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the nature of the stationary value of the action are also useful
for other purposes in classical and semiclassical mechanics,?®
but are not discussed in this paper.

Appendix A adapts the results to the important Maupertuis
action W. Appendix B gives examples of both Hamilton and
Maupertuis action for two-dimensional motion. Appendix C
discusses open questions on the stationary nature of action
for some newer action principles.

II. KINETIC FOCUS

This section introduces the concept of kinetic focus due to
Jacobi,”> which plays a central role in determining the nature
of the stationary action. We start with an analogous example
taken verbatim from Whittaker,>® an analysis of the relative
length along different paths. Whittaker employs the Mauper-
tuis action principle (discussed in our Appendix A), which
requires fixed total energy along trial paths, not fixed travel
time as with the Hamilton action principle. In force-free sys-
tems the value of the Maupertuis action is proportional to the
path length. The term kinetic focus is defined formally later
in this section. Figures 1(a) and 1(b) illustrate this example.
Whittaker wrote that “A simple example illustrative of the
results obtained in this article is furnished by the motion of a
particle confined to a smooth sphere under no forces. The
trajectories are great-circles on the sphere and the [Mauper-
tuis] action taken along any path (whether actual or trial) is
proportional to the length of the path. The kinetic focus of
any point A is the diametrically opposite point A’ on the
sphere, because any two great circles through A intersect
again (for the first time) at A’. The theorems of this article
amount, therefore in this case to the statement that an arc of
a great circle joining any two points A and B on the sphere is
the shortest distance from A to B when (and only when) the
point A" diametrically opposite to A does not lie on the arc,
that is, when the arc in question is less than half a great-
circle.”

The elaboration of this analogy is discussed in the captions
of Figs. 1(a) and 1(b) using equilibrium lengths of a rubber
band on a slippery spherical surface.

For a contrasting example, we apply a similar analysis to
free-particle motion in a flat plane. In this case the length of
the straight path connecting two points is a minimum no
matter how far apart the endpoints. A rubber band stretched
between the endpoints on a slippery surface will always snap
back when deflected in any manner and released. An alterna-
tive straight path that deviates slightly in direction at the
initial point A continues to diverge and does not cross the
original path again. Therefore no kinetic focus of the initial
point A exists for the original path.

Note that on both the sphere and the flat plane there is no
path of true maximum length between any two separated
points. The length of any path can be increased by adding
wiggles.

How do we find the kinetic focus? In Fig. 1(a) we place
the terminal point C at different points along a great circle
path between A and A’. When C lies between A and A’,
every nearby alternative path such as AEC is not a true path
(a path of minimum length), because it does not lie along a
great circle. When terminal point C reaches A’, there is sud-
denly more than one alternative great circle path connecting
A and A’. (In this special case an infinite number of alterna-
tive great circle paths connect A and A’.) Any alternative
great circle path between A and A’ can be moved sideways to

435 Am. J. Phys., Vol. 75, No. 5, May 2007

Fig. 1. (a) On a sphere the great circle line ABC starting from the north pole
at A is the shortest distance between two points as long as it does not reach
the south pole at A’. On a slippery sphere a rubber band stretched between
A and C will snap back if displaced either locally, as at D, or by pulling the
entire line aside, as along AEC. The point A’ is called the antipode of A or
in general the kinetic focus of A. We say that if a great circle path terminates
before the kinetic focus of its initial point, the length of the great circle path
is a minimum. (b) If the great circle ABA'G passes through antipode A’ of
the initial point A, then the resulting line has a minimum length only when
compared with some alternative lines. For example on a slippery sphere a
rubber band stretched along this path will still snap back from local distor-
tion, as at D. However, if the entire rubber band is pulled to one side, as
along AFG, then it will not snap back, but rather slide over to the portion
AHG of a great circle down the backside of the sphere. With respect to paths
like AFG, the length of the great circle line ABA'G is a maximum. With
respect to all possible variations we say that the length of path ABA'G is a
saddle point. If a great circle path terminates beyond the kinetic focus of its
initial point, the length of the great circle path is a saddle point.

coalesce with the original path ABA’. The kinetic focus is
defined by the existence of this coalescing alternative true
path. As the final point C moves away from the initial point
A, the kinetic focus A’ is defined as the earliest terminal
point at which two true paths can coalesce.

The term kinetic focus in mechanics derives from an
analogy37 to the focus in optics, that point A’ at which rays
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