
Zusammenfassung
1. Eindimensionale Bewegung 

2. Zweikörperproblem 
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Das Zweikörperproblem kann man als die  freie Bewegung des Schwerpunktes des Systems  
und  die Bewegung eines Teilchens mit reduzierter Masse im externen Kraftfeld beschreiben.



3. Bewegung im  Zentralfeld kann zum eindimensionalen Fall reduziert werden.


Der Drehimpuls ist erhalten.  Die Bewegung findet in der Ebene orthogonal zum  
Drehimpulsvektor statt.   Die Energie ist erhalten.
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Das Kepler-Problem (Planeten,  Satelliten,  Atome u.s.w.). 

 3. Drei-dimensionale Bewegung

↵Die Kopplungkonstane      kann entweder positiv (anziehende Kraft) oder 
negativ (abstossende Kraft)  sein.
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1.  E = Umin < 0 .   Die Bahn ist ein Kreis mit dem Radius r0.  Das Teilchen bewegt sich mit 
konstanter  Winkelgeschwindigkeit um  das Zentrum.
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<latexit sha1_base 64="avN9WZBzRZecnWcfB7doWmtPm4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2k3bpZhN2N0IJ/Qle PCji1V/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0oIbusFpz624Osk68gtSgQGtY/RqMYpZGKA0TVOu+5ybGz6g ynAmcVwapxoSyKR1j31JJI9R+lp86JxdWGZEwVrakIbn6eyKjkdazKLCdETUTveotxP+8fmrChp9xmaQGJVsuClNBTEwWf5MRV8iMmF lCmeL2VsImVFFmbDoVG4K3+vI66VzVPbfu3V/Xmo0ijjKcwTlcggc30IQ7aEEbGIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AP33jY8=</latexit><latexit sha1_base 64="avN9WZBzRZecnWcfB7doWmtPm4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2k3bpZhN2N0IJ/Qle PCji1V/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0oIbusFpz624Osk68gtSgQGtY/RqMYpZGKA0TVOu+5ybGz6g ynAmcVwapxoSyKR1j31JJI9R+lp86JxdWGZEwVrakIbn6eyKjkdazKLCdETUTveotxP+8fmrChp9xmaQGJVsuClNBTEwWf5MRV8iMmF lCmeL2VsImVFFmbDoVG4K3+vI66VzVPbfu3V/Xmo0ijjKcwTlcggc30IQ7aEEbGIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AP33jY8=</latexit><latexit sha1_base 64="avN9WZBzRZecnWcfB7doWmtPm4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2k3bpZhN2N0IJ/Qle PCji1V/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0oIbusFpz624Osk68gtSgQGtY/RqMYpZGKA0TVOu+5ybGz6g ynAmcVwapxoSyKR1j31JJI9R+lp86JxdWGZEwVrakIbn6eyKjkdazKLCdETUTveotxP+8fmrChp9xmaQGJVsuClNBTEwWf5MRV8iMmF lCmeL2VsImVFFmbDoVG4K3+vI66VzVPbfu3V/Xmo0ijjKcwTlcggc30IQ7aEEbGIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AP33jY8=</latexit><latexit sha1_base 64="avN9WZBzRZecnWcfB7doWmtPm4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2k3bpZhN2N0IJ/Qle PCji1V/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0oIbusFpz624Osk68gtSgQGtY/RqMYpZGKA0TVOu+5ybGz6g ynAmcVwapxoSyKR1j31JJI9R+lp86JxdWGZEwVrakIbn6eyKjkdazKLCdETUTveotxP+8fmrChp9xmaQGJVsuClNBTEwWf5MRV8iMmF lCmeL2VsImVFFmbDoVG4K3+vI66VzVPbfu3V/Xmo0ijjKcwTlcggc30IQ7aEEbGIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AP33jY8=</latexit>

Ue↵ = 0
<latexit sha1_base64="QnLmIPinZljln3j0YDcgnmZMzd4=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoigr0IBS8eK5i20Iaw2W7apbubsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz86KUM21c99spbWxube+Udyt7+weH1drRcUcnmSLUJwlPVC/CmnImqW+Y4bSXKopFxGk3mtzO/e4jVZol8sFMUxoIPJIsZgQbK4W1qh/mAyUQjeMZukFuWKu7DXcBtE68gtShQDusfQ2GCckElYZwrHXfc1MT5FgZRjidVQaZpikmEzyifUslFlQH+eLwGTq3yhDFibIlDVqovydyLLSeish2CmzGetWbi/95/czEz SBnMs0MlWS5KM44Mgmap4CGTFFi+NQSTBSztyIyxgoTY7Oq2BC81ZfXSeey4bkN7/6q3moWcZThFM7gAjy4hhbcQRt8IJDBM7zCm/PkvDjvzseyteQUMyfwB87nDzxxkhw=</latexit><latexit sha1_base64="QnLmIPinZljln3j0YDcgnmZMzd4=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoigr0IBS8eK5i20Iaw2W7apbubsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz86KUM21c99spbWxube+Udyt7+weH1drRcUcnmSLUJwlPVC/CmnImqW+Y4bSXKopFxGk3mtzO/e4jVZol8sFMUxoIPJIsZgQbK4W1qh/mAyUQjeMZukFuWKu7DXcBtE68gtShQDusfQ2GCckElYZwrHXfc1MT5FgZRjidVQaZpikmEzyifUslFlQH+eLwGTq3yhDFibIlDVqovydyLLSeish2CmzGetWbi/95/czEz SBnMs0MlWS5KM44Mgmap4CGTFFi+NQSTBSztyIyxgoTY7Oq2BC81ZfXSeey4bkN7/6q3moWcZThFM7gAjy4hhbcQRt8IJDBM7zCm/PkvDjvzseyteQUMyfwB87nDzxxkhw=</latexit><latexit sha1_base64="QnLmIPinZljln3j0YDcgnmZMzd4=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoigr0IBS8eK5i20Iaw2W7apbubsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz86KUM21c99spbWxube+Udyt7+weH1drRcUcnmSLUJwlPVC/CmnImqW+Y4bSXKopFxGk3mtzO/e4jVZol8sFMUxoIPJIsZgQbK4W1qh/mAyUQjeMZukFuWKu7DXcBtE68gtShQDusfQ2GCckElYZwrHXfc1MT5FgZRjidVQaZpikmEzyifUslFlQH+eLwGTq3yhDFibIlDVqovydyLLSeish2CmzGetWbi/95/czEz SBnMs0MlWS5KM44Mgmap4CGTFFi+NQSTBSztyIyxgoTY7Oq2BC81ZfXSeey4bkN7/6q3moWcZThFM7gAjy4hhbcQRt8IJDBM7zCm/PkvDjvzseyteQUMyfwB87nDzxxkhw=</latexit><latexit sha1_base64="QnLmIPinZljln3j0YDcgnmZMzd4=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoigr0IBS8eK5i20Iaw2W7apbubsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz86KUM21c99spbWxube+Udyt7+weH1drRcUcnmSLUJwlPVC/CmnImqW+Y4bSXKopFxGk3mtzO/e4jVZol8sFMUxoIPJIsZgQbK4W1qh/mAyUQjeMZukFuWKu7DXcBtE68gtShQDusfQ2GCckElYZwrHXfc1MT5FgZRjidVQaZpikmEzyifUslFlQH+eLwGTq3yhDFibIlDVqovydyLLSeish2CmzGetWbi/95/czEz SBnMs0MlWS5KM44Mgmap4CGTFFi+NQSTBSztyIyxgoTY7Oq2BC81ZfXSeey4bkN7/6q3moWcZThFM7gAjy4hhbcQRt8IJDBM7zCm/PkvDjvzseyteQUMyfwB87nDzxxkhw=</latexit>

Betrachten wir eine positive Kopplungskonstante; in diesem Fall besitz die effektive 

potentielle Energie ein Minimum.             



Das Kepler-Problem

 3. Dreidimensionale Bewegung
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finit).
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r0
<latexit sha1_base 64="avN9WZBzRZecnWcfB7doWmtPm4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2k3bpZhN2N0IJ/Qle PCji1V/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0oIbusFpz624Osk68gtSgQGtY/RqMYpZGKA0TVOu+5ybGz6g ynAmcVwapxoSyKR1j31JJI9R+lp86JxdWGZEwVrakIbn6eyKjkdazKLCdETUTveotxP+8fmrChp9xmaQGJVsuClNBTEwWf5MRV8iMmF lCmeL2VsImVFFmbDoVG4K3+vI66VzVPbfu3V/Xmo0ijjKcwTlcggc30IQ7aEEbGIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AP33jY8=</latexit><latexit sha1_base 64="avN9WZBzRZecnWcfB7doWmtPm4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2k3bpZhN2N0IJ/Qle PCji1V/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0oIbusFpz624Osk68gtSgQGtY/RqMYpZGKA0TVOu+5ybGz6g ynAmcVwapxoSyKR1j31JJI9R+lp86JxdWGZEwVrakIbn6eyKjkdazKLCdETUTveotxP+8fmrChp9xmaQGJVsuClNBTEwWf5MRV8iMmF lCmeL2VsImVFFmbDoVG4K3+vI66VzVPbfu3V/Xmo0ijjKcwTlcggc30IQ7aEEbGIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AP33jY8=</latexit><latexit sha1_base 64="avN9WZBzRZecnWcfB7doWmtPm4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2k3bpZhN2N0IJ/Qle PCji1V/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0oIbusFpz624Osk68gtSgQGtY/RqMYpZGKA0TVOu+5ybGz6g ynAmcVwapxoSyKR1j31JJI9R+lp86JxdWGZEwVrakIbn6eyKjkdazKLCdETUTveotxP+8fmrChp9xmaQGJVsuClNBTEwWf5MRV8iMmF lCmeL2VsImVFFmbDoVG4K3+vI66VzVPbfu3V/Xmo0ijjKcwTlcggc30IQ7aEEbGIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AP33jY8=</latexit><latexit sha1_base 64="avN9WZBzRZecnWcfB7doWmtPm4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Qe0oWy2k3bpZhN2N0IJ/Qle PCji1V/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0oIbusFpz624Osk68gtSgQGtY/RqMYpZGKA0TVOu+5ybGz6g ynAmcVwapxoSyKR1j31JJI9R+lp86JxdWGZEwVrakIbn6eyKjkdazKLCdETUTveotxP+8fmrChp9xmaQGJVsuClNBTEwWf5MRV8iMmF lCmeL2VsImVFFmbDoVG4K3+vI66VzVPbfu3V/Xmo0ijjKcwTlcggc30IQ7aEEbGIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AP33jY8=</latexit>

Ue↵ = 0
<latexit sha1_base64="QnLmIPinZljln3j0YDcgnmZMzd4=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoigr0IBS8eK5i20Iaw2W7apbubsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz86KUM21c99spbWxube+Udyt7+weH1drRcUcnmSLUJwlPVC/CmnImqW+Y4bSXKopFxGk3mtzO/e4jVZol8sFMUxoIPJIsZgQbK4W1qh/mAyUQjeMZukFuWKu7DXcBtE68gtShQDusfQ2GCckElYZwrHXfc1MT5FgZRjidVQaZpikmEzyifUslFlQH+eLwGTq3yhDFibIlDVqovydyLLSeish2CmzGetWbi/95/czEz SBnMs0MlWS5KM44Mgmap4CGTFFi+NQSTBSztyIyxgoTY7Oq2BC81ZfXSeey4bkN7/6q3moWcZThFM7gAjy4hhbcQRt8IJDBM7zCm/PkvDjvzseyteQUMyfwB87nDzxxkhw=</latexit><latexit sha1_base64="QnLmIPinZljln3j0YDcgnmZMzd4=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoigr0IBS8eK5i20Iaw2W7apbubsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz86KUM21c99spbWxube+Udyt7+weH1drRcUcnmSLUJwlPVC/CmnImqW+Y4bSXKopFxGk3mtzO/e4jVZol8sFMUxoIPJIsZgQbK4W1qh/mAyUQjeMZukFuWKu7DXcBtE68gtShQDusfQ2GCckElYZwrHXfc1MT5FgZRjidVQaZpikmEzyifUslFlQH+eLwGTq3yhDFibIlDVqovydyLLSeish2CmzGetWbi/95/czEz SBnMs0MlWS5KM44Mgmap4CGTFFi+NQSTBSztyIyxgoTY7Oq2BC81ZfXSeey4bkN7/6q3moWcZThFM7gAjy4hhbcQRt8IJDBM7zCm/PkvDjvzseyteQUMyfwB87nDzxxkhw=</latexit><latexit sha1_base64="QnLmIPinZljln3j0YDcgnmZMzd4=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoigr0IBS8eK5i20Iaw2W7apbubsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz86KUM21c99spbWxube+Udyt7+weH1drRcUcnmSLUJwlPVC/CmnImqW+Y4bSXKopFxGk3mtzO/e4jVZol8sFMUxoIPJIsZgQbK4W1qh/mAyUQjeMZukFuWKu7DXcBtE68gtShQDusfQ2GCckElYZwrHXfc1MT5FgZRjidVQaZpikmEzyifUslFlQH+eLwGTq3yhDFibIlDVqovydyLLSeish2CmzGetWbi/95/czEz SBnMs0MlWS5KM44Mgmap4CGTFFi+NQSTBSztyIyxgoTY7Oq2BC81ZfXSeey4bkN7/6q3moWcZThFM7gAjy4hhbcQRt8IJDBM7zCm/PkvDjvzseyteQUMyfwB87nDzxxkhw=</latexit><latexit sha1_base64="QnLmIPinZljln3j0YDcgnmZMzd4=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkoigr0IBS8eK5i20Iaw2W7apbubsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz86KUM21c99spbWxube+Udyt7+weH1drRcUcnmSLUJwlPVC/CmnImqW+Y4bSXKopFxGk3mtzO/e4jVZol8sFMUxoIPJIsZgQbK4W1qh/mAyUQjeMZukFuWKu7DXcBtE68gtShQDusfQ2GCckElYZwrHXfc1MT5FgZRjidVQaZpikmEzyifUslFlQH+eLwGTq3yhDFibIlDVqovydyLLSeish2CmzGetWbi/95/czEz SBnMs0MlWS5KM44Mgmap4CGTFFi+NQSTBSztyIyxgoTY7Oq2BC81ZfXSeey4bkN7/6q3moWcZThFM7gAjy4hhbcQRt8IJDBM7zCm/PkvDjvzseyteQUMyfwB87nDzxxkhw=</latexit>

Ue↵(r)

E
<latexit sha1_base64="NlAWJLmTed0sd11pC7wJ+DY1z6Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCCB5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N 2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlrfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A +fwBleuMvw==</latexit><latexit sha1_base64="NlAWJLmTed0sd11pC7wJ+DY1z6Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCCB5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N 2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlrfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A +fwBleuMvw==</latexit><latexit sha1_base64="NlAWJLmTed0sd11pC7wJ+DY1z6Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCCB5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N 2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlrfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A +fwBleuMvw==</latexit><latexit sha1_base64="NlAWJLmTed0sd11pC7wJ+DY1z6Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCCB5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N 2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlrfsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A +fwBleuMvw==</latexit>

Um das Integral berechnen zu können,  schreiben wir den 

Integrand um  
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m~̇r2

2
� ↵

r
Ue↵(r) =

M2

2mr
� ↵

r

2.   Umin < E < 0 .   Die Bewegung ist finit. 

↵2

M2
+

2E

m
> 0, , E > Umin

e↵ = �m↵2

2M2

�� �0 =

rZ
dr̄ M

mr̄2q
2
m (E � Ue↵(r̄))

r̄ =
1

⇠
,

dr̄

r̄2
= d⇠

�� �0 =
M

m

Z

1/r

d⇠q
↵2

M2 + 2E
m �

�
M
m ⇠ � ↵

M

�2

⇠ =
m

M

 r
↵2

M2
+

2E

m
cos ✓ +

↵

M

!

2

m
(E � Ue↵(r)) =

↵2

M2
+

2E

m
�

✓
M

mr
� ↵

m

◆2

<latexit sha1_base64="0h7eqQ4UYL50ZFYy4mzo83X69v8="></latexit><latexit sha1_base64="0h7eqQ4UYL50ZFYy4mzo83X69v8="></latexit><latexit sha1_base64="0h7eqQ4UYL50ZFYy4mzo83X69v8="></latexit><latexit sha1_base64="0h7eqQ4UYL50ZFYy4mzo83X69v8="></latexit>

Variablentransformation #1

Variablentransformation #2
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<latexit sha1_base64="h4879tqJx5+lqFPk/NdYhLEdg8w="></latexit><latexit sha1_base64="h4879tqJx5+lqFPk/NdYhLEdg8w="></latexit><latexit sha1_base64="h4879tqJx5+lqFPk/NdYhLEdg8w="></latexit><latexit sha1_base64="h4879tqJx5+lqFPk/NdYhLEdg8w="></latexit>

= � arccos

"✓
M

mr
� ↵

M

◆
/

r
↵2

M2
+

2E

m

#

<latexit sha1_base64="gNZay/vvfHamKfnWKoaAqcAnuPY="></latexit><latexit sha1_base64="gNZay/vvfHamKfnWKoaAqcAnuPY="></latexit><latexit sha1_base64="gNZay/vvfHamKfnWKoaAqcAnuPY="></latexit><latexit sha1_base64="gNZay/vvfHamKfnWKoaAqcAnuPY="></latexit>



Das Kepler-Problem

 3. Dreidimensionale Bewegung
L =

m~̇r2

2
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r
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2.   Umin < E < 0 .   Die  Bewegung  ist finit. 
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Wir drücken jetzt r durch den Winkel aus und bestimmen die Trajektorie. 

Die Trajektorie ist ein Ellipse (geschlossen !);   p heisst ``Parameter’’, e heisst 
``Exzentrizität’’

(x� x0)2

a2
+

y2

b2
= 1

e < 1 (E < 0!)
<latexit sha1_base64="LJpDXijPqifaYffi7fEiPFbO9W8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69RItQL2VXBHvwUBDBYwX7AdulZNNsG5pNlmRWKEt/hhcPinj113jz35i2e9DWBwOP92aYmRcmgh tw3W+nsLa+sblV3C7t7O7tH5QPj9pGpZqyFlVC6W5IDBNcshZwEKybaEbiULBOOL6d+Z0npg1X8hEmCQtiMpQ84pSAlfwqvsM32MWn+ KJfrrg1dw68SrycVFCOZr/81RsomsZMAhXEGN9zEwgyooFTwaalXmpYQuiYDJlvqSQxM0E2P3mKz60ywJHStiTgufp7IiOxMZM4tJ0xgZFZ9mbif56fQlQPMi6TFJiki0VRKjAoPPsfD7hmFMTEEkI1t7diOiKaULAplWwI3vLL q6R9WfPcmvdwVWnU8ziK6ASdoSry0DVqoHvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8fU6OOoQ==</latexit><latexit sha1_base64="LJpDXijPqifaYffi7fEiPFbO9W8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69RItQL2VXBHvwUBDBYwX7AdulZNNsG5pNlmRWKEt/hhcPinj113jz35i2e9DWBwOP92aYmRcmgh tw3W+nsLa+sblV3C7t7O7tH5QPj9pGpZqyFlVC6W5IDBNcshZwEKybaEbiULBOOL6d+Z0npg1X8hEmCQtiMpQ84pSAlfwqvsM32MWn+ KJfrrg1dw68SrycVFCOZr/81RsomsZMAhXEGN9zEwgyooFTwaalXmpYQuiYDJlvqSQxM0E2P3mKz60ywJHStiTgufp7IiOxMZM4tJ0xgZFZ9mbif56fQlQPMi6TFJiki0VRKjAoPPsfD7hmFMTEEkI1t7diOiKaULAplWwI3vLL q6R9WfPcmvdwVWnU8ziK6ASdoSry0DVqoHvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8fU6OOoQ==</latexit><latexit sha1_base64="LJpDXijPqifaYffi7fEiPFbO9W8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69RItQL2VXBHvwUBDBYwX7AdulZNNsG5pNlmRWKEt/hhcPinj113jz35i2e9DWBwOP92aYmRcmgh tw3W+nsLa+sblV3C7t7O7tH5QPj9pGpZqyFlVC6W5IDBNcshZwEKybaEbiULBOOL6d+Z0npg1X8hEmCQtiMpQ84pSAlfwqvsM32MWn+ KJfrrg1dw68SrycVFCOZr/81RsomsZMAhXEGN9zEwgyooFTwaalXmpYQuiYDJlvqSQxM0E2P3mKz60ywJHStiTgufp7IiOxMZM4tJ0xgZFZ9mbif56fQlQPMi6TFJiki0VRKjAoPPsfD7hmFMTEEkI1t7diOiKaULAplWwI3vLL q6R9WfPcmvdwVWnU8ziK6ASdoSry0DVqoHvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8fU6OOoQ==</latexit><latexit sha1_base64="LJpDXijPqifaYffi7fEiPFbO9W8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69RItQL2VXBHvwUBDBYwX7AdulZNNsG5pNlmRWKEt/hhcPinj113jz35i2e9DWBwOP92aYmRcmgh tw3W+nsLa+sblV3C7t7O7tH5QPj9pGpZqyFlVC6W5IDBNcshZwEKybaEbiULBOOL6d+Z0npg1X8hEmCQtiMpQ84pSAlfwqvsM32MWn+ KJfrrg1dw68SrycVFCOZr/81RsomsZMAhXEGN9zEwgyooFTwaalXmpYQuiYDJlvqSQxM0E2P3mKz60ywJHStiTgufp7IiOxMZM4tJ0xgZFZ9mbif56fQlQPMi6TFJiki0VRKjAoPPsfD7hmFMTEEkI1t7diOiKaULAplWwI3vLL q6R9WfPcmvdwVWnU8ziK6ASdoSry0DVqoHvURC1EkULP6BW9OeC8OO/Ox6K14OQzx+gPnM8fU6OOoQ==</latexit>
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<latexit sha1_base64="VRAkCov9F/a2XuENYyRc90mwyeE=">AAACI3icbVDLSgMxFM34rPU16tLNxSIIQpkRwaIIBTcuq9gHdErJpGkbmpkMSUYtpf/ixl9x40Ipblz4L2amI2jrCYHDOeeS3ONHnCntOJ/WwuLS8spqbi2/vrG5tW3v7NaUiCWhVSK4kA0fK8pZSKuaaU4bkaQ48Dmt+4OrxK/fU6mYCO/0MKKtAPdC1mUEayO17XMJx0AleEQo8KI+g0uIwLtIDni3rNfXWErx8COlcXhMUm274BSdFDBP3IwUUIZK2554HUHigIaacKxU03Ui3RphqRnhdJz3YkUjTAa4R5uGhjigqjVKdxzDoVE60BXS3FBDqv6eGOFAqWHgm2SAdV/Neon4n9eMdbfUGrEwijUNyfShbsxBC0gKgw6TlGg+NAQTycxfgfSxxESbWvOmBHd25XlSOym6TtG9OS2US1kdObSPDtARctEZKqNrVEFVRNATekFv6N16tl6tifUxjS5Y2cwe+gPr6xtg9KBa</latexit><latexit sha1_base64="VRAkCov9F/a2XuENYyRc90mwyeE=">AAACI3icbVDLSgMxFM34rPU16tLNxSIIQpkRwaIIBTcuq9gHdErJpGkbmpkMSUYtpf/ixl9x40Ipblz4L2amI2jrCYHDOeeS3ONHnCntOJ/WwuLS8spqbi2/vrG5tW3v7NaUiCWhVSK4kA0fK8pZSKuaaU4bkaQ48Dmt+4OrxK/fU6mYCO/0MKKtAPdC1mUEayO17XMJx0AleEQo8KI+g0uIwLtIDni3rNfXWErx8COlcXhMUm274BSdFDBP3IwUUIZK2554HUHigIaacKxU03Ui3RphqRnhdJz3YkUjTAa4R5uGhjigqjVKdxzDoVE60BXS3FBDqv6eGOFAqWHgm2SAdV/Neon4n9eMdbfUGrEwijUNyfShbsxBC0gKgw6TlGg+NAQTycxfgfSxxESbWvOmBHd25XlSOym6TtG9OS2US1kdObSPDtARctEZKqNrVEFVRNATekFv6N16tl6tifUxjS5Y2cwe+gPr6xtg9KBa</latexit><latexit sha1_base64="VRAkCov9F/a2XuENYyRc90mwyeE=">AAACI3icbVDLSgMxFM34rPU16tLNxSIIQpkRwaIIBTcuq9gHdErJpGkbmpkMSUYtpf/ixl9x40Ipblz4L2amI2jrCYHDOeeS3ONHnCntOJ/WwuLS8spqbi2/vrG5tW3v7NaUiCWhVSK4kA0fK8pZSKuaaU4bkaQ48Dmt+4OrxK/fU6mYCO/0MKKtAPdC1mUEayO17XMJx0AleEQo8KI+g0uIwLtIDni3rNfXWErx8COlcXhMUm274BSdFDBP3IwUUIZK2554HUHigIaacKxU03Ui3RphqRnhdJz3YkUjTAa4R5uGhjigqjVKdxzDoVE60BXS3FBDqv6eGOFAqWHgm2SAdV/Neon4n9eMdbfUGrEwijUNyfShbsxBC0gKgw6TlGg+NAQTycxfgfSxxESbWvOmBHd25XlSOym6TtG9OS2US1kdObSPDtARctEZKqNrVEFVRNATekFv6N16tl6tifUxjS5Y2cwe+gPr6xtg9KBa</latexit><latexit sha1_base64="VRAkCov9F/a2XuENYyRc90mwyeE=">AAACI3icbVDLSgMxFM34rPU16tLNxSIIQpkRwaIIBTcuq9gHdErJpGkbmpkMSUYtpf/ixl9x40Ipblz4L2amI2jrCYHDOeeS3ONHnCntOJ/WwuLS8spqbi2/vrG5tW3v7NaUiCWhVSK4kA0fK8pZSKuaaU4bkaQ48Dmt+4OrxK/fU6mYCO/0MKKtAPdC1mUEayO17XMJx0AleEQo8KI+g0uIwLtIDni3rNfXWErx8COlcXhMUm274BSdFDBP3IwUUIZK2554HUHigIaacKxU03Ui3RphqRnhdJz3YkUjTAa4R5uGhjigqjVKdxzDoVE60BXS3FBDqv6eGOFAqWHgm2SAdV/Neon4n9eMdbfUGrEwijUNyfShbsxBC0gKgw6TlGg+NAQTycxfgfSxxESbWvOmBHd25XlSOym6TtG9OS2US1kdObSPDtARctEZKqNrVEFVRNATekFv6N16tl6tifUxjS5Y2cwe+gPr6xtg9KBa</latexit>

r = p� ex ) x2 + y2 = (p� ex)2
<latexit sha1_base64="U62zy3T2w31NFpUPgQ00Cm8nCoQ=">AAACI3icbVDJSkMxFM1zrHWqunRzsQiKWN4rgkUpFNy4rGIH6EReetuG5g0kedpS+i9u/BU3LpTixoX/YjoIaj0hl8M595Lc44aCK23bH9bC4tLyympsLb6+sbm1ndjZLaogkgwLLBCBLLtUoeA+FjTXAsuhROq5Aktu92rsl+5RKh74d7ofYs2jbZ+3OKPaSI3EhYQshHAK2IPq5fhA9Za3O5pKGTx8S716Gk6gb2oWjsJThN5xPd1IJO2UPQHME2dGkmSGfCMxqjYDFnnoayaoUhXHDnVtQKXmTOAwXo0UhpR1aRsrhvrUQ1UbTHYcwqFRmtAKpLm+hon6c2JAPaX6nms6Pao76q83Fv/zKpFuZWoD7oeRRp9NH2pFAnQA48CgySUyLfqGUCa5+SuwDpWUaRNr3ITg/F15nhTTKcdOOTdnyVxmFkeM7JMDckQcck5y5JrkSYEw8kieySt5s56sF2tkvU9bF6zZzB75BevzCxiZn5E=</latexit><latexit sha1_base64="U62zy3T2w31NFpUPgQ00Cm8nCoQ=">AAACI3icbVDJSkMxFM1zrHWqunRzsQiKWN4rgkUpFNy4rGIH6EReetuG5g0kedpS+i9u/BU3LpTixoX/YjoIaj0hl8M595Lc44aCK23bH9bC4tLyympsLb6+sbm1ndjZLaogkgwLLBCBLLtUoeA+FjTXAsuhROq5Aktu92rsl+5RKh74d7ofYs2jbZ+3OKPaSI3EhYQshHAK2IPq5fhA9Za3O5pKGTx8S716Gk6gb2oWjsJThN5xPd1IJO2UPQHME2dGkmSGfCMxqjYDFnnoayaoUhXHDnVtQKXmTOAwXo0UhpR1aRsrhvrUQ1UbTHYcwqFRmtAKpLm+hon6c2JAPaX6nms6Pao76q83Fv/zKpFuZWoD7oeRRp9NH2pFAnQA48CgySUyLfqGUCa5+SuwDpWUaRNr3ITg/F15nhTTKcdOOTdnyVxmFkeM7JMDckQcck5y5JrkSYEw8kieySt5s56sF2tkvU9bF6zZzB75BevzCxiZn5E=</latexit><latexit sha1_base64="U62zy3T2w31NFpUPgQ00Cm8nCoQ=">AAACI3icbVDJSkMxFM1zrHWqunRzsQiKWN4rgkUpFNy4rGIH6EReetuG5g0kedpS+i9u/BU3LpTixoX/YjoIaj0hl8M595Lc44aCK23bH9bC4tLyympsLb6+sbm1ndjZLaogkgwLLBCBLLtUoeA+FjTXAsuhROq5Aktu92rsl+5RKh74d7ofYs2jbZ+3OKPaSI3EhYQshHAK2IPq5fhA9Za3O5pKGTx8S716Gk6gb2oWjsJThN5xPd1IJO2UPQHME2dGkmSGfCMxqjYDFnnoayaoUhXHDnVtQKXmTOAwXo0UhpR1aRsrhvrUQ1UbTHYcwqFRmtAKpLm+hon6c2JAPaX6nms6Pao76q83Fv/zKpFuZWoD7oeRRp9NH2pFAnQA48CgySUyLfqGUCa5+SuwDpWUaRNr3ITg/F15nhTTKcdOOTdnyVxmFkeM7JMDckQcck5y5JrkSYEw8kieySt5s56sF2tkvU9bF6zZzB75BevzCxiZn5E=</latexit><latexit sha1_base64="U62zy3T2w31NFpUPgQ00Cm8nCoQ=">AAACI3icbVDJSkMxFM1zrHWqunRzsQiKWN4rgkUpFNy4rGIH6EReetuG5g0kedpS+i9u/BU3LpTixoX/YjoIaj0hl8M595Lc44aCK23bH9bC4tLyympsLb6+sbm1ndjZLaogkgwLLBCBLLtUoeA+FjTXAsuhROq5Aktu92rsl+5RKh74d7ofYs2jbZ+3OKPaSI3EhYQshHAK2IPq5fhA9Za3O5pKGTx8S716Gk6gb2oWjsJThN5xPd1IJO2UPQHME2dGkmSGfCMxqjYDFnnoayaoUhXHDnVtQKXmTOAwXo0UhpR1aRsrhvrUQ1UbTHYcwqFRmtAKpLm+hon6c2JAPaX6nms6Pao76q83Fv/zKpFuZWoD7oeRRp9NH2pFAnQA48CgySUyLfqGUCa5+SuwDpWUaRNr3ITg/F15nhTTKcdOOTdnyVxmFkeM7JMDckQcck5y5JrkSYEw8kieySt5s56sF2tkvU9bF6zZzB75BevzCxiZn5E=</latexit>

x0 = � pe

1� e2
<latexit sha1_base64="q1UKVH7UoquplBGlF/pSBrHWTFs=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8NKSFMFehIIXjxXsB7SxbLaTdulmE3Y3Ygm5+Fe8eFDEqz/Dm//GbZuDtj4YeLw3w8w8P+ZMacf5tlZW19Y3Ngtbxe2d3b19++CwpaJEUmjSiEey4xMFnAloaqY5dGIJJPQ5tP3x9dRvP4BULBJ3ehKDF5KhYAGjRBupbx8/9h18hcu9QBKaxpClbhnuq1nfLjkVZwa8TNyclFCORt/+6g0imoQgNOVEqa7rxNpLidSMcsiKvURBTOiYDKFrqCAhKC+dPZDhM6MMcBBJU0Ljmfp7IiWhUpPQN50h0SO16E3F/7xuooOalzIRJxoEnS8KEo51hKdp4AGTQDWfGEKoZOZWTEfERKFNZkUTgrv48jJpVSuuU3FvL0r1Wh5HAZ2gU3SOXHSJ6ugGNVATUZShZ/SK3qwn68V6tz7mrStWPnOE/sD6/AHlzJVI</latexit><latexit sha1_base64="q1UKVH7UoquplBGlF/pSBrHWTFs=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8NKSFMFehIIXjxXsB7SxbLaTdulmE3Y3Ygm5+Fe8eFDEqz/Dm//GbZuDtj4YeLw3w8w8P+ZMacf5tlZW19Y3Ngtbxe2d3b19++CwpaJEUmjSiEey4xMFnAloaqY5dGIJJPQ5tP3x9dRvP4BULBJ3ehKDF5KhYAGjRBupbx8/9h18hcu9QBKaxpClbhnuq1nfLjkVZwa8TNyclFCORt/+6g0imoQgNOVEqa7rxNpLidSMcsiKvURBTOiYDKFrqCAhKC+dPZDhM6MMcBBJU0Ljmfp7IiWhUpPQN50h0SO16E3F/7xuooOalzIRJxoEnS8KEo51hKdp4AGTQDWfGEKoZOZWTEfERKFNZkUTgrv48jJpVSuuU3FvL0r1Wh5HAZ2gU3SOXHSJ6ugGNVATUZShZ/SK3qwn68V6tz7mrStWPnOE/sD6/AHlzJVI</latexit><latexit sha1_base64="q1UKVH7UoquplBGlF/pSBrHWTFs=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8NKSFMFehIIXjxXsB7SxbLaTdulmE3Y3Ygm5+Fe8eFDEqz/Dm//GbZuDtj4YeLw3w8w8P+ZMacf5tlZW19Y3Ngtbxe2d3b19++CwpaJEUmjSiEey4xMFnAloaqY5dGIJJPQ5tP3x9dRvP4BULBJ3ehKDF5KhYAGjRBupbx8/9h18hcu9QBKaxpClbhnuq1nfLjkVZwa8TNyclFCORt/+6g0imoQgNOVEqa7rxNpLidSMcsiKvURBTOiYDKFrqCAhKC+dPZDhM6MMcBBJU0Ljmfp7IiWhUpPQN50h0SO16E3F/7xuooOalzIRJxoEnS8KEo51hKdp4AGTQDWfGEKoZOZWTEfERKFNZkUTgrv48jJpVSuuU3FvL0r1Wh5HAZ2gU3SOXHSJ6ugGNVATUZShZ/SK3qwn68V6tz7mrStWPnOE/sD6/AHlzJVI</latexit><latexit sha1_base64="q1UKVH7UoquplBGlF/pSBrHWTFs=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8NKSFMFehIIXjxXsB7SxbLaTdulmE3Y3Ygm5+Fe8eFDEqz/Dm//GbZuDtj4YeLw3w8w8P+ZMacf5tlZW19Y3Ngtbxe2d3b19++CwpaJEUmjSiEey4xMFnAloaqY5dGIJJPQ5tP3x9dRvP4BULBJ3ehKDF5KhYAGjRBupbx8/9h18hcu9QBKaxpClbhnuq1nfLjkVZwa8TNyclFCORt/+6g0imoQgNOVEqa7rxNpLidSMcsiKvURBTOiYDKFrqCAhKC+dPZDhM6MMcBBJU0Ljmfp7IiWhUpPQN50h0SO16E3F/7xuooOalzIRJxoEnS8KEo51hKdp4AGTQDWfGEKoZOZWTEfERKFNZkUTgrv48jJpVSuuU3FvL0r1Wh5HAZ2gU3SOXHSJ6ugGNVATUZShZ/SK3qwn68V6tz7mrStWPnOE/sD6/AHlzJVI</latexit>

a =
p

1� e2
<latexit sha1_base64="mR+gAxNNIRyIOuhVLVmJWTTxzSs=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0XwYkmKYC9CwYvHCvYD2lg22027dLMJuxshhPhXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bbW1jc2t7ZLO+Xdvf2DQ/vouKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3oz87uPVCoWiXudxtQL8ViwgBGsjTS0Kxhdo0EgMcniPHMv6EM9H9pVp+bMgVaJW5AqFGgN7a/BKCJJSIUmHCvVd51YexmWmhFO8/IgUTTGZIrHtG+owCFVXjY/PkdnRhmhIJKmhEZz9fdEhkOl0tA3nSHWE7XszcT/vH6ig4aXMREnmgqyWBQkHOkIzZJAIyYp0Tw1BBPJzK2ITLBJQpu8yiYEd/nlVdKp11yn5t5dVpuNIo4SnMApnIMLV9CEW2hBGwik8Ayv8GY9WS/Wu/WxaF2zipkK/IH1+QNfSJPo</latexit><latexit sha1_base64="mR+gAxNNIRyIOuhVLVmJWTTxzSs=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0XwYkmKYC9CwYvHCvYD2lg22027dLMJuxshhPhXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bbW1jc2t7ZLO+Xdvf2DQ/vouKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3oz87uPVCoWiXudxtQL8ViwgBGsjTS0Kxhdo0EgMcniPHMv6EM9H9pVp+bMgVaJW5AqFGgN7a/BKCJJSIUmHCvVd51YexmWmhFO8/IgUTTGZIrHtG+owCFVXjY/PkdnRhmhIJKmhEZz9fdEhkOl0tA3nSHWE7XszcT/vH6ig4aXMREnmgqyWBQkHOkIzZJAIyYp0Tw1BBPJzK2ITLBJQpu8yiYEd/nlVdKp11yn5t5dVpuNIo4SnMApnIMLV9CEW2hBGwik8Ayv8GY9WS/Wu/WxaF2zipkK/IH1+QNfSJPo</latexit><latexit sha1_base64="mR+gAxNNIRyIOuhVLVmJWTTxzSs=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0XwYkmKYC9CwYvHCvYD2lg22027dLMJuxshhPhXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bbW1jc2t7ZLO+Xdvf2DQ/vouKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3oz87uPVCoWiXudxtQL8ViwgBGsjTS0Kxhdo0EgMcniPHMv6EM9H9pVp+bMgVaJW5AqFGgN7a/BKCJJSIUmHCvVd51YexmWmhFO8/IgUTTGZIrHtG+owCFVXjY/PkdnRhmhIJKmhEZz9fdEhkOl0tA3nSHWE7XszcT/vH6ig4aXMREnmgqyWBQkHOkIzZJAIyYp0Tw1BBPJzK2ITLBJQpu8yiYEd/nlVdKp11yn5t5dVpuNIo4SnMApnIMLV9CEW2hBGwik8Ayv8GY9WS/Wu/WxaF2zipkK/IH1+QNfSJPo</latexit><latexit sha1_base64="mR+gAxNNIRyIOuhVLVmJWTTxzSs=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0XwYkmKYC9CwYvHCvYD2lg22027dLMJuxshhPhXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bbW1jc2t7ZLO+Xdvf2DQ/vouKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3oz87uPVCoWiXudxtQL8ViwgBGsjTS0Kxhdo0EgMcniPHMv6EM9H9pVp+bMgVaJW5AqFGgN7a/BKCJJSIUmHCvVd51YexmWmhFO8/IgUTTGZIrHtG+owCFVXjY/PkdnRhmhIJKmhEZz9fdEhkOl0tA3nSHWE7XszcT/vH6ig4aXMREnmgqyWBQkHOkIzZJAIyYp0Tw1BBPJzK2ITLBJQpu8yiYEd/nlVdKp11yn5t5dVpuNIo4SnMApnIMLV9CEW2hBGwik8Ayv8GY9WS/Wu/WxaF2zipkK/IH1+QNfSJPo</latexit>

b =
pp

1� e2
<latexit sha1_base64="e/4VxRe6AQD7zr+OGHJeLF4J6dg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSRFsBuh4MZlBfuAJpbJdNIOnUzizI1QQsCNv+LGhSJu/Ql3/o3Tx0JbD1w4nHMv994TJIJrcJxva2l5ZXVtvbBR3Nza3tm19/abOk4VZQ0ai1i1A6KZ4JI1gINg7UQxEgWCtYLh1dhvPTCleSxvYZQwPyJ9yUNOCRipax8G+BJ7oSI0S/LM0/cKMveM3VXyvGuXnLIzAV4k7oyU0Az1rv3l9WKaRkwCFUTrjusk4GdEAaeC5UUv1SwhdEj6rGOoJBHTfjb5IccnRunhMFamJOCJ+nsiI5HWoygwnRGBgZ73xuJ/XieFsOpnXCYpMEmni8JUYIjxOBDc44pRECNDCFXc3IrpgJhAwMRWNCG48y8vkmal7Dpl9+a8VKvO4iigI3SMTpGLLlANXaM6aiCKHtEzekVv1pP1Yr1bH9PWJWs2c4D+wPr8AVp7l00=</latexit><latexit sha1_base64="e/4VxRe6AQD7zr+OGHJeLF4J6dg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSRFsBuh4MZlBfuAJpbJdNIOnUzizI1QQsCNv+LGhSJu/Ql3/o3Tx0JbD1w4nHMv994TJIJrcJxva2l5ZXVtvbBR3Nza3tm19/abOk4VZQ0ai1i1A6KZ4JI1gINg7UQxEgWCtYLh1dhvPTCleSxvYZQwPyJ9yUNOCRipax8G+BJ7oSI0S/LM0/cKMveM3VXyvGuXnLIzAV4k7oyU0Az1rv3l9WKaRkwCFUTrjusk4GdEAaeC5UUv1SwhdEj6rGOoJBHTfjb5IccnRunhMFamJOCJ+nsiI5HWoygwnRGBgZ73xuJ/XieFsOpnXCYpMEmni8JUYIjxOBDc44pRECNDCFXc3IrpgJhAwMRWNCG48y8vkmal7Dpl9+a8VKvO4iigI3SMTpGLLlANXaM6aiCKHtEzekVv1pP1Yr1bH9PWJWs2c4D+wPr8AVp7l00=</latexit><latexit sha1_base64="e/4VxRe6AQD7zr+OGHJeLF4J6dg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSRFsBuh4MZlBfuAJpbJdNIOnUzizI1QQsCNv+LGhSJu/Ql3/o3Tx0JbD1w4nHMv994TJIJrcJxva2l5ZXVtvbBR3Nza3tm19/abOk4VZQ0ai1i1A6KZ4JI1gINg7UQxEgWCtYLh1dhvPTCleSxvYZQwPyJ9yUNOCRipax8G+BJ7oSI0S/LM0/cKMveM3VXyvGuXnLIzAV4k7oyU0Az1rv3l9WKaRkwCFUTrjusk4GdEAaeC5UUv1SwhdEj6rGOoJBHTfjb5IccnRunhMFamJOCJ+nsiI5HWoygwnRGBgZ73xuJ/XieFsOpnXCYpMEmni8JUYIjxOBDc44pRECNDCFXc3IrpgJhAwMRWNCG48y8vkmal7Dpl9+a8VKvO4iigI3SMTpGLLlANXaM6aiCKHtEzekVv1pP1Yr1bH9PWJWs2c4D+wPr8AVp7l00=</latexit><latexit sha1_base64="e/4VxRe6AQD7zr+OGHJeLF4J6dg=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSRFsBuh4MZlBfuAJpbJdNIOnUzizI1QQsCNv+LGhSJu/Ql3/o3Tx0JbD1w4nHMv994TJIJrcJxva2l5ZXVtvbBR3Nza3tm19/abOk4VZQ0ai1i1A6KZ4JI1gINg7UQxEgWCtYLh1dhvPTCleSxvYZQwPyJ9yUNOCRipax8G+BJ7oSI0S/LM0/cKMveM3VXyvGuXnLIzAV4k7oyU0Az1rv3l9WKaRkwCFUTrjusk4GdEAaeC5UUv1SwhdEj6rGOoJBHTfjb5IccnRunhMFamJOCJ+nsiI5HWoygwnRGBgZ73xuJ/XieFsOpnXCYpMEmni8JUYIjxOBDc44pRECNDCFXc3IrpgJhAwMRWNCG48y8vkmal7Dpl9+a8VKvO4iigI3SMTpGLLlANXaM6aiCKHtEzekVv1pP1Yr1bH9PWJWs2c4D+wPr8AVp7l00=</latexit>

r =
p

1 + e cos�
p =

M2

m↵
e =

r
1 +

2EM2

m↵2
<latexit sha1_base64="PWD59ByOowogsqMQ1mE2zMdBdvE="></latexit><latexit sha1_base64="PWD59ByOowogsqMQ1mE2zMdBdvE="></latexit><latexit sha1_base64="PWD59ByOowogsqMQ1mE2zMdBdvE="></latexit><latexit sha1_base64="PWD59ByOowogsqMQ1mE2zMdBdvE="></latexit>



Das Kepler Problem

 3. Dreidimensionale Bewegung

L =
m~̇r2

2
� ↵

r
Ue↵(r) =

M2

2mr
� ↵

r

2.   Umin < E < 0 .   Die Bewegung ist finit. 

Wie viel Zeit  braucht  das Teilchen um das Zentrum  einmal zu umrunden?

M = mr2
d�

dt
) dt =

mr2d�

M
) dt =

mp2 d�

M(1 + e cos�)
<latexit sha1_base64="JssDW4HWrs2SUMqKYgUQrHrloTY="></latexit><latexit sha1_base64="JssDW4HWrs2SUMqKYgUQrHrloTY="></latexit><latexit sha1_base64="JssDW4HWrs2SUMqKYgUQrHrloTY="></latexit><latexit sha1_base64="JssDW4HWrs2SUMqKYgUQrHrloTY="></latexit>

T =
p2m

M

2⇡Z

0

d�

(1 + e cos�)2
<latexit sha1_base64="Jo9t6LYBWeFHZkPcAn0srSDnfKk="></latexit><latexit sha1_base64="Jo9t6LYBWeFHZkPcAn0srSDnfKk="></latexit><latexit sha1_base64="Jo9t6LYBWeFHZkPcAn0srSDnfKk="></latexit><latexit sha1_base64="Jo9t6LYBWeFHZkPcAn0srSDnfKk="></latexit>

Wie kann man das Integral ausrechnen?  Wir formen zunächst das Integral um:

T =
p2m

M
(�1)

@

@a

���
a=1

2⇡Z

0

d�

(a+ e cos�)
<latexit sha1_base64="eKse17Q63blPy36ag2nNHn9gmGE="></latexit><latexit sha1_base64="eKse17Q63blPy36ag2nNHn9gmGE="></latexit><latexit sha1_base64="eKse17Q63blPy36ag2nNHn9gmGE="></latexit><latexit sha1_base64="eKse17Q63blPy36ag2nNHn9gmGE="></latexit>



Die Umlaufzeit

 3. Dreidimensionale Bewegung

T =
p2m

M
(�1)

@

@a

���
a=1

2⇡Z

0

d�

(a+ e cos�)
<latexit sha1_base64="eKse17Q63blPy36ag2nNHn9gmGE="></latexit><latexit sha1_base64="eKse17Q63blPy36ag2nNHn9gmGE="></latexit><latexit sha1_base64="eKse17Q63blPy36ag2nNHn9gmGE="></latexit><latexit sha1_base64="eKse17Q63blPy36ag2nNHn9gmGE="></latexit>

I =

2⇡Z

0

d�

a+ e cos�
=

2⇡Z

0

d�

a� e cos�
<latexit sha1_base64="7a5/R6Z2rf7aulDPF63yz9hUV5E="></latexit><latexit sha1_base64="7a5/R6Z2rf7aulDPF63yz9hUV5E="></latexit><latexit sha1_base64="7a5/R6Z2rf7aulDPF63yz9hUV5E="></latexit><latexit sha1_base64="7a5/R6Z2rf7aulDPF63yz9hUV5E="></latexit>

I =
1

2

2⇡Z

0

d�


1

a+ e cos�
+

1

a� e cos�

�
=

a

2

2⇡Z

0

d�

a2 � e2 cos�2
= 2a

⇡/2Z

0

d�

a2 � e2 cos�2

<latexit sha1_base64="MDQJ4p5RgUPTrDPVPhdcSUGpykI="></latexit><latexit sha1_base64="MDQJ4p5RgUPTrDPVPhdcSUGpykI="></latexit><latexit sha1_base64="MDQJ4p5RgUPTrDPVPhdcSUGpykI="></latexit><latexit sha1_base64="MDQJ4p5RgUPTrDPVPhdcSUGpykI="></latexit>

⇠ = tan� ) d⇠ =
d�

cos2 �
cos2 � =

1

1 + ⇠2
<latexit sha1_base64="RRYajpeIj86dk0Tywy9CCHjdnpY="></latexit><latexit sha1_base64="RRYajpeIj86dk0Tywy9CCHjdnpY="></latexit><latexit sha1_base64="RRYajpeIj86dk0Tywy9CCHjdnpY="></latexit><latexit sha1_base64="RRYajpeIj86dk0Tywy9CCHjdnpY="></latexit>

0 < � < ⇡ , 0 < ⇠ < 1
<latexit sha1_base64="TKU3XpgcBD/8O qlVbLNTDIZpmfw=">AAACGXicbVC7SgNBFJ31GeMramkzGASrMCuCKSwCNhYWEcwDskuYncwmQ2Znl5m7aljyGzb+io2FIpZa+TdONik08cDlHs65l5l7gkQKA4R8O0vLK6tr64WN4ubW9s5uaW+/aeJUM95gsYx1O6CGS6F4AwRI3k40p1EgeSsYXk781h3XRsTqFkYJ9yPaVyIUjIKVuiVC8AX2koHIm8DeNQ9Bi/4AqNbxPca5/5DbQoUw6pbKpEJy4EXizkgZzVDv lj69XszSiCtgkhrTcUkCfkY1CCb5uOilhieUDWmfdyxVNOLGz/LLxvjYKj0cxtqWApyrvzcyGhkzigI7GVEYmHlvIv7ndVIIq34mVJICV2z6UJhKDDGexIR7QnMGcmQJZVrYv2I2oJoysGEWbQju/MmLpHlacUnFvTkr16qzOAroEB2hE+Sic1RDV6iOGoihR/SMXtGb8+S8OO/Ox3R0yZntHKA/cL5+AEScnfY=</latexit><latexit sha1_base64="TKU3XpgcBD/8O qlVbLNTDIZpmfw=">AAACGXicbVC7SgNBFJ31GeMramkzGASrMCuCKSwCNhYWEcwDskuYncwmQ2Znl5m7aljyGzb+io2FIpZa+TdONik08cDlHs65l5l7gkQKA4R8O0vLK6tr64WN4ubW9s5uaW+/aeJUM95gsYx1O6CGS6F4AwRI3k40p1EgeSsYXk781h3XRsTqFkYJ9yPaVyIUjIKVuiVC8AX2koHIm8DeNQ9Bi/4AqNbxPca5/5DbQoUw6pbKpEJy4EXizkgZzVDv lj69XszSiCtgkhrTcUkCfkY1CCb5uOilhieUDWmfdyxVNOLGz/LLxvjYKj0cxtqWApyrvzcyGhkzigI7GVEYmHlvIv7ndVIIq34mVJICV2z6UJhKDDGexIR7QnMGcmQJZVrYv2I2oJoysGEWbQju/MmLpHlacUnFvTkr16qzOAroEB2hE+Sic1RDV6iOGoihR/SMXtGb8+S8OO/Ox3R0yZntHKA/cL5+AEScnfY=</latexit><latexit sha1_base64="TKU3XpgcBD/8O qlVbLNTDIZpmfw=">AAACGXicbVC7SgNBFJ31GeMramkzGASrMCuCKSwCNhYWEcwDskuYncwmQ2Znl5m7aljyGzb+io2FIpZa+TdONik08cDlHs65l5l7gkQKA4R8O0vLK6tr64WN4ubW9s5uaW+/aeJUM95gsYx1O6CGS6F4AwRI3k40p1EgeSsYXk781h3XRsTqFkYJ9yPaVyIUjIKVuiVC8AX2koHIm8DeNQ9Bi/4AqNbxPca5/5DbQoUw6pbKpEJy4EXizkgZzVDv lj69XszSiCtgkhrTcUkCfkY1CCb5uOilhieUDWmfdyxVNOLGz/LLxvjYKj0cxtqWApyrvzcyGhkzigI7GVEYmHlvIv7ndVIIq34mVJICV2z6UJhKDDGexIR7QnMGcmQJZVrYv2I2oJoysGEWbQju/MmLpHlacUnFvTkr16qzOAroEB2hE+Sic1RDV6iOGoihR/SMXtGb8+S8OO/Ox3R0yZntHKA/cL5+AEScnfY=</latexit><latexit sha1_base64="TKU3XpgcBD/8O qlVbLNTDIZpmfw=">AAACGXicbVC7SgNBFJ31GeMramkzGASrMCuCKSwCNhYWEcwDskuYncwmQ2Znl5m7aljyGzb+io2FIpZa+TdONik08cDlHs65l5l7gkQKA4R8O0vLK6tr64WN4ubW9s5uaW+/aeJUM95gsYx1O6CGS6F4AwRI3k40p1EgeSsYXk781h3XRsTqFkYJ9yPaVyIUjIKVuiVC8AX2koHIm8DeNQ9Bi/4AqNbxPca5/5DbQoUw6pbKpEJy4EXizkgZzVDv lj69XszSiCtgkhrTcUkCfkY1CCb5uOilhieUDWmfdyxVNOLGz/LLxvjYKj0cxtqWApyrvzcyGhkzigI7GVEYmHlvIv7ndVIIq34mVJICV2z6UJhKDDGexIR7QnMGcmQJZVrYv2I2oJoysGEWbQju/MmLpHlacUnFvTkr16qzOAroEB2hE+Sic1RDV6iOGoihR/SMXtGb8+S8OO/Ox3R0yZntHKA/cL5+AEScnfY=</latexit>

⇠ =

p
a2 � e2

a
µ

<latexit sha1_base64="d/OjGDNcVzjnUwqd19ye7WuC3iA=">AAACDXicbVDLSsNAFJ34rPUVdelmsApuLEkR7EYouHFZwT6gSctkOmmHzkzizEQsIT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89Qcyo0o7zbS0tr6yurRc2iptb2zu79t5+U0WJxKSBIxbJdoAUYVSQhqaakXYsCeIBI61gdDXxW/dEKhqJWz2Oic/RQNCQYqSN1LOPvQcKL6EXSoRTT91JnaJuBZ5B0q1kWYoy6PGkZ5ecsjMFXCRuTkogR71nf3n9CCecCI0ZUqrjOrH2UyQ1xYxkRS9RJEZ4hAakY6hAnCg/nX6TwROj9GEYSVNCw6n6eyJFXKkxD0wnR3qo5r2J+J/XSXRY9VMq4kQTgWeLwoRBHcFJNLBPJcGajQ1BWFJzK8RDZILRJsCiCcGdf3mRNCtl1ym7N+elWjWPowAOwRE4BS64ADVwDeqgATB4BM/gFbxZT9aL9W59zFqXrHzmAPyB9fkDBMOa2w==</latexit><latexit sha1_base64="d/OjGDNcVzjnUwqd19ye7WuC3iA=">AAACDXicbVDLSsNAFJ34rPUVdelmsApuLEkR7EYouHFZwT6gSctkOmmHzkzizEQsIT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89Qcyo0o7zbS0tr6yurRc2iptb2zu79t5+U0WJxKSBIxbJdoAUYVSQhqaakXYsCeIBI61gdDXxW/dEKhqJWz2Oic/RQNCQYqSN1LOPvQcKL6EXSoRTT91JnaJuBZ5B0q1kWYoy6PGkZ5ecsjMFXCRuTkogR71nf3n9CCecCI0ZUqrjOrH2UyQ1xYxkRS9RJEZ4hAakY6hAnCg/nX6TwROj9GEYSVNCw6n6eyJFXKkxD0wnR3qo5r2J+J/XSXRY9VMq4kQTgWeLwoRBHcFJNLBPJcGajQ1BWFJzK8RDZILRJsCiCcGdf3mRNCtl1ym7N+elWjWPowAOwRE4BS64ADVwDeqgATB4BM/gFbxZT9aL9W59zFqXrHzmAPyB9fkDBMOa2w==</latexit><latexit sha1_base64="d/OjGDNcVzjnUwqd19ye7WuC3iA=">AAACDXicbVDLSsNAFJ34rPUVdelmsApuLEkR7EYouHFZwT6gSctkOmmHzkzizEQsIT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89Qcyo0o7zbS0tr6yurRc2iptb2zu79t5+U0WJxKSBIxbJdoAUYVSQhqaakXYsCeIBI61gdDXxW/dEKhqJWz2Oic/RQNCQYqSN1LOPvQcKL6EXSoRTT91JnaJuBZ5B0q1kWYoy6PGkZ5ecsjMFXCRuTkogR71nf3n9CCecCI0ZUqrjOrH2UyQ1xYxkRS9RJEZ4hAakY6hAnCg/nX6TwROj9GEYSVNCw6n6eyJFXKkxD0wnR3qo5r2J+J/XSXRY9VMq4kQTgWeLwoRBHcFJNLBPJcGajQ1BWFJzK8RDZILRJsCiCcGdf3mRNCtl1ym7N+elWjWPowAOwRE4BS64ADVwDeqgATB4BM/gFbxZT9aL9W59zFqXrHzmAPyB9fkDBMOa2w==</latexit><latexit sha1_base64="d/OjGDNcVzjnUwqd19ye7WuC3iA=">AAACDXicbVDLSsNAFJ34rPUVdelmsApuLEkR7EYouHFZwT6gSctkOmmHzkzizEQsIT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89Qcyo0o7zbS0tr6yurRc2iptb2zu79t5+U0WJxKSBIxbJdoAUYVSQhqaakXYsCeIBI61gdDXxW/dEKhqJWz2Oic/RQNCQYqSN1LOPvQcKL6EXSoRTT91JnaJuBZ5B0q1kWYoy6PGkZ5ecsjMFXCRuTkogR71nf3n9CCecCI0ZUqrjOrH2UyQ1xYxkRS9RJEZ4hAakY6hAnCg/nX6TwROj9GEYSVNCw6n6eyJFXKkxD0wnR3qo5r2J+J/XSXRY9VMq4kQTgWeLwoRBHcFJNLBPJcGajQ1BWFJzK8RDZILRJsCiCcGdf3mRNCtl1ym7N+elWjWPowAOwRE4BS64ADVwDeqgATB4BM/gFbxZT9aL9W59zFqXrHzmAPyB9fkDBMOa2w==</latexit>

I = 2a

1Z

0

d⇠

a2 � e2 + a2⇠2
<latexit sha1_base64="pZWrDN18Mek44uivwdKPhD5nWtY="></latexit><latexit sha1_base64="pZWrDN18Mek44uivwdKPhD5nWtY="></latexit><latexit sha1_base64="pZWrDN18Mek44uivwdKPhD5nWtY="></latexit><latexit sha1_base64="pZWrDN18Mek44uivwdKPhD5nWtY="></latexit>

I =
2p

a2 � e2

1Z

0

dµ

1 + µ2
=

2⇡p
a2 � e2

<latexit sha1_base64="t+Nnel0/noWT2I2/zQEBqE9vbTc="></latexit><latexit sha1_base64="t+Nnel0/noWT2I2/zQEBqE9vbTc="></latexit><latexit sha1_base64="t+Nnel0/noWT2I2/zQEBqE9vbTc="></latexit><latexit sha1_base64="t+Nnel0/noWT2I2/zQEBqE9vbTc="></latexit>

� @

@a
I(a)

���
a=1

=
2⇡

(1� e2)3/2
<latexit sha1_base64="AsIzx2sd1pzzXA75TshnlFjW6JI="></latexit><latexit sha1_base64="AsIzx2sd1pzzXA75TshnlFjW6JI="></latexit><latexit sha1_base64="AsIzx2sd1pzzXA75TshnlFjW6JI="></latexit><latexit sha1_base64="AsIzx2sd1pzzXA75TshnlFjW6JI="></latexit>

T =
p2m

M
(�1)

@

@a
I(a)

���
a=1

=
2⇡p2m

M(1� e2)3/2
= ⇡↵

r
m

2|E|3
<latexit sha1_base64="w6+K+P21VXWupKKmpotAVFbWnPg="></latexit><latexit sha1_base64="w6+K+P21VXWupKKmpotAVFbWnPg="></latexit><latexit sha1_base64="w6+K+P21VXWupKKmpotAVFbWnPg="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ZqueoovQXCd/Q/TlqbHYNrJRy+A="></latexit><latexit sha1_base64="ZqueoovQXCd/Q/TlqbHYNrJRy+A="></latexit><latexit sha1_base64="FmnnsaDLD9W1D6/I+SUCY8j/G0E="></latexit><latexit sha1_base64="w6+K+P21VXWupKKmpotAVFbWnPg="></latexit><latexit sha1_base64="w6+K+P21VXWupKKmpotAVFbWnPg="></latexit><latexit sha1_base64="w6+K+P21VXWupKKmpotAVFbWnPg="></latexit><latexit sha1_base64="w6+K+P21VXWupKKmpotAVFbWnPg="></latexit><latexit sha1_base64="w6+K+P21VXWupKKmpotAVFbWnPg="></latexit><latexit sha1_base64="w6+K+P21VXWupKKmpotAVFbWnPg="></latexit>



Das Kepler Problem

 3. Dreidimensionale Bewegung

L =
m~̇r2

2
� ↵

r
Ue↵(r) =

M2

2mr
� ↵

r

2.   E > 0 .   Die Bewegung findet in einem unbegrenzten Raum statt (die Bewegung ist 
infinit); das Teilchen kommt aus dem  Unendliche und verschwindet ins  Unendliche 
wieder

Die Trajektorie ist eine Hyperbel

e > 1
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x0 =
pe

e2 � 1
, a =

p

e2 � 1
, b =

pp
e2 � 1

� = �0 = � arccos[e�1] ! r = 1
-1.0 -0.5 0.5

x

-3

-2

-1

1

2

3

y

r =
p

1 + e cos�
, p =

M

m↵
, e =

r
1 +

2EM2

m↵2
<latexit sha1_base64="m3WZ6l28odPzOJk6vpxRjmsoUDo="></latexit><latexit sha1_base64="m3WZ6l28odPzOJk6vpxRjmsoUDo="></latexit><latexit sha1_base64="m3WZ6l28odPzOJk6vpxRjmsoUDo="></latexit><latexit sha1_base64="m3WZ6l28odPzOJk6vpxRjmsoUDo="></latexit>



Das Kepler Problem

 3. Dreidimensionale Bewegung

L =
m~̇r2

2
� ↵

r
Ue↵(r) =

M2

2mr
� ↵

r

3.  Im Fall der anziehenden Kraft sind alle Bahnen infinit.  Die Trajektorien sind 

Hyperbeln;  die Ausdrucke für p und e stimmen mit den vorherigen Ausdrucke überein. 

e > 1
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<latexit sha1_base64="oi4UOa3yLcmDufbvyIrMLiLGpJo=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIYpkRwW6EghuXFewDOkPJpJk2NJOEJCOUYTZu/BU3LhRx6z+4829M21lo64ELh3Pu5d57IsmoNp737Swtr6yurZc2yptb2zu77t5+S4tUYdLEggnViZAmjHLSNNQw0pGKoCRipB2NbiZ++4EoTQW/N2NJwgQNOI0pRsZKPfdIwWsYxArhTObZuX9GYICFhoEc0rznVryqNwVcJH5BKqBAo+d+BX2B04RwgxnSuut70oQZUoZiRvJykGoiER6hAelaylFCdJhNv8jhiVX6MBbKFjdwqv6eyFCi9TiJbGeCzFDPexPxP6+bmrgWZpTL1BCOZ4vilEEj4CQS2KeKYMPGliCsqL0V4iGykRgbXNmG4M+/vEhaF1Xfq/p3l5V6rYijBA7BMTgFPrgCdXALGqAJMHgEz+AVvDlPzovz7nzMWpecYuYA/IHz+QO/rZds</latexit><latexit sha1_base64="oi4UOa3yLcmDufbvyIrMLiLGpJo=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIYpkRwW6EghuXFewDOkPJpJk2NJOEJCOUYTZu/BU3LhRx6z+4829M21lo64ELh3Pu5d57IsmoNp737Swtr6yurZc2yptb2zu77t5+S4tUYdLEggnViZAmjHLSNNQw0pGKoCRipB2NbiZ++4EoTQW/N2NJwgQNOI0pRsZKPfdIwWsYxArhTObZuX9GYICFhoEc0rznVryqNwVcJH5BKqBAo+d+BX2B04RwgxnSuut70oQZUoZiRvJykGoiER6hAelaylFCdJhNv8jhiVX6MBbKFjdwqv6eyFCi9TiJbGeCzFDPexPxP6+bmrgWZpTL1BCOZ4vilEEj4CQS2KeKYMPGliCsqL0V4iGykRgbXNmG4M+/vEhaF1Xfq/p3l5V6rYijBA7BMTgFPrgCdXALGqAJMHgEz+AVvDlPzovz7nzMWpecYuYA/IHz+QO/rZds</latexit><latexit sha1_base64="oi4UOa3yLcmDufbvyIrMLiLGpJo=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIYpkRwW6EghuXFewDOkPJpJk2NJOEJCOUYTZu/BU3LhRx6z+4829M21lo64ELh3Pu5d57IsmoNp737Swtr6yurZc2yptb2zu77t5+S4tUYdLEggnViZAmjHLSNNQw0pGKoCRipB2NbiZ++4EoTQW/N2NJwgQNOI0pRsZKPfdIwWsYxArhTObZuX9GYICFhoEc0rznVryqNwVcJH5BKqBAo+d+BX2B04RwgxnSuut70oQZUoZiRvJykGoiER6hAelaylFCdJhNv8jhiVX6MBbKFjdwqv6eyFCi9TiJbGeCzFDPexPxP6+bmrgWZpTL1BCOZ4vilEEj4CQS2KeKYMPGliCsqL0V4iGykRgbXNmG4M+/vEhaF1Xfq/p3l5V6rYijBA7BMTgFPrgCdXALGqAJMHgEz+AVvDlPzovz7nzMWpecYuYA/IHz+QO/rZds</latexit><latexit sha1_base64="oi4UOa3yLcmDufbvyIrMLiLGpJo=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIYpkRwW6EghuXFewDOkPJpJk2NJOEJCOUYTZu/BU3LhRx6z+4829M21lo64ELh3Pu5d57IsmoNp737Swtr6yurZc2yptb2zu77t5+S4tUYdLEggnViZAmjHLSNNQw0pGKoCRipB2NbiZ++4EoTQW/N2NJwgQNOI0pRsZKPfdIwWsYxArhTObZuX9GYICFhoEc0rznVryqNwVcJH5BKqBAo+d+BX2B04RwgxnSuut70oQZUoZiRvJykGoiER6hAelaylFCdJhNv8jhiVX6MBbKFjdwqv6eyFCi9TiJbGeCzFDPexPxP6+bmrgWZpTL1BCOZ4vilEEj4CQS2KeKYMPGliCsqL0V4iGykRgbXNmG4M+/vEhaF1Xfq/p3l5V6rYijBA7BMTgFPrgCdXALGqAJMHgEz+AVvDlPzovz7nzMWpecYuYA/IHz+QO/rZds</latexit>

4. Der Runge-Lenz-Vektor                                         ist erhalten .~A = [~p⇥ ~M ]�m
↵~r

r
<latexit sha1_base64="rBICipBQRdLz/wJJk/3zSDNIoKo=">AAACJnicbVDLSsNAFJ34rPUVdenmYhHcWBIR7KZQceNGqGAf0IQymU7aoZNJmJkUSujXuPFX3LioiLjzU5ymXWjrgYEz59zLvfcECWdKO86Xtba+sbm1Xdgp7u7tHxzaR8dNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXDu5nfGlGpWCye9DihfoT7goWMYG2krl31RpTALVShAzlNwNMsomr+ewAfLiHyQolJ5mGeDPDckDDJ5KRrl5yykwNWibsgJbRAvWtPvV5M0ogKTThWquM6ifYzLDUjnE6KXqpogskQ92nHUIHNJn6WnzmBc6P0IIyleUJDrv7uyHCk1DgKTGWE9UAtezPxP6+T6rDiZ0wkqaaCzAeFKQcdwywz6DFJieZjQzCRzOwKZIBNJNokWzQhuMsnr5LmVdl1yu7jdalWWcRRQKfoDF0gF92gGrpHddRABD2jVzRF79aL9WZ9WJ/z0jVr0XOC/sD6/gGIv6Nk</latexit><latexit sha1_base64="rBICipBQRdLz/wJJk/3zSDNIoKo=">AAACJnicbVDLSsNAFJ34rPUVdenmYhHcWBIR7KZQceNGqGAf0IQymU7aoZNJmJkUSujXuPFX3LioiLjzU5ymXWjrgYEz59zLvfcECWdKO86Xtba+sbm1Xdgp7u7tHxzaR8dNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXDu5nfGlGpWCye9DihfoT7goWMYG2krl31RpTALVShAzlNwNMsomr+ewAfLiHyQolJ5mGeDPDckDDJ5KRrl5yykwNWibsgJbRAvWtPvV5M0ogKTThWquM6ifYzLDUjnE6KXqpogskQ92nHUIHNJn6WnzmBc6P0IIyleUJDrv7uyHCk1DgKTGWE9UAtezPxP6+T6rDiZ0wkqaaCzAeFKQcdwywz6DFJieZjQzCRzOwKZIBNJNokWzQhuMsnr5LmVdl1yu7jdalWWcRRQKfoDF0gF92gGrpHddRABD2jVzRF79aL9WZ9WJ/z0jVr0XOC/sD6/gGIv6Nk</latexit><latexit sha1_base64="rBICipBQRdLz/wJJk/3zSDNIoKo=">AAACJnicbVDLSsNAFJ34rPUVdenmYhHcWBIR7KZQceNGqGAf0IQymU7aoZNJmJkUSujXuPFX3LioiLjzU5ymXWjrgYEz59zLvfcECWdKO86Xtba+sbm1Xdgp7u7tHxzaR8dNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXDu5nfGlGpWCye9DihfoT7goWMYG2krl31RpTALVShAzlNwNMsomr+ewAfLiHyQolJ5mGeDPDckDDJ5KRrl5yykwNWibsgJbRAvWtPvV5M0ogKTThWquM6ifYzLDUjnE6KXqpogskQ92nHUIHNJn6WnzmBc6P0IIyleUJDrv7uyHCk1DgKTGWE9UAtezPxP6+T6rDiZ0wkqaaCzAeFKQcdwywz6DFJieZjQzCRzOwKZIBNJNokWzQhuMsnr5LmVdl1yu7jdalWWcRRQKfoDF0gF92gGrpHddRABD2jVzRF79aL9WZ9WJ/z0jVr0XOC/sD6/gGIv6Nk</latexit><latexit sha1_base64="rBICipBQRdLz/wJJk/3zSDNIoKo=">AAACJnicbVDLSsNAFJ34rPUVdenmYhHcWBIR7KZQceNGqGAf0IQymU7aoZNJmJkUSujXuPFX3LioiLjzU5ymXWjrgYEz59zLvfcECWdKO86Xtba+sbm1Xdgp7u7tHxzaR8dNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQXDu5nfGlGpWCye9DihfoT7goWMYG2krl31RpTALVShAzlNwNMsomr+ewAfLiHyQolJ5mGeDPDckDDJ5KRrl5yykwNWibsgJbRAvWtPvV5M0ogKTThWquM6ifYzLDUjnE6KXqpogskQ92nHUIHNJn6WnzmBc6P0IIyleUJDrv7uyHCk1DgKTGWE9UAtezPxP6+T6rDiZ0wkqaaCzAeFKQcdwywz6DFJieZjQzCRzOwKZIBNJNokWzQhuMsnr5LmVdl1yu7jdalWWcRRQKfoDF0gF92gGrpHddRABD2jVzRF79aL9WZ9WJ/z0jVr0XOC/sD6/gGIv6Nk</latexit>

d ~A

dt
= 0

<latexit sha1_base64="d6yw9qGatr/9j+z7wR1Ph1sZAvM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQi2I1QceOygn1AE8pkMmmHzkzCzKRQQr7Ajb/ixoUibl2782+cthG09cCFwzn3cu89QcKo0o7zZZXW1jc2t8rblZ3dvf0D+/Coo+JUYtLGMYtlL0CKMCpIW1PNSC+RBPGAkW4wvpn53QmRisbiXk8T4nM0FDSiGGkjDeyaF0mEs8yTHIY59CYEw+s8gz+Chjm8cgZ21ak7c8BV4hakCgq0BvanF8Y45URozJBSfddJtJ8hqSlmJK94qSIJwmM0JH1DBeJE+dn8nRzWjBLCKJamhIZz9fdEhrhSUx6YTo70SC17M/E/r5/qqOFnVCSpJgIvFkUpgzqGs2xgSCXBmk0NQVhScyvEI2Ty0SbBignBXX55lXTO665Td+8uqs1GEUcZnIBTcAZccAma4Ba0QBtg8ACewAt4tR6tZ+vNel+0lqxi5hj8gfXxDUO4muU=</latexit><latexit sha1_base64="d6yw9qGatr/9j+z7wR1Ph1sZAvM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQi2I1QceOygn1AE8pkMmmHzkzCzKRQQr7Ajb/ixoUibl2782+cthG09cCFwzn3cu89QcKo0o7zZZXW1jc2t8rblZ3dvf0D+/Coo+JUYtLGMYtlL0CKMCpIW1PNSC+RBPGAkW4wvpn53QmRisbiXk8T4nM0FDSiGGkjDeyaF0mEs8yTHIY59CYEw+s8gz+Chjm8cgZ21ak7c8BV4hakCgq0BvanF8Y45URozJBSfddJtJ8hqSlmJK94qSIJwmM0JH1DBeJE+dn8nRzWjBLCKJamhIZz9fdEhrhSUx6YTo70SC17M/E/r5/qqOFnVCSpJgIvFkUpgzqGs2xgSCXBmk0NQVhScyvEI2Ty0SbBignBXX55lXTO665Td+8uqs1GEUcZnIBTcAZccAma4Ba0QBtg8ACewAt4tR6tZ+vNel+0lqxi5hj8gfXxDUO4muU=</latexit><latexit sha1_base64="d6yw9qGatr/9j+z7wR1Ph1sZAvM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQi2I1QceOygn1AE8pkMmmHzkzCzKRQQr7Ajb/ixoUibl2782+cthG09cCFwzn3cu89QcKo0o7zZZXW1jc2t8rblZ3dvf0D+/Coo+JUYtLGMYtlL0CKMCpIW1PNSC+RBPGAkW4wvpn53QmRisbiXk8T4nM0FDSiGGkjDeyaF0mEs8yTHIY59CYEw+s8gz+Chjm8cgZ21ak7c8BV4hakCgq0BvanF8Y45URozJBSfddJtJ8hqSlmJK94qSIJwmM0JH1DBeJE+dn8nRzWjBLCKJamhIZz9fdEhrhSUx6YTo70SC17M/E/r5/qqOFnVCSpJgIvFkUpgzqGs2xgSCXBmk0NQVhScyvEI2Ty0SbBignBXX55lXTO665Td+8uqs1GEUcZnIBTcAZccAma4Ba0QBtg8ACewAt4tR6tZ+vNel+0lqxi5hj8gfXxDUO4muU=</latexit><latexit sha1_base64="d6yw9qGatr/9j+z7wR1Ph1sZAvM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQi2I1QceOygn1AE8pkMmmHzkzCzKRQQr7Ajb/ixoUibl2782+cthG09cCFwzn3cu89QcKo0o7zZZXW1jc2t8rblZ3dvf0D+/Coo+JUYtLGMYtlL0CKMCpIW1PNSC+RBPGAkW4wvpn53QmRisbiXk8T4nM0FDSiGGkjDeyaF0mEs8yTHIY59CYEw+s8gz+Chjm8cgZ21ak7c8BV4hakCgq0BvanF8Y45URozJBSfddJtJ8hqSlmJK94qSIJwmM0JH1DBeJE+dn8nRzWjBLCKJamhIZz9fdEhrhSUx6YTo70SC17M/E/r5/qqOFnVCSpJgIvFkUpgzqGs2xgSCXBmk0NQVhScyvEI2Ty0SbBignBXX55lXTO665Td+8uqs1GEUcZnIBTcAZccAma4Ba0QBtg8ACewAt4tR6tZ+vNel+0lqxi5hj8gfXxDUO4muU=</latexit>

Wie können den Runge-Lenz-Vektor verwenden  
um die Trajektorien zu bestimmen.

~r · ~A = ~r · [~p⇥ ~M ]�m↵r
<latexit sha1_base64="8oiCkrqGgNvxCOhzU6m4swKlTlY=">AAACMHicbVDJSgNBEO2JW4zbqEcvhUHwYpgRwVyEiAe9CBHMApkh9HQ6SZOehe6aQAj5JC9+il4UFPHqV9hZDibxQcN7r6qorhckUmh0nHcrs7K6tr6R3cxtbe/s7tn7B1Udp4rxCotlrOoB1VyKiFdQoOT1RHEaBpLXgt7NuF7rc6VFHD3iIOF+SDuRaAtG0VhN+9brcwYKPNaKESbiGq5gzm1MZQIeipDrqbr34QxC8KhMuhRU0847BWcCWCbujOTJDOWm/eK1YpaGPEImqdYN10nQH1KFgkk+ynmp5gllPdrhDUMjajb7w8nBIzgxTgvasTIvQpi4fyeGNNR6EAamM6TY1Yu1sflfrZFiu+gPRZSkyCM2XdROJWAM4/SgJRRnKAeGUKaE+SuwLlWUock4Z0JwF09eJtXzgusU3IeLfKk4iyNLjsgxOSUuuSQlckfKpEIYeSKv5IN8Ws/Wm/VlfU9bM9Zs5pDMwfr5BfoFpng=</latexit><latexit sha1_base64="8oiCkrqGgNvxCOhzU6m4swKlTlY=">AAACMHicbVDJSgNBEO2JW4zbqEcvhUHwYpgRwVyEiAe9CBHMApkh9HQ6SZOehe6aQAj5JC9+il4UFPHqV9hZDibxQcN7r6qorhckUmh0nHcrs7K6tr6R3cxtbe/s7tn7B1Udp4rxCotlrOoB1VyKiFdQoOT1RHEaBpLXgt7NuF7rc6VFHD3iIOF+SDuRaAtG0VhN+9brcwYKPNaKESbiGq5gzm1MZQIeipDrqbr34QxC8KhMuhRU0847BWcCWCbujOTJDOWm/eK1YpaGPEImqdYN10nQH1KFgkk+ynmp5gllPdrhDUMjajb7w8nBIzgxTgvasTIvQpi4fyeGNNR6EAamM6TY1Yu1sflfrZFiu+gPRZSkyCM2XdROJWAM4/SgJRRnKAeGUKaE+SuwLlWUock4Z0JwF09eJtXzgusU3IeLfKk4iyNLjsgxOSUuuSQlckfKpEIYeSKv5IN8Ws/Wm/VlfU9bM9Zs5pDMwfr5BfoFpng=</latexit><latexit sha1_base64="8oiCkrqGgNvxCOhzU6m4swKlTlY=">AAACMHicbVDJSgNBEO2JW4zbqEcvhUHwYpgRwVyEiAe9CBHMApkh9HQ6SZOehe6aQAj5JC9+il4UFPHqV9hZDibxQcN7r6qorhckUmh0nHcrs7K6tr6R3cxtbe/s7tn7B1Udp4rxCotlrOoB1VyKiFdQoOT1RHEaBpLXgt7NuF7rc6VFHD3iIOF+SDuRaAtG0VhN+9brcwYKPNaKESbiGq5gzm1MZQIeipDrqbr34QxC8KhMuhRU0847BWcCWCbujOTJDOWm/eK1YpaGPEImqdYN10nQH1KFgkk+ynmp5gllPdrhDUMjajb7w8nBIzgxTgvasTIvQpi4fyeGNNR6EAamM6TY1Yu1sflfrZFiu+gPRZSkyCM2XdROJWAM4/SgJRRnKAeGUKaE+SuwLlWUock4Z0JwF09eJtXzgusU3IeLfKk4iyNLjsgxOSUuuSQlckfKpEIYeSKv5IN8Ws/Wm/VlfU9bM9Zs5pDMwfr5BfoFpng=</latexit><latexit sha1_base64="8oiCkrqGgNvxCOhzU6m4swKlTlY=">AAACMHicbVDJSgNBEO2JW4zbqEcvhUHwYpgRwVyEiAe9CBHMApkh9HQ6SZOehe6aQAj5JC9+il4UFPHqV9hZDibxQcN7r6qorhckUmh0nHcrs7K6tr6R3cxtbe/s7tn7B1Udp4rxCotlrOoB1VyKiFdQoOT1RHEaBpLXgt7NuF7rc6VFHD3iIOF+SDuRaAtG0VhN+9brcwYKPNaKESbiGq5gzm1MZQIeipDrqbr34QxC8KhMuhRU0847BWcCWCbujOTJDOWm/eK1YpaGPEImqdYN10nQH1KFgkk+ynmp5gllPdrhDUMjajb7w8nBIzgxTgvasTIvQpi4fyeGNNR6EAamM6TY1Yu1sflfrZFiu+gPRZSkyCM2XdROJWAM4/SgJRRnKAeGUKaE+SuwLlWUock4Z0JwF09eJtXzgusU3IeLfKk4iyNLjsgxOSUuuSQlckfKpEIYeSKv5IN8Ws/Wm/VlfU9bM9Zs5pDMwfr5BfoFpng=</latexit>

~r · ~A = Ar cos�
<latexit sha1_base64="Ewxv4sAE2KilPTSwBCRk1gTXa7E=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIR7EaouHFZwT6gCWUymbZDJ5kwc1MooR/gxl9x40IRt36AO//GSZqFth64cOace7lzjx8LrsG2v63S2vrG5lZ5u7Kzu7d/UD086miZKMraVAqpej7RTPCItYGDYL1YMRL6gnX9yW3md6dMaS6jB5jFzAvJKOJDTgkYaVCtuVNGscIuDSTg/HGDr01lktTYjcfcdNl1OwdeJU5BaqhAa1D9cgNJk5BFQAXRuu/YMXgpUcCpYPOKm2gWEzohI9Y3NCIh016aHzPHZ0YJ8FAqUxHgXP09kZJQ61nom86QwFgve5n4n9dPYNjwUh7FCbCILhYNE4FB4iwZHHDFKIiZIYQqbv6K6ZgoQsHkVzEhOMsnr5LORd2x6879Za3ZKOIooxN0is6Rg65QE92hFmojih7RM3pFb9aT9WK9Wx+L1pJVzByjP7A+fwBZv5k6</latexit><latexit sha1_base64="Ewxv4sAE2KilPTSwBCRk1gTXa7E=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIR7EaouHFZwT6gCWUymbZDJ5kwc1MooR/gxl9x40IRt36AO//GSZqFth64cOace7lzjx8LrsG2v63S2vrG5lZ5u7Kzu7d/UD086miZKMraVAqpej7RTPCItYGDYL1YMRL6gnX9yW3md6dMaS6jB5jFzAvJKOJDTgkYaVCtuVNGscIuDSTg/HGDr01lktTYjcfcdNl1OwdeJU5BaqhAa1D9cgNJk5BFQAXRuu/YMXgpUcCpYPOKm2gWEzohI9Y3NCIh016aHzPHZ0YJ8FAqUxHgXP09kZJQ61nom86QwFgve5n4n9dPYNjwUh7FCbCILhYNE4FB4iwZHHDFKIiZIYQqbv6K6ZgoQsHkVzEhOMsnr5LORd2x6879Za3ZKOIooxN0is6Rg65QE92hFmojih7RM3pFb9aT9WK9Wx+L1pJVzByjP7A+fwBZv5k6</latexit><latexit sha1_base64="Ewxv4sAE2KilPTSwBCRk1gTXa7E=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIR7EaouHFZwT6gCWUymbZDJ5kwc1MooR/gxl9x40IRt36AO//GSZqFth64cOace7lzjx8LrsG2v63S2vrG5lZ5u7Kzu7d/UD086miZKMraVAqpej7RTPCItYGDYL1YMRL6gnX9yW3md6dMaS6jB5jFzAvJKOJDTgkYaVCtuVNGscIuDSTg/HGDr01lktTYjcfcdNl1OwdeJU5BaqhAa1D9cgNJk5BFQAXRuu/YMXgpUcCpYPOKm2gWEzohI9Y3NCIh016aHzPHZ0YJ8FAqUxHgXP09kZJQ61nom86QwFgve5n4n9dPYNjwUh7FCbCILhYNE4FB4iwZHHDFKIiZIYQqbv6K6ZgoQsHkVzEhOMsnr5LORd2x6879Za3ZKOIooxN0is6Rg65QE92hFmojih7RM3pFb9aT9WK9Wx+L1pJVzByjP7A+fwBZv5k6</latexit><latexit sha1_base64="Ewxv4sAE2KilPTSwBCRk1gTXa7E=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVRIR7EaouHFZwT6gCWUymbZDJ5kwc1MooR/gxl9x40IRt36AO//GSZqFth64cOace7lzjx8LrsG2v63S2vrG5lZ5u7Kzu7d/UD086miZKMraVAqpej7RTPCItYGDYL1YMRL6gnX9yW3md6dMaS6jB5jFzAvJKOJDTgkYaVCtuVNGscIuDSTg/HGDr01lktTYjcfcdNl1OwdeJU5BaqhAa1D9cgNJk5BFQAXRuu/YMXgpUcCpYPOKm2gWEzohI9Y3NCIh016aHzPHZ0YJ8FAqUxHgXP09kZJQ61nom86QwFgve5n4n9dPYNjwUh7FCbCILhYNE4FB4iwZHHDFKIiZIYQqbv6K6ZgoQsHkVzEhOMsnr5LORd2x6879Za3ZKOIooxN0is6Rg65QE92hFmojih7RM3pFb9aT9WK9Wx+L1pJVzByjP7A+fwBZv5k6</latexit>

~r · [~p⇥ ~M ] = ~M · [~r ⇥ ~p] = ~M2
<latexit sha1_base64="AgYWmWCwIk9NDiQdAtmij1qa9aE=">AAACP3icbVDLSsNAFJ34rPUVdelmsAiuSlIEuxEKbtwIFewDklgm02k7dPJg5qZQQv/Mjb/gzq0bF4q4dec0jdCHBwbOPfdc7tzjx4IrsKxXY219Y3Nru7BT3N3bPzg0j46bKkokZQ0aiUi2faKY4CFrAAfB2rFkJPAFa/nDm2m/NWJS8Sh8gHHMvID0Q97jlICWOmbTHTGKJXZpNwLsZFWMXeABUzir7rCHr//ovE0u2OI522OlY5asspUBrxI7JyWUo94xX9xuRJOAhUAFUcqxrRi8lEjgVLBJ0U0Uiwkdkj5zNA2JXuyl2f0TfK6VLu5FUr8QcKbOT6QkUGoc+NoZEBio5d5U/K/nJNCreikP4wRYSGeLeonAEOFpmLjLJaMgxpoQKrn+K6YDIgkFHXlRh2Avn7xKmpWybZXt+8tSrZrHUUCn6AxdIBtdoRq6RXXUQBQ9oTf0gT6NZ+Pd+DK+Z9Y1I585QQswfn4BQ1qsAA==</latexit><latexit sha1_base64="AgYWmWCwIk9NDiQdAtmij1qa9aE=">AAACP3icbVDLSsNAFJ34rPUVdelmsAiuSlIEuxEKbtwIFewDklgm02k7dPJg5qZQQv/Mjb/gzq0bF4q4dec0jdCHBwbOPfdc7tzjx4IrsKxXY219Y3Nru7BT3N3bPzg0j46bKkokZQ0aiUi2faKY4CFrAAfB2rFkJPAFa/nDm2m/NWJS8Sh8gHHMvID0Q97jlICWOmbTHTGKJXZpNwLsZFWMXeABUzir7rCHr//ovE0u2OI522OlY5asspUBrxI7JyWUo94xX9xuRJOAhUAFUcqxrRi8lEjgVLBJ0U0Uiwkdkj5zNA2JXuyl2f0TfK6VLu5FUr8QcKbOT6QkUGoc+NoZEBio5d5U/K/nJNCreikP4wRYSGeLeonAEOFpmLjLJaMgxpoQKrn+K6YDIgkFHXlRh2Avn7xKmpWybZXt+8tSrZrHUUCn6AxdIBtdoRq6RXXUQBQ9oTf0gT6NZ+Pd+DK+Z9Y1I585QQswfn4BQ1qsAA==</latexit><latexit sha1_base64="AgYWmWCwIk9NDiQdAtmij1qa9aE=">AAACP3icbVDLSsNAFJ34rPUVdelmsAiuSlIEuxEKbtwIFewDklgm02k7dPJg5qZQQv/Mjb/gzq0bF4q4dec0jdCHBwbOPfdc7tzjx4IrsKxXY219Y3Nru7BT3N3bPzg0j46bKkokZQ0aiUi2faKY4CFrAAfB2rFkJPAFa/nDm2m/NWJS8Sh8gHHMvID0Q97jlICWOmbTHTGKJXZpNwLsZFWMXeABUzir7rCHr//ovE0u2OI522OlY5asspUBrxI7JyWUo94xX9xuRJOAhUAFUcqxrRi8lEjgVLBJ0U0Uiwkdkj5zNA2JXuyl2f0TfK6VLu5FUr8QcKbOT6QkUGoc+NoZEBio5d5U/K/nJNCreikP4wRYSGeLeonAEOFpmLjLJaMgxpoQKrn+K6YDIgkFHXlRh2Avn7xKmpWybZXt+8tSrZrHUUCn6AxdIBtdoRq6RXXUQBQ9oTf0gT6NZ+Pd+DK+Z9Y1I585QQswfn4BQ1qsAA==</latexit><latexit sha1_base64="AgYWmWCwIk9NDiQdAtmij1qa9aE=">AAACP3icbVDLSsNAFJ34rPUVdelmsAiuSlIEuxEKbtwIFewDklgm02k7dPJg5qZQQv/Mjb/gzq0bF4q4dec0jdCHBwbOPfdc7tzjx4IrsKxXY219Y3Nru7BT3N3bPzg0j46bKkokZQ0aiUi2faKY4CFrAAfB2rFkJPAFa/nDm2m/NWJS8Sh8gHHMvID0Q97jlICWOmbTHTGKJXZpNwLsZFWMXeABUzir7rCHr//ovE0u2OI522OlY5asspUBrxI7JyWUo94xX9xuRJOAhUAFUcqxrRi8lEjgVLBJ0U0Uiwkdkj5zNA2JXuyl2f0TfK6VLu5FUr8QcKbOT6QkUGoc+NoZEBio5d5U/K/nJNCreikP4wRYSGeLeonAEOFpmLjLJaMgxpoQKrn+K6YDIgkFHXlRh2Avn7xKmpWybZXt+8tSrZrHUUCn6AxdIBtdoRq6RXXUQBQ9oTf0gT6NZ+Pd+DK+Z9Y1I585QQswfn4BQ1qsAA==</latexit>

Ar cos� = M2 �m↵r ) r =
M2

m↵(1 + A
m↵ cos�)

<latexit sha1_base64="mA1fXp+r79pEabIdaXhYbGLJB4A="></latexit><latexit sha1_base64="mA1fXp+r79pEabIdaXhYbGLJB4A="></latexit><latexit sha1_base64="mA1fXp+r79pEabIdaXhYbGLJB4A="></latexit><latexit sha1_base64="mA1fXp+r79pEabIdaXhYbGLJB4A="></latexit>

e =
A

m↵
<latexit sha1_base64="ETUQaZ8EUuMsgkFXii+rZ3G1CpM=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEexFqHjxWMF+QBPKZrtpl+4mYXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxvq7Syura+Ud6s bG3v7O7Z+wdtFaeS0BaJeSy7AVaUs4i2NNOcdhNJsQg47QTjm6nfeaBSsTi615OE+gIPIxYygrWR+vYRRVfICyUm2XWeCeRhnoxw3rerTs2ZAS0TtyBVKNDs21/eICapoJEmHCvVc51E+xmWmhFO84qXKppgMsZD2jM0woIqP5vdn6NTowxQGEtTkUYz9fdEhoVSExGYToH1SC16U/E/r5fqsO5nLEpSTSMyXxSmHOkYTcNAAyYp0XxiCCaSmVsRGWEThjaRVUwI7uLLy 6R9XnOdmnt3UW3UizjKcAwncAYuXEIDbqEJLSDwCM/wCm/Wk/VivVsf89aSVcwcwh9Ynz8TbpV3</latexit><latexit sha1_base64="ETUQaZ8EUuMsgkFXii+rZ3G1CpM=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEexFqHjxWMF+QBPKZrtpl+4mYXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxvq7Syura+Ud6s bG3v7O7Z+wdtFaeS0BaJeSy7AVaUs4i2NNOcdhNJsQg47QTjm6nfeaBSsTi615OE+gIPIxYygrWR+vYRRVfICyUm2XWeCeRhnoxw3rerTs2ZAS0TtyBVKNDs21/eICapoJEmHCvVc51E+xmWmhFO84qXKppgMsZD2jM0woIqP5vdn6NTowxQGEtTkUYz9fdEhoVSExGYToH1SC16U/E/r5fqsO5nLEpSTSMyXxSmHOkYTcNAAyYp0XxiCCaSmVsRGWEThjaRVUwI7uLLy 6R9XnOdmnt3UW3UizjKcAwncAYuXEIDbqEJLSDwCM/wCm/Wk/VivVsf89aSVcwcwh9Ynz8TbpV3</latexit><latexit sha1_base64="ETUQaZ8EUuMsgkFXii+rZ3G1CpM=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEexFqHjxWMF+QBPKZrtpl+4mYXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxvq7Syura+Ud6s bG3v7O7Z+wdtFaeS0BaJeSy7AVaUs4i2NNOcdhNJsQg47QTjm6nfeaBSsTi615OE+gIPIxYygrWR+vYRRVfICyUm2XWeCeRhnoxw3rerTs2ZAS0TtyBVKNDs21/eICapoJEmHCvVc51E+xmWmhFO84qXKppgMsZD2jM0woIqP5vdn6NTowxQGEtTkUYz9fdEhoVSExGYToH1SC16U/E/r5fqsO5nLEpSTSMyXxSmHOkYTcNAAyYp0XxiCCaSmVsRGWEThjaRVUwI7uLLy 6R9XnOdmnt3UW3UizjKcAwncAYuXEIDbqEJLSDwCM/wCm/Wk/VivVsf89aSVcwcwh9Ynz8TbpV3</latexit><latexit sha1_base64="ETUQaZ8EUuMsgkFXii+rZ3G1CpM=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEexFqHjxWMF+QBPKZrtpl+4mYXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxvq7Syura+Ud6s bG3v7O7Z+wdtFaeS0BaJeSy7AVaUs4i2NNOcdhNJsQg47QTjm6nfeaBSsTi615OE+gIPIxYygrWR+vYRRVfICyUm2XWeCeRhnoxw3rerTs2ZAS0TtyBVKNDs21/eICapoJEmHCvVc51E+xmWmhFO84qXKppgMsZD2jM0woIqP5vdn6NTowxQGEtTkUYz9fdEhoVSExGYToH1SC16U/E/r5fqsO5nLEpSTSMyXxSmHOkYTcNAAyYp0XxiCCaSmVsRGWEThjaRVUwI7uLLy 6R9XnOdmnt3UW3UizjKcAwncAYuXEIDbqEJLSDwCM/wCm/Wk/VivVsf89aSVcwcwh9Ynz8TbpV3</latexit>


