡♥ ✉♥s✿

uj(t) = u0 · e
i(ka−ωt)

vj(t) = v0 · e
i(ka−ωt)

❉❛♠✐t ❡r❤ä❧t ♠❛♥ ❞❛s ●❧❡✐❝❤✉♥❣ss②st❡♠✿

−ω2m1u = Dv(1 + e−ika)− 2Du

−ω2m2v = Du(1 + e+ika)− 2Dv

❆✉s ❞❡r ❇❡❞✐♥❣✉♥❣ ❞❡r ❡✐♥❞❡✉t✐❣❡♥ ▲ös❜❛r❦❡✐t ❡r❣✐❜t s✐❝❤ ü❜❡r ❞✐❡ ❉❡t❡r♠✐♥❛♥t❡ ❞✐❡s❡s

●❧❡✐❝❤✉♥❣ss②st❡♠s ♠✐t µ =
(

1
m1

+ 1
m2

)

❢ür ❞✐❡ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥✿

ω2
± = Dµ±D

√

µ2 −
4

m1 ·m2
sin2(

ka

2
)

❋ür ❥❡❞❡ ❲❡❧❧❡♥③❛❤❧ ❦ ❡r❣❡❜❡♥ s✐❝❤ ③✇❡✐ ▲ös✉♥❣❡♥ ❞❡r ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥✱ ❞✐❡ ❞✉r❝❤ ❡✐♥❡
❋r❡q✉❡♥③❧ü❝❦❡ ❣❡tr❡♥♥t s✐♥❞✳

❆❜❜✐❧❞✉♥❣ ✶✳✹✿ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥ ❢ür ③✇❡✐❛t♦♠✐❣❡ ❑❡tt❡❀ ◗✉❡❧❧❡ ❱♦r❜❡r❡✐t✉♥❣s❤✐❧❢❡

❉✐❡ ▲✐♥✐❡ ❢ür ω+✇✐r❞ ❤✐❡r❜❡✐ ♦♣t✐s❝❤❡r ❩✇❡✐❣ ❣❡♥❛♥♥t✱ ❞✐❡ ▲✐♥✐❡ ❢ür ω−❛❦✉st✐s❝❤❡r
❩✇❡✐❣✳ ❇❡✐ ❞❡r ▲ös✉♥❣ ❢ür ω+ s❝❤✇✐♥❣❡♥ ❞✐❡ ▼❛ss❡♥ ❣❡❣❡♥♣❤❛s✐❣✳ ■st ❞✐❡ ▲❛❞✉♥❣ ❞❛❜❡✐
♥✐❝❤t ❤♦♠♦❣❡♥ ✈❡rt❡✐❧t ❡♥tst❡❤t ❡✐♥ ❉✐♣♦❧♠♦♠❡♥t ❛♥ ❞❛s ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡ ❲❡❧❧❡♥ ❦♦♣✲
♣❡❧♥ ❦ö♥♥❡♥✳ ❉❛❤❡r ✇✐r❞ ❞✐❡s❡r ❩✇❡✐❣ ♦♣t✐s❝❤❡r ❩✇❡✐❣ ❣❡♥❛♥♥t✳ ❇❡✐♠ ❛❦✉st✐s❝❤❡♥ ❩✇❡✐❣
s❝❤✇✐♥❣❡♥ ❞✐❡ ❆t♦♠❡ ✐♥ P❤❛s❡✱ ✇❛s ❦❡✐♥❡ ❲❡❝❤s❡❧✇✐r❦✉♥❣ ♠✐t ❡❧❡❦tr♦♠❛❣♥❡t✐s❝❤❡r ❙tr❛❤✲
❧✉♥❣ ③✉❧ässt✳

✽



●r❡♥③❢ä❧❧❡

k ≈ 0 : ●❡❤t ❦ ❣❡❣❡♥ ◆✉❧❧✱ s♦ ❦❛♥♥ ♠❛♥ ❞✐❡ ◆ä❤❡r✉♥❣ sin(x) ≈ x ♥ä❤❡r♥ ✉♥❞ ❞✐❡ ❲✉r③❡❧
❜✐s ③✉r ❡rst❡♥ ❖r❞♥✉♥❣ ❡♥t✇✐❝❦❡❧♥✳ ❉❛♠✐t ❡r❤ä❧t ♠❛♥ ❢ür ❞✐❡ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥❡♥✿

ω−(k) =

√

Da2

2(m1 +m2)
k

ω+(k) =

√

2D

(

1

m1
+

1

m2

)

❆✉s ❞❡♠ ❛❦✉st✐s❝❤❡♥ ❆st ❧❛ss❡♥ s✐❝❤ ❞✐❡ ●r✉♣♣❡♥✲ ✉♥❞ P❤❛s❡♥❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❛❜❧❡✐t❡♥✿

vGr =
dω(k)

dk
= vPh =

ω(k)

k
=

√

Da2

2(m1 +m2)

k ≈ π
a

■♥ ❞✐❡s❡♠ ❋❛❧❧ ❡r❤ä❧t ♠❛♥ ❢ür ❞✐❡ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥❡♥✿

ω2
+ =

2D

m

ω2
− =

2D

M

▼♦❞❡❧❧❦r✐st❛❧❧ ❉❡r ▼♦❞❡❧❧❦r✐st❛❧❧ ❢ür ❞✐❡ ③✇❡✐❛t♦♠✐❣❡ ❑❡tt❡ ✐st ❢❛st ❣❧❡✐❝❤ ✇✐❡ ❞❡r ❞❡r
❡✐♥❛t♦♠✐❣❡♥ ❑❡tt❡✳ ▲❡❞✐❣❧✐❝❤ ❞✐❡ ③✉sät③❧✐❝❤❡♥ ●❡✇✐❝❤t❡ ❛✉❢ ❥❡❞❡♠ ③✇❡✐t❡♥ ❲❛❣❡♥ ✇✉r✲
❞❡♥ ✈❡rä♥❞❡rt✳ ❊s ❣✐❜t ♥✉♥ ③✇❛r ✐♠♠❡r ♥♦❝❤ ✶✸ ❋❡❞❡r❧ä♥❣❡♥✱ ❛❜❡r ❞✐❡ ●✐tt❡r❦♦♥st❛♥t❡
❜❡✐♥❤❛❧t❡t ✐♠♠❡r ③✇❡✐ ❞❛✈♦♥✳ ❙♦♠✐t ✐st ❞✐❡ ▲ä♥❣❡ L = 6, 5 · a ✉♥❞ ❡s ❣✐❧t✿

kn =
nπ

6, 5 · a

N = 6

✾



✷ ❱❡rs✉❝❤s❞✉r❝❤❢ü❤r✉♥❣

✷✳✶ ▼❡ss✉♥❣ ❞❡r ❊✐❣❡♥❢r❡q✉❡♥③❡♥

✷✳✶✳✶ ❉✐❡ ❡✐♥❛t♦♠✐❣❡ ❑❡tt❡

❩✉♥ä❝❤st ❤❛❜❡♥ ✇✐r ❞✐❡ ●✐tt❡rs❝❤✇✐♥❣✉♥❣ ❢ür ❞✐❡ ❡✐♥❛t♦♠✐❣❡ ❑❡tt❡ ❛✉❢❣❡♥♦♠♠❡♥✳ ❉❛③✉
r❡❣t❡♥ ✇✐r ❡✐♥❡♥ ●❧❡✐t❡r ♠✐t ❞❡r ❍❛♥❞ ❛♥ ✉♥❞ ❤❛❜❡♥ ♥❛❝❤ ❞❡r ❊✐♥s❝❤✇✐♥❣♣❤❛s❡ ♠✐t ❍✐❧❢❡
❞❡r ❑❛♠❡r❛ ✉♥❞ ❞❡s ▲❛❜❱■❊❲✲Pr♦❣r❛♠♠s ❞✐❡ ❊✐❣❡♥❢r❡q✉❡♥③❡♥ ❜❡st✐♠♠t✳ ❲✐r ♥❛❤♠❡♥
✹ ❉❛t❡♥sät③❡ ❛✉❢ ✉♥❞ ❡r❤✐❡❧t❡♥ ❢♦❧❣❡♥❞❡ ▼❡ss✇❡rt❡✿

❋r❡q✉❡♥③ ωi ●❧❡✐t❡r ✶ ●❧❡✐t❡r ✷

✶ ✵✱✷✼✼✸✶✾ ✵✱✷✼✼✸✶✾

✷ ✵✱✺✺✵✺✼✸ ✵✱✺✺✵✹✽✺

✸ ✵✱✽✶✻✼✾✷ ✵✱✽✶✻✽✷✽

✹ ✶✱✵✼✶✾✵ ✶✱✵✼✶✾✽✺

✺ ✶✱✸✶✸✼✸✷ ✶✱✸✶✸✼✸✶

✻ ✶✱✺✸✻✽✼✵ ✶✱✺✸✻✽✻✹

✼ ✶✱✼✹✶✻✶✽ ✶✱✼✹✶✻✸✵

✽ ✶✱✾✶✽✸✺✸ ✶✱✾✶✽✸✻✶

✾ ✷✱✵✻✻✽✺✷ ✷✱✵✻✻✼✽✵

✶✵ ✷✱✶✽✻✽✾✹ ✷✱✶✽✻✾✵✸

✶✶ ✷✱✷✼✼✺✵✷ ✷✱✷✼✼✹✾✽

✶✷ ✷✱✸✷✽✹✺✼ ✷✱✸✷✽✹✻✷

❋r❡q✉❡♥③ ωi ●❧❡✐t❡r ✶ ●❧❡✐t❡r ✷

✶ ✵✱✷✼✼✶✹✼ ✵✱✷✼✼✶✹✹

✷ ✵✱✺✺✵✹✷✶ ✵✱✺✺✵✹✷✹

✸ ✵✱✽✶✻✶✷✺ ✵✱✽✶✻✶✵✾

✹ ✶✱✵✼✷✺✻✻ ✶✱✵✼✷✺✻✽

✺ ✶✱✸✶✹✵✵✼ ✶✱✸✶✹✶✵✵

✻ ✶✱✺✸✻✶✻✹ ✶✱✺✸✻✶✻✻

✼ ✶✱✼✸✾✾✺✶ ✶✱✼✸✾✾✸✻
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✶✺ ✶✷✱✼✼✼✶✽✼ ✾✱✷✸✹✾✾✼

✶✻ ✶✸✱✶✺✻✼✵✽ ✽✱✼✷✽✾✻✾

✶✼ ✶✷✱✸✾✼✻✻✼ ✽✱✼✷✽✾✻✾

✶✽ ✶✷✱✸✾✼✻✻✼ ✽✱✻✵✷✹✻✸

✶✾ ✶✸✱✹✵✾✼✷✶ ✽✱✹✼✺✾✺✻

✷✵ ✶✷✱✾✵✸✻✾✹ ✽✱✻✵✷✹✻✸

❚❛❜❡❧❧❡ ✷✳✶✷✿ ✷✳ ✫ ✶✳ ♦♣t✐s❝❤❡ ▼♦❞❡

✶✾



✷✳✸ ▼❡ss❡♥ ❞❡r ❑❡tt❡♥❧ä♥❣❡

❆❜s❝❤❧✐❡ÿ❡♥❞ s♦❧❧t❡ ♥♦❝❤ ❞✐❡ ❑❡tt❡♥❧ä♥❣❡ ❜❡st✐♠♠t ✇❡r❞❡♥✳ ▼✐t ❍✐❧❢❡ ❡✐♥❡s ▼❛ÿ❜❛♥❞❡s
❡r♠✐tt❡❧t❡♥ ✇✐r ❞✐❡ ▲ä♥❣❡

L = 542, 47cm

✷✵



✸ ❆✉s✇❡rt✉♥❣

✸✳✶ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥ ω(k)

❩✉♥ä❝❤st st❡❧❧❡♥ ✇✐r ❞✐❡ ❊✐❣❡♥❦r❡✐s❢r❡q✉❡♥③❡♥ ❢ür ❞✐❡ ❡✐♥❛t♦♠✐❣❡ ✉♥❞ ③✇❡✐❛t♦♠✐❣❡ ❑❡tt❡
❛❧s ❋✉♥❦t✐♦♥ ❞❡s ❲❡❧❧❡♥✈❡❦t♦rs ❣r❛♣❤✐s❝❤ ❞❛r✿

❆❜❜✐❧❞✉♥❣ ✸✳✶✿ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥❀ ❡✐♥❛t♦♠✐❣❡ ❑❡tt❡

✷✶



❆❜❜✐❧❞✉♥❣ ✸✳✷✿ ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥❀ ③✇❡✐❛t♦♠✐❣❡ ❑❡tt❡

❉✐❡ s❝❤✇❛r③❡♥ P✉♥❦t❡ ❣❡❤ör❡♥ ③✉ ❞❡♥ ♦♣t✐s❝❤❡♥ ▼♦❞❡♥✳
❩✉❞❡♠ s♦❧❧❡♥ ❞✐❡ ❲❡rt❡ ❢ür ❞✐❡ ●✐tt❡r❦♦♥st❛♥t❡ ❛ ✉♥❞ ❞❡♥ ❩♦♥❡♥r❛♥❞ π

a
✭✐♥ ❞❡♥ ❆❜✲

❜✐❧❞✉♥❣❡♥ ♦❜❡♥✿ ❣rü♥❡ ▲✐♥✐❡✮ ❛♥❣❡❣❡❜❡♥ ✇❡r❞❡♥✳ ❲✐r ❡r❤❛❧t❡♥ ❢ür ❞✐❡ ❡✐♥❛t♦♠✐❣❡ ❑❡tt❡✿

a1 = (0.4173± 0.0008)m

π

a1
= (7.53± 0.01)

1

m

❋ür ❞✐❡ ③✇❡✐❛t♦♠✐❣❡ ❑❡tt❡ ❡r❤❛❧t❡♥ ✇✐r✿

a2 = (0.835± 0.002)m

π

a2
= (3.764± 0.007)

1

m

❉✐❡ ❋❡❤❧❡r ✉♥❞ ❞✐❡ ●röÿ❡♥ ❡r❤❛❧t❡♥ ✇✐r ❛✉s✿

L = (5, 42± 0, 01)m

✇♦❜❡✐ ✇✐r ❡✐♥❡♥ ❋❡❤❧❡r ✈♦♥ ✶ ❝♠ ❛♥❣❡♥♦♠♠❡♥ ❤❛❜❡♥ ❞❛ ❞❛s ▼❛ÿ❜❛♥❞ s❡❤r ❞✉r❝❤❤✐♥❣✳

✷✷



✸✳✷ ❙❝❤❛❧❧❣❡s❝❤✇✐♥❞✐❣❦❡✐t ❞❡r ❡✐♥❛t♦♠✐❣❡♥ ❑❡tt❡

❆✉s ❞❡r ❧✐♥❡❛r✐s✐❡rt❡♥ ❙t❡✐❣✉♥❣ ③✇✐s❝❤❡♥ ❞❡♠ ❡rst❡♥ ❲❡rt❡♣❛❛r ✉♥❞ ❞❡♠ ❯rs♣r✉♥❣ ❡r✲
❤❛❧t❡♥ ✇✐r ❢ür ❞✐❡ ❙❝❤❛❧❧❣❡s❝❤✇✐♥❞✐❣❦❡✐t✿

vs,1 = (3.006± 0.006)
m

s

vs,2 = (2.607± 0.005)
m

s

❉✐❡ ❋❡❤❧❡r ❡r❣❡❜❡♥ s✐❝❤ ❞✉r❝❤ ❋♦rt♣✢❛♥③✉♥❣✳ ❉❡r ❋❡❤❧❡r ❞❡r ❦✲❲❡rt❡ ❜❡st✐♠♠t s✐❝❤ ❞✐r❡❦t
❛✉s ❞❡♠ ❋❡❤❧❡r ✈♦♥ ▲✳ ❋ür ❞❡♥ ❋❡❤❧❡r ❢ür ω ❤❛❜❡♥ ✇✐r

σω = 0.001
rad

s

❛♥❣❡♥♦♠♠❡♥✳

✸✳✸ ▼❛ss❡♥✈❡r❤ä❧t♥✐s ▼✴♠

❆✉s ❞❡♥ ❙❝❤❛❧❧❣❡s❝❤✇✐♥❞✐❣❦❡✐t❡♥ ❜❡st✐♠♠t s✐❝❤ ❞❛s ▼❛ss❡♥✈❡r❤ä❧t♥✐s ✇✐❡ ❢♦❧❣t✿

M

m
= 2

vs,1

vs,2
− 1 = (1.307± 0.006)

❉❛♠✐t ❧✐❡❣❡♥ ✇✐r ✉♥t❡r ❞❡♠ ❡r✇❛rt❡t❡♥ ❲❡rt ✈♦♥ ✶✱✺✱ ❛❜❡r ✐♠♠❡r ♥♦❝❤ ✐♥ ❞❡r r✐❝❤t✐❣❡♥
●röÿ❡♥♦r❞♥✉♥❣✳ ❉❛♠✐t ❡r❤❛❧t❡♥ ✇✐r ❢ür ❞✐❡ s❝❤✇❡r❡ ▼❛ss❡ ▼✿

M = (0.659± 0.003) kg

✸✳✹ ❇❡st✐♠♠✉♥❣ ❞❡r ❋❡❞❡r❦♦♥st❛♥t❡♥

❍✐❡r s♦❧❧ ♥✉♥ ❞✐❡ ❋❡❞❡r❦♦♥st❛♥t❡ ❛✉❢ ✈❡rs❝❤✐❡❞❡♥❡ ❲❡✐s❡♥ ❡r♠✐tt❡❧t ✇❡r❞❡♥✳ ❆❧❧❡ ❋❡❞❡r♥
✇❡r❞❡♥ ❛❧s ✐❞❡♥t✐s❝❤ ❜❡tr❛❝❤t❡t✳

✸✳✹✳✶ ❞❡r ❡✐♥❛t♦♠✐❣❡♥ ❑❡tt❡ ❛✉s ❞❡r ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥ ❢ür ❡✐♥ ❜❡❧✐❡❜✐❣❡s
❲❡rt❡♣❛❛r

❍✐❡r ❣✐❧t✿

D =
ω2m

4 sin2
(

ka
2

)

▼✐t ❞❡r ❡✐♥❛t♦♠✐❣❡♥ ❑❡tt❡ ✉♥❞ ❞❡r ✾✳ ▼♦❞❡ ❡r❤❛❧t❡♥ ✇✐r s♦✿

D = (26.3± 0.6)
kg

s2

✷✸



✸✳✹✳✷ ❞❡r ❡✐♥❛t♦♠✐❣❡♥ ❑❡tt❡ ❛✉s ❞❡♠ ❆✉s❞r✉❝❦ ❢ür ❞✐❡
❙❝❤❛❧❧❣❡s❝❤✇✐♥❞✐❣❦❡✐t

▼✐t ❞❡r ❙❝❤❛❧❧❣❡s❝❤✇✐♥❞✐❣❦❡✐t ✈♦♥ ♦❜❡♥ ❢♦❧❣t✿

D = m

(

vs,1

a1

)2

= (26.2± 0.1)
kg

s2

✸✳✹✳✸ ❞❡r ③✇❡✐❛t♦♠✐❣❡♥ ❑❡tt❡ ❛✉s ❞❡r ❉✐s♣❡rs✐♦♥sr❡❧❛t✐♦♥ ❢ür ❡✐♥
❜❡❧✐❡❜✐❣❡s ❲❡rt❡♣❛❛r

❍✐❡r ❣✐❧t ❢ür ❞❡♥ ♦♣t✐s❝❤❡♥ ❩✇❡✐❣✿

D =
ω2
+

µ+

√

µ2 − 4
mM

sin2
(

ka
2

)

▼✐t ❞❡r ✹✳ ♦♣t✐s❝❤❡♥ ▼♦❞❡ ❢♦❧❣t✿

D = (25.3± 0.1)
kg

s2

❊✐♥❞❡✉t✐❣ ❧✐❡❣❡♥ ❛❧❧❡ ❞r❡✐ ❊r❣❡❜♥✐ss❡ ✐♠ ❣❧❡✐❝❤❡♥ ❇❡r❡✐❝❤✳

✸✳✺ ❆♠♣❧✐t✉❞❡♥✈❡r❤ä❧t♥✐s ❞❡r ③✇❡✐❛t♦♠✐❣❡♥ ❑❡tt❡

❋ür ❞✐❡ ③✇❡✐❛t♦♠✐❣❡ ❑❡tt❡ st❡❧❧t❡♥ ✇✐r ❞✐❡ ❆♠♣❧✐t✉❞❡♥ ✉♥❞ ❞❡r❡♥ ❱❡r❤ä❧t♥✐ss❡ ❢❡st✳ ❉✐❡
❱❡r❤ä❧t♥✐ss❡ ✇✉r❞❡♥ ♠✐t ❞❡♠ ❑♦rr❡❦t✉r❢❛❦t♦r ❛✉s ❞❡r ❱♦r❜❡r❡✐t✉♥❣s♠❛♣♣❡ ❦♦rr✐❣✐❡rt✿

sm(6) sM (7) sm(6)
sM (7) ·Korrektur ▼♦❞❡ ❛❦✉st✐s❝❤✴♦♣t✐s❝❤

✷✹✶✱✾✵✷ ✷✼✵✱✼✵✼ ✵✱✽✾✸✺✾✷ ✶ ❛❦✉st✐s❝❤

✷✶✻✱✼✾✺ ✶✺✺✱✶✾ ✲✶✱✸✾✻✾✻ ✷ ❛❦✉st✐s❝❤

✸✽✱✸✽✹✼ ✼✾✱✵✻✺✸ ✵✱✹✽✺✹✽✶ ✸ ❛❦✉st✐s❝❤

✶✵✷✱✷✾✷ ✶✼✼✱✻✼✷ ✲✵✱✺✼✺✼✸✻ ✹ ❛❦✉st✐s❝❤

✽✻✱✾✻✻✺ ✸✶✱✷✾✺✽ ✷✱✼✼✽✽✺ ✺ ❛❦✉st✐s❝❤

✶✼✱✸✽✻✻ ✶✵✷✱✼✷✷ ✲✵✱✶✻✾✷✺✾ ✻ ❛❦✉st✐s❝❤

✷✶✱✸✶✻✹ ✻✱✺✵✽✼✽ ✲✸✱✷✼✺✵✷ ✻ ♦♣t✐s❝❤

✻✸✱✵✵✵✹ ✺✱✷✸✶✵✻ ✶✷✱✵✹✸✺ ✺ ♦♣t✐s❝❤

✹✶✱✸✼✹✶ ✸✵✱✷✼✸✶ ✲✶✱✸✻✻✻✾ ✹ ♦♣t✐s❝❤

✶✷✱✼✽✾✽ ✶✶✱✽✻✻✸ ✶✱✵✼✼✽✸ ✸ ♦♣t✐s❝❤

✸✵✱✺✼✻✼ ✶✷✱✾✺✹✸ ✲✷✱✸✻✵✸✺ ✷ ♦♣t✐s❝❤

✶✷✱✺✷✹✷ ✽✱✻✷✼✼✻ ✶✱✹✺✶✻✶ ✶ ♦♣t✐s❝❤

❚❛❜❡❧❧❡ ✸✳✶✿ ❆♠♣❧✐t✉❞❡♥✈❡r❤ä❧t♥✐ss❡

✷✹



❆✉✛ä❧❧✐❣ ✐st ❞❡r ❲❡rt ❢ür ❞❛s ❱❡r❤ä❧t♥✐s ❜❡✐ ❞❡r ❢ü♥❢t❡♥ ♦♣t✐s❝❤❡♥ ▼♦❞❡✱ ❞❡r s❡❤r
❣r♦ÿ ❛✉s❢ä❧❧t✳ ❇❡tr❛❝❤t❡t ♠❛♥ ❞✐❡ ●r❛✜❦ ❛✉s ❞❡r ❱♦r❜❡r❡✐t✉♥❣s❤✐❧❢❡✱ ✐st ❞✐❡s s❡❤r ✉♥✇❛❤r✲
s❝❤❡✐♥❧✐❝❤✳ ❲♦♠ö❣❧✐❝❤ ❤❛t ❡✐♥❡ ❙tör✉♥❣ ✇ä❤r❡♥❞ ❞❡s ❱❡rs✉❝❤s ❞✐❡s❡♥ ❋❡❤❧❡r ✈❡r✉rs❛❝❤t✳
❉✐❡ ❱❡rs✉❝❤sr❡✐❤❡ ♠üsst❡ ❡r♥❡✉t ❞✉r❝❤❣❡❢ü❤rt ✇❡r❞❡♥✱ ✉♠ ❞✐❡s s✐❝❤❡r③✉st❡❧❧❡♥✳

✸✳✻ ❆♠♣❧✐t✉❞❡♥✈❡r❤ä❧t♥✐s ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ ❦

❖r❞♥❡t ♠❛♥ ❞❡♥ ❆♠♣❧✐t✉❞❡♥✈❡r❤ä❧t♥✐ss❡♥ ❞✐❡ ❦✲❲❡rt❡ ③✉✱ ✇❡❧❝❤❡ ③✉ ❞❡♥ ❡✐♥❣❡st❡❧❧t❡♥
❋r❡q✉❡♥③❡♥ ❣❡❤ör❡♥✱ s♦ ❡r❤ä❧t ♠❛♥ ❢♦❧❣❡♥❞❡s ❙❝❤❛✉❜✐❧❞✿

❚❛❜❡❧❧❡ ✸✳✷✿ ❙❝❤❛✉❜✐❧❞

❉✐❡ s❝❤✇❛r③❡♥ P✉♥❦t❡ s✐♥❞ ❛✉❝❤ ❤✐❡r ✇✐❡❞❡r ❞❡♥ ♦♣t✐s❝❤❡♥ ▼♦❞❡♥ ③✉③✉♦r❞♥❡♥✳

✷✺



1 ROOT-Code

Für die Auswertung haben wir folgendes ROOT-Makro geschrieben:

void gs ( )
{

aufgabe1 ( ) ;
aufgabe2 ( ) ;
aufgabe3 ( ) ;
aufgabe4 ( ) ;
aufgabe5 ( ) ;

o f s t ream out ( ”zusammenfassung . txt ” ) ;
out << ”Zusammenfassung” << endl ;
out << ”a1 : ” << a1 << endl ;
out << ”d( a1 ) : ” << da1 << endl ;
out << ”a2 : ” << a2 << endl ;
out << ”d( a2 ) : ” << da2 << endl ;
out << ” p i /a1 : ” << piovera1 << endl ;
out << ”d( p i /a1 ) : ” << dpiovera1 << endl ;
out << ” p i /a2 : ” << piovera2 << endl ;
out << ”d( p i /a2 ) : ” << dpiovera2 << endl ;
out << ”v1 : ” << v1 << endl ;
out << ”d( v1 ) : ” << dv1 << endl ;
out << ”v2 : ” << v2 << endl ;
out << ”d( v2 ) : ” << dv2 << endl ;
out << ”m2/m1: ” << m2overm1 << endl ;
out << ”d(m2/m1) : ” << dm2overm1 << endl ;
out << ”m2: ” << m2 << endl ;
out << ”d(m2) : ” << dm2 << endl ;
out << ”D11 : ” << D11 << endl ;
out << ”d(D11) : ” << dD11 << endl ;
out << ”D12 : ” << D12 << endl ;
out << ”d(D12) : ” << dD12 << endl ;
out << ”D2 : ” << D2 << endl ;
out << ”d(D2) : ” << dD2 << endl ;
out << ” l e i c h t \ t \ tschwer \ t \ tverh ” << endl ;
for ( int i = 0 ; i < 12 ; i++)
{

out << s l [ i ] << ”\ t \ t ” << s s [ i ] << ”\ t \ t ” <<

s l o v e r s s k o r [ i ] << endl ;
}
out . c l o s e ( ) ;
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return ;
}

// goba l e Variba len
double w1 [ 1 3 ] = {0} ;
double w2 [ 1 3 ] = {0} ;
double k1 [ 1 3 ] = {0} ;
double k2 [ 1 3 ] = {0} ;
double dw1 [ 1 3 ] = {0} ;
double dw2 [ 1 3 ] = {0} ;
double dk1 [ 1 3 ] = {0} ;
double dk2 [ 1 3 ] = {0} ;
double dw = 0 . 0 0 1 ; // Feh ler f r w

double s l [ 1 2 ] ; // l e i c h t e r G l e i t e r ; Amplitude ; d i e e r s t en 6
akus t i s ch , d i e l e t z t e n 6 op t i s c h

double s s [ 1 2 ] ; // schwerer G l e i t e r ; Amplitude ; d i e e r s t en 6
akus t i s ch , d i e l e t z t e n 6 op t i s c h

double s l o v e r s s k o r [ 1 2 ] ; // k o r r i g i e r t e amp.− v e r h l t n i s s e

double L = 5 . 4247 ; // G e s am t l n g e
double dL = 0 . 0 1 ; // Feh ler G e s am t l n g e
double a1 ; // L/nmax1
double da1 ;
double a2 ; // L/nmax2
double da2 ;

double piovera1 ; // p i /a1
double piovera2 ; // p i /a2
double dpiovera1 ;
double dpiovera2 ;

double v1 ; // s c h a l l g e s c h . e inatomig
double v2 ; // s c h a l l g e s c h . zweiatomig
double dv1 ;
double dv2 ;

double m1 = 0 . 5 0 4 ; // l e i c h t e r G l e i t e r
double dm1 = 0 . 0 ;
double m2; // schwerer G l e i t e r
double dm2 ;
double m2overm1 ; // m2/m1
double dm2overm1 ;
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double D11 ; // einatomig aus d i sp
double dD11 ;
double D12 ; // einatomig aus s c h a l l
double dD12 ;
double D2 ; // zweiatomig aus d i sp ; benutze Mathematica !
double dD2 ;

void aufgabe1 ( )
{

cout << ”Aufgabe 1” << endl ;

a1 = L/13 . 0 ;
a2 = L/6 . 5 ;

getmesswerte (w1+1, w2+1, dw1+1, dw2+1) ;
makek( k1+1, k2+1, dk1+1, dk2+1) ;

// Graphs
TGraphErrors graph1 (13 , k1 , w1 , dk1 , dw1) ;
TGraphErrors graph2 (7 , k2 , w2 , dk2 , dw2) ;
TGraphErrors graph3 (6 , k2+7, w2+7, dk2+7, dw2+7) ;

graph1 . SetMarkerStyle ( kFu l lC i r c l e ) ;
graph2 . SetMarkerStyle ( kOpenCircle ) ;
graph3 . SetMarkerStyle ( kFu l lC i r c l e ) ;

// Funktionen
char c func1 [ 2 0 0 ] ;
char c func2 [ 2 0 0 ] ;
char c func3 [ 2 0 0 ] ;

s p r i n t f ( cfunc1 , ”TMath : : Sqrt (4∗ [0 ]/% f ) ∗TMath : : Abs ( s i n ( x
∗%f /2 . 0 ) ) ” , m1, a1 ) ;

s p r i n t f ( cfunc2 , ”TMath : : Sqrt (TMath : : Abs ( [ 0 ]∗ ( 1 . 0/% f +
1 . 0 / [ 1 ] ) − [0]∗TMath : : Sqrt ((1.0/% f + 1 . 0 / [ 1 ] ) ∗∗2 −
4.0/(% f ∗ [ 1 ] ) ∗ ( s i n ( x∗%f /2 . 0 ) ) ∗∗2) ) ) ” , m1, m1, m1,
a2 ) ;

s p r i n t f ( cfunc3 , ”TMath : : Sqrt (TMath : : Abs ( [ 0 ]∗ ( 1 . 0/% f +
1 . 0 / [ 1 ] ) +[0 ]∗TMath : : Sqrt ((1.0/% f + 1 . 0 / [ 1 ] ) ∗∗2 −
4.0/(% f ∗ [ 1 ] ) ∗ ( s i n ( x∗%f /2 . 0 ) ) ∗∗2) ) ) ” , m1, m1, m1,
a2 ) ;
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TF1 func1 ( ” func1 ” , cfunc1 , 0 . 0 , 8 . 0 ) ; //p0=D
TF1 func2 ( ” func2 ” , cfunc2 , 0 . 0 , 4 . 0 ) ; //p0=D, p1=m2
TF1 func3 ( ” func3 ” , cfunc3 , 0 . 0 , 4 . 0 ) ; //p0=D, p1=m2

func1 . SetParameter (0 , 27 . 0 ) ;
func2 . SetParameters ( 2 7 . 0 , 1 .5∗m1) ;
func3 . SetParameters ( 2 7 . 0 , 1 .5∗m1) ;

// Linien
TLine l i n e 1 (TMath : : Pi ( ) /a1 , 0 . 0 , TMath : : Pi ( ) /a1 , 19 . 0 ) ;
TLine l i n e 2 (TMath : : Pi ( ) /a2 , 0 . 0 , TMath : : Pi ( ) /a2 , 16 . 0 ) ;

l i n e 1 . SetLineColor ( kSpring−5) ;
l i n e 2 . SetLineColor ( kSpring−5) ;
l i n e 1 . SetLineWidth (5 ) ;
l i n e 2 . SetLineWidth (5 ) ;

//Zeichnen
TCanvas ∗ c1 = new TCanvas ( ” c1” , ” c1” , 700 , 700) ;
TH1F ∗drawframe1 = c1−>DrawFrame ( 0 . 0 , 0 . 0 , 8 . 0 , 19 . 0 , ”

D i s p e r s i o n s r e l a t i o n ” ) ;
drawframe1−>SetXTit le ( ”k in 1/m” ) ;
drawframe1−>SetYTit le ( ”w in 1/ s ” ) ;
graph1 . F i t (&func1 ) ;
graph1 . DrawClone ( ”P” ) ;
func1 . DrawClone ( ”Same” ) ;
l i n e 1 . DrawClone ( ”Same” ) ;

TCanvas ∗ c2 = new TCanvas ( ” c2” , ” c2” , 700 , 700) ;
TH1F ∗drawframe2 = c2−>DrawFrame ( 0 . 0 , 0 . 0 , 4 . 0 , 16 . 0 , ”

D i s p e r s i o n s r e l a t i o n ” ) ;
drawframe2−>SetXTit le ( ”k in 1/m” ) ;
drawframe2−>SetYTit le ( ”w in 1/ s ” ) ;
graph2 . F i t (&func2 ) ;
graph3 . F i t (&func3 ) ;
graph2 . DrawClone ( ”P” ) ;
graph3 . DrawClone ( ”PSame” ) ;
func2 . DrawClone ( ”Same” ) ;
func3 . DrawClone ( ”Same” ) ;
l i n e 2 . DrawClone ( ”Same” ) ;
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// Feh ler berechnen und Sons t i g e s
cout << endl ;

da1 = dL/13 . 0 ;
da2 = dL/6 . 5 ;

p iovera1 = TMath : : Pi ( ) /a1 ;
p iovera2 = TMath : : Pi ( ) /a2 ;

dpiovera1 = TMath : : Pi ( ) /( a1∗a1 ) ∗da1 ;
dpiovera2 = TMath : : Pi ( ) /( a2∗a2 ) ∗da2 ;

cout << ”a1 : ” << a1 << endl ;
cout << ”d( a1 ) : ” << da1 << endl ;

cout << ”a2 : ” << a2 << endl ;
cout << ”d( a2 ) : ” << da2 << endl ;

cout << ” p i /a1 : ” << piovera1 << endl ;
cout << ”d( p i /a1 ) : ” << dpiovera1 << endl ;

cout << ” p i /a2 : ” << piovera2 << endl ;
cout << ”d( p i /a2 ) : ” << dpiovera2 << endl ;

cout << endl << endl ;
return ;

}

void aufgabe2 ( )
{

cout << ”Aufgabe 2” << endl ;

v1 = (w1 [ 1 ] − w1 [ 0 ] ) /( k1 [ 1 ] − k1 [ 0 ] ) ;
v2 = (w2 [ 1 ] − w2 [ 0 ] ) /( k2 [ 1 ] − k2 [ 0 ] ) ;

dv1 = TMath : : Sqrt ( ( 1 . 0 / ( k1 [ 1 ] − k1 [ 0 ] ) ) ∗ ( 1 . 0 / ( k1 [ 1 ] −
k1 [ 0 ] ) ) ∗ dw1 [ 1 ] ∗ dw1 [ 1 ] +

( 1 . 0 / ( k1 [ 1 ] − k1 [ 0 ] ) ) ∗ ( 1 . 0 / ( k1 [ 1 ] − k1 [ 0 ] ) ) ∗ dw1
[ 0 ] ∗ dw1 [ 0 ] +
( (w1 [ 1 ] − w1 [ 0 ] ) /( k1 [ 1 ] − k1 [ 0 ] ) /( k1 [ 1 ] − k1

[ 0 ] ) ) ∗ ( (w1 [ 1 ] − w1 [ 0 ] ) /( k1 [ 1 ] − k1 [ 0 ] ) /( k1
[ 1 ] − k1 [ 0 ] ) ) ∗ dk1 [ 1 ] ∗ dk1 [ 1 ] +
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( (w1 [ 1 ] − w1 [ 0 ] ) /( k1 [ 1 ] − k1 [ 0 ] ) /( k1 [ 1 ] − k1
[ 0 ] ) ) ∗ ( (w1 [ 1 ] − w1 [ 0 ] ) /( k1 [ 1 ] − k1 [ 0 ] ) /( k1
[ 1 ] − k1 [ 0 ] ) ) ∗ dk1 [ 0 ] ∗ dk1 [ 0 ] ) ;

dv2 = TMath : : Sqrt ( ( 1 . 0 / ( k2 [ 1 ] − k2 [ 0 ] ) ) ∗ ( 1 . 0 / ( k2 [ 1 ] −
k2 [ 0 ] ) ) ∗ dw2 [ 1 ] ∗ dw2 [ 1 ] +

( 1 . 0 / ( k2 [ 1 ] − k2 [ 0 ] ) ) ∗ ( 1 . 0 / ( k2 [ 1 ] − k2 [ 0 ] ) ) ∗ dw2
[ 0 ] ∗ dw2 [ 0 ] +
( (w2 [ 1 ] − w2 [ 0 ] ) /( k2 [ 1 ] − k2 [ 0 ] ) /( k2 [ 1 ] − k2

[ 0 ] ) ) ∗ ( (w2 [ 1 ] − w2 [ 0 ] ) /( k2 [ 1 ] − k2 [ 0 ] ) /( k2
[ 1 ] − k2 [ 0 ] ) ) ∗ dk2 [ 1 ] ∗ dk2 [ 1 ] +

( (w2 [ 1 ] − w2 [ 0 ] ) /( k2 [ 1 ] − k2 [ 0 ] ) /( k2 [ 1 ] − k2
[ 0 ] ) ) ∗ ( (w2 [ 1 ] − w2 [ 0 ] ) /( k2 [ 1 ] − k2 [ 0 ] ) /( k2
[ 1 ] − k2 [ 0 ] ) ) ∗ dk2 [ 0 ] ∗ dk2 [ 0 ] ) ;

cout << ”v1 : ” << v1 << endl ;
cout << ”d( v1 ) : ” << dv1 << endl ;
cout << ”v2 : ” << v2 << endl ;
cout << ”d( v2 ) : ” << dv2 << endl ;

cout << endl << endl ;
return ;

}

void aufgabe3 ( )
{

cout << ”Aufgabe 3” << endl ;

m2overm1 = 2 . 0∗ ( v1/v2 ) − 1 . 0 ;
dm2overm1 = TMath : : Sqrt ( ( 2 . 0/ v2 ) ∗ ( 2 . 0/ v2 ) ∗ dv1∗dv1 +

(2 . 0∗ v1/v2/v2 ) ∗ ( 2 . 0∗ v1/v2/v2 ) ∗ dv2∗dv2 ) ;

m2 = m2overm1∗m1;
dm2 = m1∗dm2overm1 ;

cout << ”m2/m1: ” << m2overm1 << endl ;
cout << ”d(m2/m1) : ” << dm2overm1 << endl ;
cout << ”m2: ” << m2 << endl ;
cout << ”d(m2) : ” << dm2 << endl ;

cout << endl << endl ;
return ;
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}

void aufgabe4 ( )
{

cout << ”Aufgabe 4” << endl ;
D11 = w1 [ 1 ] ∗w1 [ 1 ] /TMath : : Sin ( k1 [ 1 ] ∗ a1 /2 . 0 ) /TMath : : Sin (

k1 [ 1 ] ∗ a1 /2 . 0 ) ∗m1/4 . 0 ;
dD11 = TMath : : Sqrt ( ( 2 . 0∗w1 [ 1 ] /TMath : : Sin ( k1 [ 1 ] ∗ a1 /2 . 0 )

/TMath : : Sin ( k1 [ 1 ] ∗ a1 /2 . 0 ) ∗m1/4 . 0 ) ∗ ( 2 . 0∗w1 [ 1 ] /TMath : :
Sin ( k1 [ 1 ] ∗ a1 /2 . 0 ) /TMath : : Sin ( k1 [ 1 ] ∗ a1 /2 . 0 ) ∗m1/4 . 0 ) ∗
dw1 [ 1 ] ∗ dw1 [ 1 ] +

(w1 [ 1 ] ∗w1 [ 1 ] /TMath : : Sin ( k1 [ 1 ] ∗ a1
/2 . 0 ) /TMath : : Sin ( k1 [ 1 ] ∗ a1 /2 . 0 ) /
TMath : : Sin ( k1 [ 1 ] ∗ a1 /2 . 0 ) /TMath : :
Sin ( k1 [ 1 ] ∗ a1 /2 . 0 ) ∗TMath : : Cos ( k1
[ 1 ] ∗ a1 /2 . 0 ) ∗ a1 /2 .0 ∗ m1 / 4 . 0 )
∗(w1 [ 1 ] ∗w1 [ 1 ] /TMath : : Sin ( k1 [ 1 ] ∗
a1 /2 . 0 ) /TMath : : Sin ( k1 [ 1 ] ∗ a1 /2 . 0 )
/TMath : : Sin ( k1 [ 1 ] ∗ a1 /2 . 0 ) /TMath
: : Sin ( k1 [ 1 ] ∗ a1 /2 . 0 ) ∗TMath : : Cos (
k1 [ 1 ] ∗ a1 /2 . 0 ) ∗ a1 /2 .0 ∗ m1 /
4 . 0 ) ∗dk1 [ 1 ] ∗ dk1 [ 1 ] +

(w1 [ 1 ] ∗w1 [ 1 ] /
TMath : : Sin (
k1 [ 1 ] ∗ a1
/2 . 0 ) /TMath
: : Sin ( k1 [ 1 ] ∗
a1 /2 . 0 ) /
TMath : : Sin (
k1 [ 1 ] ∗ a1
/2 . 0 ) /TMath
: : Sin ( k1 [ 1 ] ∗
a1 /2 . 0 ) ∗
TMath : : Cos (
k1 [ 1 ] ∗ a1
/2 . 0 ) ∗ k1
[ 1 ] / 2 . 0 ∗ m1
/ 4 . 0 ) ∗(w1
[ 1 ] ∗w1 [ 1 ] /
TMath : : Sin (
k1 [ 1 ] ∗ a1
/2 . 0 ) /TMath
: : Sin ( k1 [ 1 ] ∗
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a1 /2 . 0 ) /
TMath : : Sin (
k1 [ 1 ] ∗ a1
/2 . 0 ) /TMath
: : Sin ( k1 [ 1 ] ∗
a1 /2 . 0 ) ∗
TMath : : Cos (
k1 [ 1 ] ∗ a1
/2 . 0 ) ∗ k1
[ 1 ] / 2 . 0 ∗ m1
/ 4 . 0 ) ∗da1

∗da1 ) ;

D12 = m1∗( v1/a1 ) ∗( v1/a1 ) ;
dD12 = TMath : : Sqrt ( ( 2 . 0∗m1∗v1/a1/a1 ) ∗ ( 2 . 0∗m1∗v1/a1/a1 )

∗dv1∗dv1 + (2 . 0∗m1∗v1∗v1/a1/a1/a1 ) ∗ ( 2 . 0∗m1∗v1∗v1/a1/
a1/a1 ) ∗da1∗da1 ) ;

D2 = 25 . 269 ; // Mathematica ! !
dD2 = 0 .0640935 ; // Mathematica ! !

cout << ”D11 : ” << D11 << endl ;
cout << ”d(D11) : ” << dD11 << endl ;
cout << ”D12 : ” << D12 << endl ;
cout << ”d(D12) : ” << dD12 << endl ;
cout << ”D2 : ” << D2 << endl ;
cout << ”d(D2) : ” << dD2 << endl ;

cout << endl << endl ;
return ;

}

void aufgabe5 ( )
{

getampl i tudenwerte ( ) ;

s l o v e r s s k o r [ 0 ] = s l [ 0 ] / s s [ 0 ] ;
s l o v e r s s k o r [ 1 ] = −s l [ 1 ] / s s [ 1 ] ;
s l o v e r s s k o r [ 2 ] = s l [ 2 ] / s s [ 2 ] ;
s l o v e r s s k o r [ 3 ] = −s l [ 3 ] / s s [ 3 ] ;
s l o v e r s s k o r [ 4 ] = s l [ 4 ] / s s [ 4 ] ;
s l o v e r s s k o r [ 5 ] = −s l [ 5 ] / s s [ 5 ] ;
s l o v e r s s k o r [ 6 ] = −s l [ 6 ] / s s [ 6 ] ;
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s l o v e r s s k o r [ 7 ] = s l [ 7 ] / s s [ 7 ] ;
s l o v e r s s k o r [ 8 ] = −s l [ 8 ] / s s [ 8 ] ;
s l o v e r s s k o r [ 9 ] = s l [ 9 ] / s s [ 9 ] ;
s l o v e r s s k o r [ 1 0 ] = −s l [ 1 0 ] / s s [ 1 0 ] ;
s l o v e r s s k o r [ 1 1 ] = s l [ 1 1 ] / s s [ 1 1 ] ;

TGraphErrors graph4 (6 , k2+1, s l o v e r s s k o r ) ;
TGraphErrors graph5 (6 , k2+1+6, s l o v e r s s k o r +6) ;
graph4 . SetMarkerStyle ( kOpenCircle ) ;
graph5 . SetMarkerStyle ( kFu l lC i r c l e ) ;

TCanvas ∗ c3 = new TCanvas ( ” c3” , ” c3” , 700 , 700) ;
TH1F ∗drawframe3 = c3−>DrawFrame ( 0 . 0 , −20.0 , 4 . 0 , 20 . 0 ,

” k o r r i g i e r t e s Ampl i tudenverhae l tn i s ” ) ;
drawframe3−>SetYTit le ( ”s m ( j ) /s M( j +1) ∗ kor ” ) ;
drawframe3−>SetXTit le ( ”k in 1/m” ) ;
graph4 . DrawClone ( ”P” ) ;
graph5 . DrawClone ( ”PSame” ) ;

return ;
}

void getmesswerte (double ∗messwerte1 , double ∗messwerte2 ,
double ∗dmesswerte1 , double ∗dmesswerte2 )

{
i f s t r e am in ;

for ( int i =0; i <12; i++)
messwerte1 [ i ]=0;

for ( int i = 0 ; i < 4 ; i++)
{

char pfad [ 1 0 0 ] ;
s p r i n t f ( pfad , ”mess/A1 1At %d . lvm” , i +1) ;
in . open ( pfad ) ;

for ( int j = 0 ; j <12; j++)
{

double tmp ;
in >> tmp ;
in >> tmp ;
messwerte1 [ j ] += tmp ;
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in >> tmp ;
messwerte1 [ j ] += tmp ;

}

in . c l o s e ( ) ;
}

for ( int i =0; i <12; i++)
{

messwerte1 [ i ] /=8 . 0 ;
messwerte1 [ i ]∗=2.0∗TMath : : Pi ( ) ;

}

for ( int i =0; i <12; i++)
messwerte2 [ i ]=0;

for ( int i = 0 ; i < 4 ; i++)
{

char pfad [ 1 0 0 ] ;
s p r i n t f ( pfad , ”mess/A1 2At %d . lvm” , i +1) ;
in . open ( pfad ) ;

for ( int j = 0 ; j <12; j++)
{

double tmp ;
in >> tmp ;
in >> tmp ;
messwerte2 [ j ] += tmp ;
in >> tmp ;
messwerte2 [ j ] += tmp ;

}

in . c l o s e ( ) ;
}

for ( int i =0; i <12; i++)
{

messwerte2 [ i ] /=8 . 0 ;
messwerte2 [ i ]∗=2.0∗TMath : : Pi ( ) ;

}

// Feh ler f r b e i de auf 0.001 rad/ s
for ( int i = 0 ; i < 12 ; i++)
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{
dmesswerte1 [ i ] = dw;
dmesswerte2 [ i ] = dw;

}

return ;
}

void makek(double ∗kwerte1 , double ∗kwerte2 , double ∗dkwerte1 ,
double ∗dkwerte2 )

{
for ( int i = 0 ; i < 12 ; i++)
{

kwerte1 [ i ] = ( (double ) ( i +1) ) ∗ TMath : : Pi ( ) /
(13 . 0∗ a1 ) ;

dkwerte1 [ i ] = kwerte1 [ i ] / (13 . 0∗ a1 ) ∗ dL ;
}

for ( int i = 0 ; i < 6 ; i++)
{

kwerte2 [ i ] = ( (double ) ( i +1) ) ∗ TMath : : Pi ( ) /
( 6 . 5∗ a2 ) ;

dkwerte2 [ i ] = kwerte2 [ i ] / ( 6 . 5∗ a2 ) ∗ dL ;
}

for ( int i = 6 ; i < 12 ; i++)
{

kwerte2 [ i ] = ( (double ) 12 − i ) ∗ TMath : : Pi ( ) /
( 6 . 5∗ a2 ) ;

dkwerte2 [ i ] = kwerte2 [ i ] / ( 6 . 5∗ a2 ) ∗ dL ;
}

return ;
}

void getampl i tudenwerte ( )
{

for ( int i = 0 ; i < 6 ; i++)
{

char pfad1 [ 1 0 0 ] ;
char pfad2 [ 1 0 0 ] ;
s p r i n t f ( pfad1 , ”mess/A2 Akk %d . lvm” , i +1) ;
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s p r i n t f ( pfad2 , ”mess/A2 Opt %d . lvm” , i +1) ;

i f s t r e am in1 ( pfad1 ) ;
i f s t r e am in2 ( pfad2 ) ;

double tmp1l = 0 . 0 ;
double tmp1s = 0 . 0 ;
double tmp2l = 0 . 0 ;
double tmp2s = 0 . 0 ;

s l [ i ] = 0 ;
s s [ i ] = 0 ;

s l [11− i ] = 0 ;
s s [11− i ] = 0 ;

for ( int j = 0 ; j < 20 ; j++)
{

in1 >> tmp1l ; in1 >> tmp1s ;
in2 >> tmp2l ; in2 >> tmp2s ;

s l [ i ] += tmp1l ;
s s [ i ] += tmp1s ;
s l [11− i ] += tmp2l ;
s s [11− i ] += tmp2s ;

}

s l [ i ] /= 2 0 . 0 ;
s s [ i ] /= 2 0 . 0 ;
s l [11− i ] /= 2 0 . 0 ;
s s [11− i ] /= 2 0 . 0 ;

}

return ;
}
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